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Plan of the lecture

Computer-aided proofs - “philosophy”

Brouwer theorem

Interval Newton/Krawczyk method

Wrapping effect

Local coordinates
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Computer-aided proofs - philosophy
Bolzano theorem

f : R→ R f (x)
?
= 0

a b

f (a) < 0 f (b) > 0

There exists an x∗ in (a, b) such that

f (x∗) = 0
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Computer-aided proofs - philosophy
Bolzano theorem - no need to be too accurate

f : R→ R f (x)
?
= 0

a b

f (a) < 0 f (b) > 0

CAP- the ingredients:

Mathematical theorem

Good understanding of the
numerical properties of the
problem

Computer-aided validation of
assumptions

There exists an x∗ in (a, b) such that

f (x∗) = 0
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Kinds of tools that we shall use
Interval arithmetic

computations on intervals:

[1, 2] + [3, 4] = [4, 6]

[1, 2]− [3, 4] = [−3,−1]

[1, 2] ∗ [3, 4] = [3, 8]

[1, 2]/[3, 4] = [
1
4
,

2
3
]

[1, 2][3,4] = [13, 24]

...

extends to higher dimensions

[1, 2]− [1, 2] = [−1, 1]

f : Rn → Rn

What can be computed:

[f (U)], [Df (U)]

higher order derivatives

linear algebra; eg. [A−1]

INTLABa

RadiiPolynomialb

CAPDc

awww.tuhh.de/ti3/rump/intlab
bgithub.com/OlivierHnt/RadiiPolynomial.jl
ccapd.ii.uj.edu.pl
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Examples of tools that we can use

Let B ⊂ Rn be homeomorphic to a closed ball

Theorem (Brouwer theorem)

If F : B → B is continuous, then
there exists a q ∈ B

F (q) = q

F

F(B)
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Examples of tools that we can use

Theorem (Banach fixed pt thm)

Let F : Rn → Rn. If for some λ < 1

‖F (x1)− F (x2)‖ ¬ λ‖x1 − x2‖

then there exists a q such that

F (q) = q

The use of contraction can be exploited in various contexts

MATRIX Computer-aided proofs in dynamics I 5 February 2024 8 / 19



Interval Newton method

F : Rn → Rn, C 1

B = Πn
i=1[ai , bi ]

x0 ∈ B

Theorem (interval Newton)

If
x0 − [DF (B)]−1F (x0) ⊂ B

Then ∃!x∗ ∈ B such that

F (x∗) = 0

(intuition)
Newton-Raphson:

F : R→ R

xn+1 = xn−
F (xn)

F ′(xn)

Proof. chalk.

MATRIX Computer-aided proofs in dynamics I 5 February 2024 9 / 19



Interval Newton method

F : Rn → Rn, C 1

B = Πn
i=1[ai , bi ]

x0 ∈ B

Theorem (interval Newton)

If
x0 − [DF (B)]−1F (x0) ⊂ B

Then ∃!x∗ ∈ B such that

F (x∗) = 0

(intuition)
Newton-Raphson:

F : R→ R

xn+1 = xn−
F (xn)

F ′(xn)

Proof. chalk.

MATRIX Computer-aided proofs in dynamics I 5 February 2024 9 / 19



Interval Newton method

F : Rn → Rn, C 1

B = Πn
i=1[ai , bi ]

x0 ∈ B

Theorem (interval Newton)

If
x0 − [DF (B)]−1F (x0) ⊂ B

Then ∃!x∗ ∈ B such that

F (x∗) = 0

(intuition)
Newton-Raphson:

F : R→ R

xn+1 = xn−
F (xn)

F ′(xn)

Proof. chalk.

MATRIX Computer-aided proofs in dynamics I 5 February 2024 9 / 19



Interval Newton method

F : Rn → Rn, C 1

B = Πn
i=1[ai , bi ]

x0 ∈ B

Theorem (interval Newton)

If
x0 − [DF (B)]−1F (x0) ⊂ B

Then ∃!x∗ ∈ B such that

F (x∗) = 0

(intuition)
Newton-Raphson:

F : R→ R

xn+1 = xn−
F (xn)

F ′(xn)

Proof. chalk.

MATRIX Computer-aided proofs in dynamics I 5 February 2024 9 / 19



Interval Newton method

F : Rn → Rn, C 1

B = Πn
i=1[ai , bi ]

x0 ∈ B

Theorem (interval Newton)

If
x0 − [DF (B)]−1F (x0) ⊂ B

Then ∃!x∗ ∈ B such that

F (x∗) = 0

(intuition)
Newton-Raphson:

F : R→ R

xn+1 = xn−
F (xn)

F ′(xn)

Proof. chalk.

MATRIX Computer-aided proofs in dynamics I 5 February 2024 9 / 19



Interval Newton method

F : Rn → Rn, C 1

B = Πn
i=1[ai , bi ]

x0 ∈ B

Theorem (interval Newton)

If
x0 − [DF (B)]−1F (x0) ⊂ B

Then ∃!x∗ ∈ B such that

F (x∗) = 0

(intuition)
Newton-Raphson:

F : R→ R

xn+1 = xn−
F (xn)

F ′(xn)

Proof. chalk.

MATRIX Computer-aided proofs in dynamics I 5 February 2024 9 / 19



Interval Newton method
Example - Hénon map

h(x , y) = (1− ax2 + y , bx)

a = 1.4, b = 0.3

Fixed point:

h(x , y) = (x , y)

F (x , y) = (1− ax2 + y − x , bx − y) = 0
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Interval Newton method
Example - Hénon map

F (x , y) = (1− ax2 + y − x , bx − y) = 0

(show Newton method program)
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Krawczyk Theorem
To get better results one gets creative

F : Rn → Rn

B = Πn
i=1[ai , bi ]

x0 ∈ B

C ∈ Rn×n

Theorem
Let

K = x0 − CF (x0) + (Id− C [DF (B)])(B − x0)

If K ⊂ int(B) then ∃! x∗ ∈ B such that

F (x∗) = 0

F (x0) ≈ 0

C ≈ DF (x0)−1

(show Krawczyk method program)
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Krawczyk vs Newton

x0 ∈ B

F (x0) ≈ 0
C ≈ DF (x0)−1

Newton method Krawczyk method

N = x0 − [DF (B)]−1F (x0)
K = x0 − CF (x0)

+(Id− C [DF (B)])(B − x0)

N ⊂ B? K ⊂ int(B)?

solving a linear problem in
interval arithmetic

guessing/computing C
non-rigorously
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Fork in the road

Theorem (Banach fixed pt thm)

Let F : X → X . If for some λ < 1

‖F (x1)− F (x2)‖ ¬ λ‖x1 − x2‖

then there exists a q such that
F (q) = q.

Analytic approach geometric & topological approach

Solving ODEs

Boundary value problems

Invariant manifolds

DDEs, PDEs

Chaotic dynamics for ODEs

Invariant manifolds

Blenders

DDEs, PDEs

J-B van den Berg “Introduction to rigorous numerics in dynamics: general functional analytic
setup” https://www.math.vu.nl/ janbouwe/pub/introrignumdyn.pdf

MATRIX Computer-aided proofs in dynamics I 5 February 2024 14 / 19

https://www.math.vu.nl/~janbouwe/pub/introrignumdyn.pdf


Periodic orbits

f : Rn → Rn

f k(x) = x when
F (x) = 0

for F (x) = f k(x)− x

Problem with Newton method

N = x0 − [DF (B)]−1F (x0)

[Df k(B)] = [Df (f k−1(B))] · [Df k−1(B)]

f (x) = Rx + g(x)
R is rotation

B0 = B D0 = Id

For i = 1, . . . , k

Bi = [f (Bi−1)] Di = [Df (Bi−1)] ·Di−1

Then

[Df k(B)] = Dk
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Wrapping effect
Remedy 1 - parallel shooting

f : Rn → Rn

F (x) = f k(x)− x

Problem with Newton method

N = x0 − [DF (B)]−1F (x0)

[Df k(B)] = [Df (f k−1(B))] · [Df k−1(B)]

Remedy: There is no free lunch:
f k(x1) = x1 when F (x) = 0 for

F (x1, . . . , xk) =


f (x1)− x2
f (x2)− x3

...
f (xk)− x1


F : Rnk → Rnk instead of Rn

The matrix DF is cumbersome
to compute

Use Krawczyk method!
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Wrapping effect
Remedy 2 - Take care of coordinates

F : Rn → Rn

Let us represent a set as:

X = x + AY

where x ,Y ⊂ Rn, A ⊂ Rn×n

F (x + y) = F (x) +
∫ 1
0

d
dsF (x + sy)ds

= F (x) +
∫ 1
0 DF (x + sy)ds y

∈ F (x) + [DF (X )]y

F (x + AY ) ∈ F (x) + ([DF (X )]A)Y

= F (x) + B(B−1[DF (X )]A)Y

so F (X ) ⊂ X̄ for

X̄ = x̄ + BȲ

x̄ = F (x) and Ȳ = (B−1[DF (X )]A)Y
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Wrapping effect
Remedy 2 - Take care of coordinates

f : Rn → Rn

Let us represent a set as:

X = x + AY

where x ,Y ⊂ Rn, A ⊂ Rn×n

Example

f (x) = Rx + εg(x)

where R is a rotation matrix

(show code)

f (X ) ⊂ X̄ for

X̄ = x̄ + BȲ

x̄ = f (x) and Ȳ = (B−1[Df (X )]A)Y

Initial set:
X0 = x0 + Y0

choose some local coordinates:
Ak = Rk

xk = f k(x0)
Compute inductively:
Yk+1 = (A−1k+1Df (Xk)Ak)Yk

Xk+1 = xk + AkYk

Then f (Xk) ⊂ Xk+1.
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Example

f (x) = Rx + εg(x)

where R is a rotation matrix

(show code)

f (X ) ⊂ X̄ for

X̄ = x̄ + BȲ

x̄ = f (x) and Ȳ = (B−1[Df (X )]A)Y

Initial set:
X0 = x0 + Y0

choose some local coordinates:
Ak = Rk

xk = f k(x0)
Compute inductively:

Yk+1 = (A−1k+1Df (Xk)Ak)Yk

Xk+1 = xk + AkYk

Then f (Xk) ⊂ Xk+1.
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Key points

Good numerical understanding first

Good theorem (eg Newton vs
Krawczyk)

(Most) often being aware of
coordinates helps

Tomorrow: CAP – topological shadowing
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