132 CHAPTER VIII. Mixed problems for second order differential equations

LEMMA 46.1. Let the quadratic form ®(A) = DAy, vy dn) = O adide
Jik=1

n

be positive and the quadratic form ¥(A) = YAy eeey dn) = > birdidi be
7ik=1

negative; then we have
n

(46.1) D) @b <0.
7.k=1
‘. “
Proof. h’]‘?he form @(A) being positive we have, for suitably chosen
coefficients ap, (p,q=1,2,...,0),

()= D apdihe = 2 (Z 3;41«)2;

7k=1 p=1 g=1
hence
n
~ A ;
aik:zapiapk (yk=1,2,..,7m)
p=1
and consequently

"

n n o ﬁl n
(46.2) 2 a,-kb,-k = Z "kzl bjkapj apk) = 21’ ‘F(a’;’l! sery ::n) <0.
w=1 b=

j,k=1 p=1

. DEFINITION OF ELLIPTICITY. Let the function ‘
f(ti X’ U? Q’ R) = f(t’ wl’ LLAZ ) m”’ ul’ eeniy um’ ql’ #9.8:9 qﬂ’ rll’ /"127 v ocy rﬂﬂ)

be defined for (¢, X) belonging to a region D C (¢, 2y, ..., ¥s) and for arbi-
trary U, @, R. Suppose that U(t, X) = (w'(ty X), ooy u™(t, X)) is defined
and possesses first derivatives with respect to z; at a point (?, X)eD.
Write )

Wy = (Uhy ey Uz,) -

Under these assumptions, we say that the function fit, X, U,Q, R)
is elliptic with respect to U(t, X) at the point (, X) e D if for any two
sequences of numbers R = (ry, i, ...;"ss) and B = (Fu, Fizy cory Tan)
(rsx = Trj, Tjx = Ti;) such that the quadratic form in 4, ..., 4a

n
(46.3) 2 (rjx—Tx) A Ax is negative ,

7,k=1

we have
(46.4) f(?; X’ U(t~7 f)) “St(?y f)’ R) < f‘(t" f’ U(i‘; f); “ﬁk‘(?’ i)v -ﬁ) .

If the above property holds true for every point @, X) e D, then
we say that f(¢, X, U, Q, R) is elliptic with respect to U (t, X) in D.
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