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1. Introduction and preliminaries

Transport of charged particles (ions, electrons, holes, or colloids) plays an important role in many
disciplines of science. In electrical engineering the motion of electrons and holes in semiconductors
in the electric field is essential for the functioning of modern electronic components such as diodes
and transistors. In electrochemistry the motion of inorganic ions (for example Na*, KT, Ca?*, Cl7)
in electrolytes and how this motion is influenced when the potential is applied to electrodes is the
basis for modeling of very diverse phenomena ranging from industrial electrolysis processes to the
construction and prediction of properties of important class of chemical sensors — the potentiometric
ion sensors (ion selective electrodes, ISE). Especially the last example is very important because ISEs
have prominent features (small size, portability, low-energy consumption, and low cost) which make
them attractive for practical applications (in electroanalysis and medicine). ISEs based on polymeric
membranes containing neutral or charged carriers are commercially produced for the quantitative
determination of a large number of inorganic and organic ions. Another important area of ion
transport applications is concerned with the mechanisms of deterioration of reinforced concrete
and corrosion of rebars. This is a wide topic, but again one of the basic processes involved here is
the transport of ions (in particular chlorides) and molecules (e.g. CO;) through the concrete to the
reinforcement. In the above applications (see for example Figure 1), we can study without loss of
physical generality one-dimensional models.

Moreover, transport of ions and molecules (or macro-molecules) is fundamental for many mech-
anisms in biological systems. The prominent example here is the movement of ions through the
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biological membranes via the ion channels. It is well known that the identification of potassium
and sodium currents in the behavior of a nerve system was one of the milestones in the history
of electrophysiology which earned their discoverers the Nobel Prize in Physiology and Medicine.
But, these models are generally three-dimensional because of additional sources of potential on
the boundary of ion channels.[1,2]

The driving force of ionic motion involves at least two parts: the gradient of concentration
(diffusion part) and the gradient of electric potential (migration part), that is the electric field
generated by electric charges. It is important to underline that electric field component comes here
via two mechanisms, namely as the externally applied potential (e.g. by the voltage difference between
electrodes immersed in the solution) and as electrostatic interactions between the ions present in the
system. The mathematical equations that govern ion transport in the contexts described above are well
established.[3-5] The model is expressed by a system of partial differential equations. The formula
for the Nernst-Planck flux J; € R? of the ith species, i = 1,...,m is a sum of two contributions

Ji = —D;iV¢; + uiciE, (LD

where ¢;(t, x, y, z) is the concentration of i-th species as a function of time ¢ and location (x, y,z) €
Q C R3, D; - the diffusion coefficient, u; — the mobility of the ion, and E € R? — the electric field.[6,
Chapter 4, p.138] To associate the flux with the concentration the obvious choice is the law of mass
conservation (also called the continuity equation)

ac;
a—t’ = —div]J; (1.2)

[7, Chapter 12, p.347]. The charge density o is related to the electric field E by Gauss’ law

divE= -2 (1.3)

where gy is the permittivity of free space (the electric constant) and &, is the relative permittivity of
the medium.[8, Chapters 3 and 6, Section 6.5.1] In a usual chemical context, the concentration is
measured in moles per volume so the expression of charge density by concentration shall contain the
Faraday constant F, o = F 2;11 zjcj, where z; is the charge number of the jth ion, and the sum is
over all species taken into account in the model. Now Equation (1.3) becomes

divE = — zZiC 1.4
A 88021] (1.4)

In most applications the electric field is replaced with the electric potential ¢ according to the relation
E = —V¢ which simply states that the electric field is a conservative field (this is true in the absence
of magnetic fields).[8, Chapter 3, Section 3.3] Additionally, two material constants (the diffusion
coefficient and mobility) are connected by the Einstein-Smoluchowski relation u; = (z;F/RT)D;,
where R is the gas constant and T is the absolute temperature of the medium in Kelvin temperature
scale.[9, Chapter 18] Now Equations (1.1) and (1.4) put together give

96 _ p, (FAC,—l—Z,RTV V), i=1,...,m, (15)
Ap = Teo ijl Zjcj.

This system of equations constitutes a mathematical framework for the deterministic modeling
of electrodiffusion in continuum media approximation.[10,11] In the literature it is known as the
Nernst-Planck-Poisson (NPP) or Poisson-Nernst-Planck (PNP) system (Figure 1).
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The Nernst-Planck-Poisson (NPP) system ISE
The geometry of the ion selective electrode (lon Selective Electrode)
and homogeneity of the external electrolyte
solutions imply that we can assume the
following symmetry for the fluxes

The reference

lectrod
3,(6:%,9,2) =[,(,%), 0, 0] | clectrode

(), =—(J), mass conservation equations

P =- :; 2.z, Poisson equation ¢, =const

réo =l L —
for xe(0, d),t>0,i=1....m.
¢ (t,x)
Fluxes (Nernst—Planck) o(t,x)
F

J,==Di(c), - Dz, Ecﬂ’x ¢, = const

D, — diffusion coefficient

F . -
D,z, — —1ion mobili
FRT ty
Figure 1. NPP system.

We specify the boundary conditions. Here we do not just use “any reasonable” conditions that
would satisfy the mathematical necessity but rather pursue for conditions that are applicable for
modeling of real systems of practical importance that we alluded to above and which are consistent
with reasonable experimental situations.[3,12] From this perspective, the so-called Chang-Jafté (CJ)
boundary conditions are particularly important (Figure 2). The basic idea is that the flux on the
boundary (or more precisely, the normal component of the flux) is proportional to the weighted
difference between concentration inside and outside of the region where the process takes place

n(x, y,2) - Ji(t, %, 9, 2) = —kifciou + kipci(t, x,y,2) (1.6)

for (x,y,z) € 32, where n € R? is the normal vector to 9<2, k; /> kip are the material constants (the
so called heterogeneous rate constants) which describe the permeability of the boundary, and ¢; oy is
the concentration of the ith species outside €2 - it is assumed that ¢; o, is constant.

In the case of one dimension these types of boundary conditions were first used by Chang and Jafté
in 1951 in their paper on the polarization in electrolytic solutions.[13] Since then the CJ boundary
conditions have been used extensively in the field of potentiometric sensors modeling as proposed
by Brumleve and Buck in their seminal paper [12] (in 1D)

{L‘(t, 0) = ki eir — kirpci(t, 0), (17)
Ji(t,d) = —kircir + kirpci(t, d), '

where the domain Q2 = (0,d) C R is an interval, the subscript L refers to the “left end” (x = 0) and
the subscript R to the “right end” (x = d), respectively.

Another boundary conditions that are nonlinear and play an important role in electrolysis with
two species (m = 2) have the form

n(x,y,2) - J1(t,x,y,2) = k(t,x,y,2)c1 (£, x, y, z)e” D) Votryz) (1.8)
n(x,9,2) - Jo(t,%,9,2) = —k(t, x, y, 2)ca (£, x, , 2) e BED2) Vo txp2) (1.9)
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The Chang—Jaffé (CJ) boundary conditions

Boundary Boundary
{interface) (interface)
“Left" solution Membrane c.td) “Right” solution
l S E forward M| backoward fi Ca
J (2, 0=k, k, ,c,(t.0)
| — 2 ey
B —1>
The reference electrode forwasd fhx backward fhx
N @ | o 5@, d) Sk € + g, (0.D)

Electrolyte solution

N
AN

Membrane

Electrolyte solution

Figure 2. CJ boundary conditions.

where k > 0 is the standard rate function and a, b > 0 are the transfer coefficients. They are known
in the electrode kinetics theory as the Butler-Volmer boundary conditions.[6, Chapter 3]

Although the formulation is straightforward, the numerical solution is quite a challenging task.
One reason for this difficulty is that the values of parameters that appear in (1.5), the permittivity of
free space & is of the order of 10~!? and Faraday constant is of the order of 10, thus the coefficient
in Poisson equation is of the order of 10'7. This leads to the phenomenon of boundary layers and
requires special discretization meshes.[14]

The mathematical theory of the NPP system is quite extensive but still it lacks the main results
(local and global existence and uniqueness) in the case of relevant boundary conditions. Krzywicki
and Nadzieja [15] consider system (1.5) with one component (m = 1), while Biler et al. [16] with
two components (m = 2) and prove the global existence and uniqueness, and the convergence to
the steady-state solution as time advances to infinity. However, the boundary conditions they use
are simpler than (1.6), (1.7) and have the form of null fluxes on the boundary (J; = 0 on 92). This
has a simple physical interpretation meaning the closed system. But as we motivated above, real
electrodiffusion applications of practical importance are almost always open systems which interact
with surroundings through boundary fluxes. There is a handful of mathematical papers that address
the NPP system but in the steady-state variant.[17-21] Because we are here interested only in the
time-dependent system we shall not go into details but stress the fact that none of these papers uses
the CJ boundary conditions or its extensions.

There exists vast literature on existence and regularity of solutions for both parabolic and elliptic
problems, cf., e.g. [22-25]. The aim of this paper is to give theorems on existence, uniqueness, and
nonnegativity of local weak solutions to the one-dimensional nonlinear parabolic-elliptic NPP (1.5)
system with the initial conditions and the class of nonlinear boundary conditions that cover the CJ]
conditions. In the existence proof we use the Schauder-Tychonoft fixed point theorem instead of the
Schauder fixed point theorem as in [16,26] because of compact embeddings in the boundary spaces.
We expect that it is possible to prove the existence of global weak solutions by the entropy method
with the use of the logarithmic Lyapunov function (see [16,26]), but unfortunately, to this day, our
result is not complete. We expect it to be the topic of our further research.

The paper is organized in the following way. In Section 2, the initial-boundary differential problem
is formulated, and in Section 3 its weak version is given together with the assumptions that will be
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used in the further part. Sections 4-6 deal with the existence, uniqueness, and nonnegativity of local
weak solutions of the problem studied, respectively.

2. Problem formulation

Denote for simplicity Q = (0, 1). The study of the general case 2 = (0, d) is the same. Let functions
up,vo : @ > R, f;,8 1 [0,T] x R — R, h; : [0,T] — R and constants «;, 8, A > 0 fori = 1,2
be given, where T > 0. We consider the nonlinear parabolic-elliptic system of equations in one-
dimensional case
Ur = aythyy — 2 (UPx)x
ve = B1vax + B2(vex) s, (2.1)
Pax = AU =)
for (¢,x) € [0, T] x 2 with the initial conditions

u(0,x) = ug(x) and v(0,x) = vo(x) (2.2)
for x € Q and the nonlinear boundary conditions

a1ux(t,0) — oau(t, 0)px(t,0) = f1(t, u(t,0)),
Ollux(t, 1) - aZM(t> 1)(ﬂx(ta 1) =f2(t) u(t, 1))7
ﬁl Vx(t’ 0) + .BZV(t’ 0)¢X(t’ 0) =4 (ta V(ta 0)))

2.3
Brve(,1) + Bov(t, De(t,1) = (6, v(1, 1), 23
@(1,0) = h (1),
@(t,1) = ha(t)
for t € [0, T]. We study two evolution equations for simplicity only. If we put m = 2, z; = —z,
n=z,zeN),u=c,v=cpa1 =Dj,ap = —Dlzl%, B1=Ds, o = DzZz%, A= %, then

system (2.1) is a special case of (1.5).
The NPP system (2.1) and the boundary conditions (2.3) can be written in a more lucid physical
notation as follows

Uy = _(]l)X)
ve=—(2)s 24)
Orex = MU —v),

Il(t) 0) - _fl(t’u(t> 0))7
Lt 1) = —fo(t,u(t, 1)),
]2(ta 0) ==& (t,V(t, 0)))

2.5
Lt 1) = —go(t, vt 1), @5
w(ti 0) = hl(t)a
<P(f’ 1) = hZ(t)s
where J1, J» are the Nernst-Planck fluxes defined by the formulas
1 = —aiux + aup, and  J = —B1vy — Bavey. (2.6)

The boundary conditions (2.5) (see also (2.3)) cover as a special case the well-known CJ conditions

J1(t,0) = a11 — axu(t,0),
J1(t,1) = —anp + axnu(t, 1),
J2(t,0) = byy — by1v(t,0),
L2(t,1) = —b1z + byv(t, 1),
(P(t) 0) = hl(t))

(ﬂ(t) 1) = hZ(t))

(2.7)
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where ajj >0, b,-j >0, 1i,j = 1,2, are given constants.

It follows from the initial-boundary conditions that a suitable physical system can be closed or
open.
Remark 2.1:  If hy(¢) # 0 or hy(t) # 0, then the substitution ¢(t,x) = (hy(t) — hi(¢))x + hi(t) +
Y (t,x) transforms problem (2.1)-(2.3) to the equivalent one with the homogeneous boundary
conditions on . To avoid cumbersome computations we will consider only the case h;(t) =
hy(t) = 0 in the sequel, however, the corresponding results can be easily generalized to the case
hi,hy € L*(0, T). We add that from a physical point of view the charge numbers of ions such that
z1 < 0 and z; > 0 are interesting only, and our results can be extended immediately to this general
case.

3. Assumptions and a weak formulation

Denote V. = HY(Q) and H = L*(Q). Then V. C H C V* constitute an evolution triple with
the embeddings being dense, continuous, and compact. By H" we denote the cone of nonnegative
functions in H, that is

H " ={ueH: u(x)>0 aein Q).

In the paper by C > 0 we will always denote a generic constant dependent only on the problem data.
We assume the following conditions on uy, vy and f;, g;.
Assumption H

(Hp) uo € H and vy € H.

(H1) fi, gi» i = 1,2, satisty the Caratheodory conditions: f;(-, u) and g;(-, u) are measurable, and
fi(t,-) and gi(t, -) are continuous.

(H3) The following growth conditions hold

[fi(t,w)| < a1; + azilul and |gi(t,u)| < by; + bailul,

fora.e. t € (0,T) and all u € R, with the constants ay;, a2, b1;, ba; > 0,i =1, 2.
(H3) The following one sided Lipschitz conditions hold

filt,ur) — fi(t,uz) > —Lg (U1 — u),
gi(tur) — gi(tu) > —Lg (w1 — u2),
ft,um) — fo(t,uz) < Ly (w1 — ua),
(6 u) — g(fug) < Lg, (uy — up),

fora.e. t € (0,T) and all uy,u; € R, u; > u,, with the constants L, Lg > 0,i=1,2.
Assumption HT
(H)up e H" and vpe HT.
(Hf‘) Foru<Oandae.t € (0,T)
filtbu) <0 and g (t,u) <0,
fH(t,u) >0 and o(t,u) > 0.
Remark 3.1: Note that, as the solutions u, v of the considered problem which will be substituted

in the place of the second variable in f;, g; are supposed to be nonnegative, it is possible to modify
arbitrarily the functions f;, gi for the negative values of the second argument. For example we can take

fi(t,u) = fi(¢,0) and gi(t,u) = gi(t,0) foru < 0Oanda.e.t € (0,T), i =1,2.
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Hence, it is enough to assume, instead of (Hf), that f1(t,0) < 0, g1(t,0) < 0 and fo(£,0) > 0,
gg(t, 0) > 0.
Remark 3.2: It follows from Remark 3.1 that Assumptions H and H* are fulfilled for the CJ
boundary conditions (2.7). In this case fi(t,u) = —ai1 + anu, L(t,u) = an — anu, g1(t,u) =
—bi1 + bau, g(t,u) = by — bpufort € [0, T], u € R.

The original initial-boundary value problem (2.1)-(2.3) has the following weak version.
Problem PE.Findu,v € L?(0, T; V) and ¢ € L*(0, T; H*(Q)NH} (Q)) suchthatu;, v; € L*(0, T; V*)
and fora.e. t € (0, T)

(s ) v v + /Q (@it — )y (3.1)
= falt,u(t, DIN(D) — fi (£, u(t,0))7(0) foreach ne V,

i ) vey + /Q (Brvs + Py tud (3.2)
=gt v(t, 1)) —gi1(t,v(t,0))(0) foreach ¢ eV,

/Q Qrbedx + A /Q (u—v)édx =0 foreach & e HM(RQ), (3.3)

and the initial conditions (2.2) hold.

4, Existence of local weak solutions

We will use the following version of the Schauder-Tychonoff fixed point theorem which is a simple
consequence of [27, Theorem 1].
Theorem 4.1: Let X be a reflexive Banach space and let C C X be a closed, bounded, convex and
nonempty set. If the function A : C — C is sequentially weakly continuous, then it must have a fixed
point.

To study the existence of a weak solution for Problem PE, we split it into two auxiliary problems,

an elliptic one, and a parabolic one.
Problem E. Given w,z € L?(0, T; V) find ¢ € L*(0, T; H3*(2) N H(} (2)) such that fora.e.t € (0,T)

/ wxéxdx—f—k/ (w—2)6dx =0 foreach & e H&(Q). (4.1)
Q Q

Problem P. Given w,z € L*(0,T; V) and ¢ € L?(0, T; H*() N Hé () find u,v € L*(0,T; V)
such that uy, v; € L>(0,T; V*) and for a.e. t € (0, T)

R /Q (@uttx — o)l (42)
= fHt,wt, D)n(l) — fi(t, w(t,0))n(0) foreach neV,
(Voo ) vy + /Q (Brve + Brvira)Codx (4.3)

=o(t,z(t,1))¢(1) — g1(t,2(¢,0))¢(0) foreach ¢ eV,

and the initial conditions (2.2) hold.
Define for a fixed T > 0 the space of vector valued functions

Xr ={(w,v) € L*(0,T; V) x L*(0, T; V) : us,ve € L*(0, T; V*)} (4.4)
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normed by

| W ixy = llullrzo,r,vy + V20,1 vy + Muellzzo,r v + Ivelli2o,1: v
T T
2 2 2 2
”u”LZ(O,T;V) Z/(; ||u(t)||vdt> ”ut”LZ(O,T;V*) :/(; ”ut(t)”V* dt.

We will use two topologies in this space, namely the strong topology and the weak topology. We
define the set

B= B(T> QO) Ql) QZ) RO) Rla RZ)
parameterized by the time T > 0 and the constants Qp, Q1, Q2,Ro, R1, Rz > 0

— . 2 2
B = {(Wa Z) € Xr : ”W”LZ(O,T;H) = QO) ”WXHLZ(O,T;H) =< Ql)
2 2
”Z”LZ(O,T;H) =< Ry, ”Zx”LZ(O,T;H) <Ry,
||Wt||]%2(0,T;V*) = QZ, ”Zt”%}(o,T;V*) = RZ} (45)
Note that the set B is convex and strongly closed in X7, so it is also weakly closed. Since it is also
strongly bounded, it follows that it is weakly compact. Define the operator

Agp: B — L*(0,T; H(Q) N H (),

which maps any pair (w,z) € B to the unique solution ¥ € L*(0, T; H*(2) N Hé (2)) of Problem E,
and the operator
Ap: B x L*(0, T; H*(Q) N HY(RQ)) — Xr,

which maps any pair (w,z) € B and function ¢ € L*(0, T; H*() N H& (£2)) to the unique solution
(u,v) € X of Problem P. Composing the two operators we define

A:B— X7, A(w,z) = Ap(w,z, Ag(w, 2)).
Obviously, (u, v, ¢) is a solution of Problem PE if and only if (1, v) is a fixed point of A, and ¢ =

Ag(u,v). We establish several lemmas on the properties of Ag, Ap, A which imply the correctness
of their definitions and will be useful in the local existence result.

Lemma4.1: Problem E has the unique solution, and the following estimate holds
1V Ol < CAllw®) —z()|lg forae te(0,T) with C>0. (4.6)
Proof: The existence for a.e. t € (0, T) of the unique weak solution ¢ = V¥ (t,-) € H& (2) follows
from [22, Chapter 6.2, Theorem 3]. Then, using [22, Chapter 6.3, Theorem 5] we have for a.e.
t € (0,T) that ¥ (t) € H*(2) and
v Ol < ClIAw() —z®)llv  forae. e (0,T). (4.7)

Note that ¢/ depends measurably on ¢, because of measurability of w, z on t, linearity of (4.1) and
inequality (4.7). Hence,

T T
f 1Y (Ol gy dt < C / IA(w(t) — (1) || dt < 00 (4.8)
0 0

and in consequence ¥ € L*(0, T; H*>(£) N H& (£2)). The estimate (4.6) follows from [22, Chapter 6.3,
Theorem 4]. O
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Remark 4.1: It follows from [22, Chapter 5.6, Theorem 6] and [28, Corollary 26] that H*(2) C
C(R) fors € (%, 1], with continuous embeddings.

Lemma4.2: If assumptions (Hy), (Hy), (Hz) hold, then Problem P has the unique solution.

PrOOﬁ NOte that Iﬂx S Lz(oa Ta HZ(Q)) andﬁ(') W('a 0))) ﬁ() W(" 1))) gi(') Z(') 0))’ gi('a Z(') 1)) €
L*(0,T), i = 1,2 are all given functions. The proof of existence and uniqueness of the solutions for
the linear problem is standard and can be done for example by the Galerkin method. The proof that
uses the Galerkin method follows the steps of the proof of [23, Theorem 11.7]. O
Lemma 4.3:  If assumptions (Ho), (Hy), (Hz) are fulfilled, then there exists T > 0 such that A :
B(T: QO’ Ql) QZ) RO) Rl: RZ) - B(T: QO’ Ql) QZ’ RO) Rl: Rz)fOT’ Certain QO) Ql> Q2> RO) Rl) RZ > 0.
Proof: Let (w,z) € B(T,Qo,Q1,Q2,Ro,R1,R2), where Qp, Ry are arbitrary, and the choice of
T,Q1, Ry, Qz, Ry will be specified later. Denote v = Ap(w,z) and (u,v) = Ap(w,z,¥). We will
derive a priori estimates for Problem P. Taking n = u(t) in (4.2) and ¢ = v(¢) in (4.3) we get

1d 9 2
L By lux (D1 — 2 fQ W)Y (D1 (1) dx

2 dt
= fr(t, w(t, D)u(t, 1) — fi(t, w(t, 0))u(t,0), (4.9)
1d
Eallv(t)llfri-ﬂl v + B2 f V()Y () vy () dx
Q
=gtz D))v(t, 1) — g1 (t,z(t,0))v(t,0), (4.10)

for a.e. t € (0,T). We will only prove, using the Equation (4.9), the estimates ||ullj2¢o 1.1y <
Qo> lluxllp20,1:my < Q1> and [[uellp2o,1:v+) < Qa- The proof of the estimates |[v||;2¢ 7.y < Ros
Vel i20,7: 1) < Ri>and [[vell 2o, 7:v+) < Rz uses (4.10) and is analogous, so we omit it here. First we
estimate the term s [o, [u(t) Y (t)ux(t)| dx. We have

@ /Q ()P (Dux (1) dx < %nux(t)n% + Clla () 1 oo o 14 1 -
As HY(Q) C C(Q) (cf. Remark 4.1), we further have
0 /Q |u(E) Y (Dux(6)] dx < %uux(t)né + ClIY )20 D 1IFy, (4.11)
and, by (4.6)
a /Q ()Y (Dux(t)] dx < %nux(t)u%_, + Cllw(t) — 2O lu®) |},

To estimate the boundary terms let s € (%, 1). Define Z = H*(2). By Remark 4.1 this space embeds
continuously in C(€2). Consider the triple of spaces V C Z C H. The embedding V C Z is compact
(see [29, Theorem 2.80]) and the embedding Z C H is continuous. We can use the Ehrling lemma
(see e.g. [24, Lemma 7.6]) to conclude that for any ¢ > 0 we can find C(g) > 0 such that

lyI = ellyxllz + C@)lylla and  [y(0)] < ellyxlla + C@lyla

for all y € V. We estimate the boundary terms in (4.9). By (H3) we have

2t w(t, D)u(t, 1)| + [fi(t, w(t,0))u(t,0)]
< (a1z + aznlw(t, DDIu(t, D] + (an + azx|w(t,0))|u(t,0)|
< lu(t, D* + |u(t,0)* + C + Clw(t, 1)|> + Clw(t,0)[?
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< ellux®lF + CElu®If + C + erllweOllF; + CleD w1

where the constants &, &1 > 0 are at this point arbitrary and will be specified later. We take & = ! in
the last estimate, and using this estimate together with (4.11) in (4.9) we get

d
auumnif +arlux (O (4.12)
< Clw®lE + Izl + DIu®dlf + C + erllwx O + CleD) w13

The Gronwall lemma implies that for all ¢ € [0, T] we have
||u(t)||%_1 < efot CUlw) 13 +z) 13 +1) ds

r t
x | lluollfy + fo (C + e1llwx ()7 + CeDw)IIF) ds}

< (CTHCJy Aw® I3 +Iz)1F) dt

T
x | luoll? + CT + / e1llwe N + CED w12 dt}
0

< CTFQTR) (16112, 4+ CT + Cle1) Qo + £1Q1). (4.13)
Integrating over the interval (0, T) we get
< CTeCTTQHRI (0|12 + T + Ce1) Qo + £1Q1). (4.14)

2
”u”LZ(O,T;H) =

Integrating (4.12) from 0 to T we get

T T
) / lux ()17 dt < Cllullfoo o, 1) / (WOl + 12017 + 1) dt
0 0
T
+CT + f Exllwe O + Clen)lwt) ) dt + lluollF;-
0
Using (4.13) in the last inequality we get after cumbersome but straightforward computation

a2 0,711,
< C(llugll?; + T + C(e1)Qo + £1Q1) (1 + (T 4 Qg + R)e“ T TR0y
< £1CQ1 (1 + (T 4 Qg + Rg)eCT+Q+Ro)y
+ C(lluollF; + T + Cle) Qo)1 + (T + Qo + Ro)eFHk),

Without loss of generality we may assume that T < I, thus

130,11y < E1CQUA + (1 + Qo + Ro)e©! @0y (4.15)
+ Clluoll? + 1+ C(e1)Qo)(1 + (1 + Qg + Rp)eCIH otk
Let Qo, Ry > be fixed. We put

1
~ 2C(1+ (1 + Qo + Ro)eCU+Qo+Ro)

€1
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and
Q1 = 2C(llull? + 1+ C(e1)Qo)(1 + (1 + Qg + Ro)eCI T +R0)y,

The inequality (4.15) yields ||ux||i2 < Q. From (4.14), assuming that T < 1, we get

(0,T:H)

20,y < CTeCH QTR (Jlug | + 1 4 Cle1)Qo + 1Q1) = TF(Qu, Ro),

where F(Qo, Ro) depends only on Qo, Ro, but not on T. Hence if we take T = min{l, %}, we

obtain || u||i2 OT:H) = Qo. It remains to obtain the estimate for u;. We have
T
|| @00 dt < stz bnelizoran
+ a2 1Yl L2 0,7: 100y 1l oo o, 7 m) 1M N 22 0,7 1)
T
+ /0 (@11 + a2 + (a1 + ax) Iw@® V) In(®)[lv dt. (4.16)
Moreover,
T
/(; (a11 + a1z + (a1 + a) Iw@® V) In@®) v dt
< Inllz2,r:v)(C1 + Cllwlli 20,1 v))>
whence

luell 20, ve) < etlluxllizior:my + @2 ll¥sll 20,1 ooy 11l oo 0,75 11)
+Cy + C2||W||L2(O,T;V)'

But we know that || (¢)[l1>~Q) < Cllw(t) — z(t) || g, whereas, using (4.13) to estimate the term
l|u4ll oo (0,7 F)> We can write
luellL20,m: v+ < G(T, Qo> Q1> Ro),

with a constant G(T,Qp, Q1,Rp). It is enough to take Q2 = G*(T,Qo,Qi1,Rp). The proof is
complete. O

Remark 4.2: Without the use of the Ehrling lemma the proof would still be possible with additional
bounds on the constants present in the model.

We will denote B = B(T, Qp, Q1, Q2, Ro, R1, Ry) found in Lemma 4.3.

Lemma 4.4: If Assumptions (Hy), (Hy), (H2) hold, then the mapping A : B — B is weakly
sequentially continuous.

Proof: Consider sequences w, — w and z, — z weakly in L2(0, T; V) with (w,) — w; and
(zn)t — 2z weakly in L%(0, T; V*) such that w,, z,, w,z € B. Let (up, V) = A(Wp,2,) and ¥, =
AE(Wp, z,). We must prove that u, — u and v, — v weakly in L>(0, T; V), and (u,); — u; and
(Vu): — vy weakly in L2(0, T; V*) for (u,v) = A(w,2). As (4, v,) € B, a bounded set in X, for a
subsequence, not renumbered we must have u, — u and v, — v weakly in L2(0, T; V). Moreover
(un); — u and (v,); — v weakly in L2(0, T; V*) where it must be # = u; and ¥ = v;. If we are
able to show that (1, v) = A(w, z) then, by the uniqueness of the limit, the convergence will hold for
the whole sequence and the proof will be complete. For any 5 € L?(0,T; V), ¢ € L*(0,T; V) and
£ € L*(0, T; H}(R2)) we have

T T
/0 () (D0 (O) vy b + /0 /Q (@1 (1) (8) — 2t () (W) (£ 12 (2) dx



Downloaded by [Lucjan Sapa] at 00:42 12 December 2017

APPLICABLE ANALYSIS (&) 2327

T
_ fo (ot W, DYN(E 1) — fi (£ wa(t, ) (£, 0)) d, (4.17)
T T
fo (e (0, £ (D) vey dt + /O /Q (B rm)x () + Bova(®) (Yrn)x (D)2 (1) dx
T
- /0 (@26 20ty D) (1) — g1 (6 20t 0)2 (1,0)) d, (4.18)
and
T T
f / (W) (DE(D) dxdt + A / / (Wa0) — 2a(D)EW) dxdt = 0. (4.19)
0 Q 0 Q

From (4.19), by taking & = 1/, we obtain the estimate
Hw””iz(O,T;Hé(Q)) = )»(”Wn”LZ(o,T;H) + ||Zn||L2(0,T;H))||1//n||L2(o,T;H)-

Using the Poincaré inequality it follows that the sequence v, is bounded in L?(0, T; H; (£2)) and
hence for a subsequence, denoted again by 1, we must have v, — ¥ weakly in L?(0, T; H} (2)). We
can pass to the limit in (4.19) which implies that

T T
/ / Ve (DE() dx dt + 2 / / (w(t) — z(£)E(t) dx dt = 0, (4.20)
0 Q 0 Q

whence ¥ = Ag(w,z). We need to pass to the limit in (4.17). For (4.18) the proof is analogous.
Passing to the limit in the terms with time derivative and o is clear. Using the fact that the
Nemytskii trace operators

(y € L2, T; V) : 3, € L*(0, T; V¥)} 3 y — y(-, 1) € L*(0, T),
(y € L2(0,T; V) : 3, € L*(0, T; V¥)} 3 y — y(-,0) € L*(0, T)

are compact it follows that
wu(, 1) = w(,1) and w,(-,0) = w(-,0) stronglyin L*(0,T).

By the growth conditions (H,) we are allowed to use the dominated convergence theorem, whereas
by the continuity of f; with respect to the second variable in (H;) we get

/0 s wats DN 1) — w1, 01, 0)
> fo Wit D)n(E, 1) — it 00 (6, 0) .
It remains to pass to the limit in the term with (y,,)x in (4.17). We have
/0 ' fQ (U (O W) (6) — O YD) (0) dix (421)
- /0 ' /Q (1) — 00)) () (O)1(0) e

T
+ /0 /Q (Yma () — Ve (D)D) (0) dx dt.
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Clearly, (,)x — ¥x — 0 weakly in L?(0, T; H), and

T
/ / () (1)? dx dt < Jullzo,r:m Il 20,71 ()
0 Q

whereas un, € L*(0, T; H). It follows that

T
/0 /;2 (W)« (1) — Y (D) u(t)ne(t) dxdt — 0.

By the Aubin-Lions compactness theorem we have
up — u stronglyin L*(0, T; H).
We must prove that (¥,,) 7 is bounded in L2(0, T; H). Lemma 4.1 implies that

IWn)xlle < Cllwallg + llznlla),

whereas
1 (Y)xllizoeo,r;m) < CUlwnllLeo,r;H) + llZnlleeo,1:1))-
We have

T
/ / (P (Ome(®) dx dt < (WO lloran el 20 71 000)
0 Q
< Cwalle(o,r:m) + lzallLeoo,r;m) 1M | L2 (0,7: L (2)) -

Hence (V/,,)«7)x is bounded in L?(0, T; H), whence

T
/0 /Q(un(t) — u(@®)(Yn)x(Hnx(t) dx dt — 0.

It follows that the integral on the left-hand side of (4.21) also converges to zero and we can pass to
the limit in the term

T
f / i (1) (Yrn)x (D12 () dx
0 Q

in (4.17). The proof is complete. O

Theorem 4.2:  Let Assumptions (Ho), (Hy), (Hz) be satisfied. Then there exists T > 0 such that
Problem PE has a solution.

Proof: The assertion follows immediately by Theorem 4.1 and Lemmas 4.1-4.4. O

5. Uniqueness of weak solutions

In this section, we prove that Problem PE cannot have more than one weak solution.

Theorem 5.1:  Let Assumption H be true. Then Problem PE has at most one solution on [0, T] for an
arbitrary T > 0.

Proof: Suppose that Problem PE has two solutions (u1, v, ¢1), (42, v2, ¢2) on [0, T]. We will show
that they must be equal. By putting n = 1 (t) —uz(t) and ¢ = v () —va2(t) in (3.1), (3.2), respectively,
we get

1d

Sl - w) (O + ol — u2)x (DI
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— fQ (1)1 — @25 (D11 — 1) (1) dx

—w fg 2(B) (1 — 1) (1)t — ) (1) dx

= (fZ(t, ul(tx 1)) _fZ(t’ Mz(t, 1)))(ul(t7 1) - Ltz(t, 1))7
- (fl (t> Ml(t, 0)) _fl (t> uZ(ta 0)))(Ml(t, 0) - Mz(t, 0))’ (51)

1d
Sl - v Ol + Bl (v — v2)x (D)1l

- B /Q V() (@1 — 02)x () (V1 — v2)x(t) dx

- B /Q Q2 () (v1 — v2) () (V1 — v2)x(t) dx
= (@15 1) — @@ D) D — (1)),

- (gl (t) V1 (t) 0)) — 81 (t’ VZ(t’ 0)))(V1 (ts 0) - VZ(t’ 0))> (52)
forae. t € (0, 7).
Note that the equation
/ OxExdx + k/ ((uy —up) — (v —1))édx =0 foreach £ € H(} (), (5.3)
Q Q

has the unique solution ¢ = ¢; — ¢, € L>(0, T; H*(Q) N H& (£2)) by the same arguments as in the
proof of Lemma 4.1, and moreover

(@1 — @)Dy < CAll(u1 — u2) () — (vi —=v2)(Dllg forae. te€(0,T) (5.4)
with C > 0. Analogously
lg2() 2y < CAll(uz — va)(®)|lg forae. te(0,T) with C>0. (5.5)

By the similar argument as in the proof of Lemma 4.3, using (5.4) and (5.5) we obtain the following
estimates of the integral and boundary terms in (5.1)

azfg [u1 () (@1 — 92)x(£) (w1 — u2)x(t)] dx

< 2 — 1w Ol + Cln @l 1 = e Ol g,

< = w1 + Cln O = u) O + 101 = v2) O,
0!2/9 l@2x () (11 — u2) (1) (U1 — u2)x(1)] dx

< 2t = Ol + Cl@ O g 11 — O,

< %u(ul — )OI + Cllua®F + v Oy — u) (D113
(fZ(t> ul(t’ 1)) _f2 (tx Mz(t, 1)))(ul(t) 1) - le(t, 1))

< Ly (ui (1, 1) — up(t,1))°

< %u(ul — )OI + Clliur — w13,

(it w1 (t,0)) — fi(t, uz(t,0))) (u1 (£, 0) — uz(,0))
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< Ly (w1 (£,0) — up(t,0))°

< %u(ul — w)xOlF + Cll(ur — w2) (O |15

In consequence

i||<u —w) DO < Cllur N1 + llwaOllF + Iva@)lIF + 1
310 = ) Ol < CUm O + 11 + 101 + 1)
x (I — w)DIF + (v — v2)OF)- (5.6)

Making similar estimates as above for (5.2) we have

d 2 2 2 2
3101 = )OI = CUw®IF + IO + vl + 1
x (Il(u1 — w)OIIF + (v = v2)OF). (5.7)

Adding (5.6) and (5.7) we get

i<||(u —w) ()|} - )}
3 Ul = ) Ol + 101 =) Ol
< CUlu O + liz®llF + IO + 12O + D
x (Il — w)DIF + I (vi = v)OF)-

Hence the Gronwall lemma implies that for all t € [0, T]

I — w) O + I — v DI
< efoT C(Hm(t)l\%ﬁlluz(t)\lfﬁllw(t)||§,+|\1'z(t)|\%1+l) dt

x ([[(u1 — w2) (O + | (v1 — v2)(O)[I). (5.8)

Therefore u; = uy, vi = v, because the right-hand side in (5.8) is equal zero. It follows from the
uniqueness of the solution to (5.3) that ¢; = ¢,. O

6. Nonnegativity of local weak solutions

In this section we prove that, provided the initial conditions ug, vo are nonnegative for a.e. x € €, the
concentrations u(t), v(t) must also remain nonnegative.

Theorem 6.1:  Let Assumptions H, H hold. Then for all t € [0, T] such that the solution of Problem
PE exists on the interval [0, T] we have u(t) € H" and v(t) € H™.

Proof: The proof follows the lines of the corresponding part of the proof of [30, Lemma 4.1], see
also [26, Proposition 1]. Consider the following auxiliary problem, which differs from Problem PE
by replacement of u, v with u™, v*, where u™ = max{u, 0}, v = max{v, 0} in the terms representing
electrostatic forces in (3.1) and (3.2).

Problem PET. Find u,v € L?(0,T;V) and ¢ € L?(0,T; H*(Q) N H& (2)) such that us, v, €
L2(0,T; V*) and fora.e. t € (0, T)

(U, Myv=xv + /Q (aux — aaut @)nedx (6.1)
= fo(t, u(t, 1))n(1) — f1(t,u(t,0))n(0) foreach n eV,

Ve Q) vexy + /Q (Bivx + BavF ex)Cxdx (6.2)
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=@ (tv(t,1))c(1) —gi1(t,v(t,0))¢(0) foreach ¢ €V,
/ OxExdx + A/ (u—v)édx =0 foreach & e H& (), (6.3)
Q Q

and the initial conditions (2.2) hold.

By the same argument as in the proof of Theorem 4.2 based on the Schauder-Tychonoff fixed
point theorem it follows that Problem PE™ has a local in time weak solution (1, v, ). We will prove
that (u, v, @) solves Problem PE™ on a certain interval [0, T] if and only if it solves Problem PE on
this interval.

Indeed, assume that (u, v, ¢) solves Problem PE™ on [0, T]. We will prove that u(t) € H* and
v(t) € HT forall t € [0, T]. As the calculations for u and v are analogous, they will be done only for
u. Taking n = u™ (t) = — min{u(t), 0} in (6.1) we get

1d

_EE”LI_(O”%—I — aplluy (D1 = fo(t u(t, D)u™ (5, 1) — it u(t,00)u” (t,0),

fora.e.t € (0, T). By (H;) the right-hand side in the above equation is nonnegative, which gives

1d 5 — 2
EE”” Mllg +atllu, Dl <0,

fora.e.t € (0, T). After integration on the interval (0, t) for ¢ € [0, T] we get

1 L 1 _
Slu (t>||é+a1/ llui; (s)||éds55||u ¢ 0%,
0

for all t € [0, T'], which, in view of (H0+), yields that u™ (t) = 0, and u™ () = u(t) forall t € (0, T),
whereas u satisfies (3.1). Note that we have also proved, that for every solution of Problem PE* we
must have u(t) € H and v(t) € HY for all ¢ in the interval of solution existence.

Now assume that (u, v, ¢) solves Problem PE on an interval [0, T]. We know that there exists
a solution (i1, ¥, %) on a certain time interval [0, Ty] of Problem PE™ and (&, ¥, ) must also solve
Problem PE on this time interval. If T < Ty, then the uniqueness Theorem 5.1 implies that (i, v, ¢) =
(u,v, ) on [0, T]and the assertion is proved. If Ty < T we will use the barrier method. Indeed, denote
by T, the supremum of all times T such that Problem PE™ has a solution (&, v, ¢) in [0, To] (it may
be that Ty = +00). If Ty > T we arrive at the previous case T < T,. We will prove that the case
To < T leads to a contradiction. Observe that (i, ¥, ) must also solve Problem PE on each interval
[0, Ty — €], which, by the uniqueness of solution to Problem PE implies that (i, v,¢) = (4, v,¢) on
the interval [0, Tp). But, as u, v € C([0, T]; H), the values limmT0 [la(t) || and limt/T0 |v(t)||fr are
well defined and finite, and hence we can continue the solution (1,7, ) of Problem PE™, starting
from Tp, which contradicts its maximality.

As both problems are equivalent, and for the solution of Problem PE we must have u(t) € H
and v(t) € H™ for all ¢, the assertion is proved. O
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