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Plan of the lecture

Brouwer degree

Covering relations

o
o
@ Topological shadowing
@ Cone conditions

o

Horizontal /vertical discs
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Brouwer degree

Definition
D C R" open set, c € R"  deg(F, D, c) is a number in Z s.t.
e deg(F, D, c) # 0 then 3x € D such that
F(x)=c

D compact

F : D — IR" continuous

a

4
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Definition
D C R" open set, c € R"  deg(F, D, c) is a number in Z s.t.
e deg(F, D, c) # 0 then 3x € D such that
F(x)=c
e H:[0,1] x D — R" homotopy s.t.
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Brouwer degree

Definition
D C R" open set, c € R"  deg(F, D, c) is a number in Z s.t.
e deg(F, D, c) # 0 then 3x € D such that
F(x)=c
e H:[0,1] x D — R" homotopy s.t.
1 c ¢ H([0,1],0D) then

D compact

F : D — IR" continuous

/ deg(Hx, D, ¢) = deg(Ho, D, c)
& / e F(x) = A(x—xp) + c and xo € D then
deg(F, D, c¢) = sign(detA)

To D
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Brouwer degree

D C R" open set, c € R”
D compact

F : D — IR" continuous

4

C/\\/
i
E

Definition
deg(F, D, c) is a number in Z s.t.
e deg(F, D, c) # 0 then 3x € D such that
F(x)=c
e H:[0,1] x D — R" homotopy s.t.
c ¢ H([0,1],0D) then
deg(Hx, D, ¢) = deg(Ho, D, c)
e F(x) = A(x—xp) + c and xo € D then
deg(F, D, c¢) = sign(detA)
e EC Dand F1(c)ND C E then
deg(F, D, c) = deg(F,E,c)

[L] Lloyd, Degree theory, Cambridge Univ. Press, London, 1978
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Brouwer degree

D C R" open set, c € R”
D compact

F : D — IR" continuous

4
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deg(F, D, c) is a number in Z s.t.
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h-sets

Definition (h-set)

N := (|N|,n) where |[N| C R",
7 : R" — IR” homeomorphism s.t.

B, C RY, Bs C IR® closed unit balls

n=u-+s
n(By x Bs) = |N]|.
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h-sets

Definition (h-set)

N := (|N|,n) where |[N| C R",
7 : R" — IR” homeomorphism s.t.

B, C RY, Bs C IR® closed unit balls

n=u+s
1 (By x Bs) = |N|.
N-
N~ = (9B, x Bs) n Nt
Nt =n(B, x 0Bs) Bs e
N, = B, x Bs B, N~

@ In computer-aided proofs, in local coordinates, h-sets are cubes;
recall: X = x+ AB.
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h-sets

Definition (h-set)

N := (|N|,n) where |[N| C R",
7 : R" — IR” homeomorphism s.t.

B, C RY, Bs C IR® closed unit balls

n=u-+s
n(By x Bs) = |N]|.

| N~
N~ = 15(dB, x Bs) ! n

Nt =n(By x 0Bs) Bs1— i T B

N, = B, x Bs B <

u

@ In computer-aided proofs, in local coordinates, h-sets are cubes;
recall: X = x+ AB.
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Covering relation

| N_
Ny =0B,x B, g 7i7 U
NS = B, x OB, 1 n =
Ny = B, x Bs B,
We have F : R" — R".
N = (IN],n), M = (|M],¢)

are h-sets. Define

fi=¢1oFon
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Covering relation

N, = 9B, x Bs f
N, = B, x 0B, Nl Mn ﬁ

N, = By x Bs M

)

Definition (N F-covers M)

We have F : R" — R". We say that N == M iff.
3 2
N = (N, 7), M= (IM],£) 3 homotopy H : [0,1] x B, x Bs — R® s.t.

are h-sets. Define H(, ) =f

fi=¢1oFon

o
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Definition (N F-covers M)

We have F : R" — R". We say that N == M iff.
3 2
N = (N, 7), M= (IM],£) 3 homotopy H : [0,1] x B, x Bs — R® s.t.
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Covering relation

£
N, = 0B, x Bs , H(1,")
N, = B, x 0B, Ny N N ]
N, = B, x B X My
Definition (N F-covers M)
We have F : R" — R". We say that N == M iff.
. 2
N = (N, 7), M= (IM],£) 3 homotopy H : [0,1] x B, x Bs — R® s.t.
are h-sets. Define H(0,-) = f

H([0,1), Ny ) N Mg =0

H([0,1), Ny) N M =0

H(1,x,y) = (Ax,0)
where A(OB,) N B, =10

f:=¢loFon

v
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Covering relation

Validation
f=¢1oFon Mg“
1 f —
m(A) == ——
ZE RS 0 ﬁ )
n M5+
[ Ax[| > m(A)| x| '
Lemma

If||f (0)|| < r and

Assume that
m(A)—|Cf] > 14r

mm]:(g Cg) 1Bl +lCall < 1-r

then N — M.

Proof. chalk.
(Show code)
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Covering relation

Shadowing theorem

v "y
R

Definition (N F-covers M)

We say that N == M iff.

3 homotopy H : [0, 1] x B, X Bs — R? s.t.

H(,)=f
H([0.1], Ny ) N Me =0
H([0. 1), Ny) n M =0
H(1,x,y) = (Ax,0)
where A(0B,) N By, =0

Theorem
NoL N & 5 N

Then there exists a periodic orbit
passing through the sets.

Proof. chalk.

[ZG] Zgliczyriski, Gidea. “Covering relations for multidimensional dynamical systems”. JDE 2004
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Covering relation

Horseshoe

S
Ym

z z
Jn
2z z
U4

=
Ym
=

@ Orbits of any prescribed sequences of zeros and ones.
@ Periodic orbits of any period. For example:

[V VAR VAL VAL T
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Cones

Q:RYxR* — R
QUxy) = lIxII> — lIyl?
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Cones

Q:RYxR® —R
QU y) = IIx[I* — lly]®
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Cones

Q:RYxR* — R
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Cone conditions

QR :RYxXR*—R

QUx,y) = IIxII> — Iyl NE M
F:R"—R"

Definition (cone cond.)
If Q(q1 = q2) > 0 then

Q(F(q1) — F(q2)) >0

q2

g F(q1)
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Cone conditions

Q:RYxR°*— R N %
QL y) = [IxI* = llyll? NE M
F:R"— R
Definition (cone cond.) Q=2Q=5h a>b>0

If Q(g1 — g2) > 0 then

Q(F(q1) — F(q2)) >0

Example

(x,y) = (3x,2y)
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Cone conditions

Validation
R(v)=v'Cv

Qxy)=

= [|x[* = [ly[I?

_XTX—yTy

rom (1 o

—( 4 )( 0 -Id
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Cone conditions
Validation

R(v)=v'Cv
Qxy) =
= [IxI|* — lly[I®
—xTx—yTy
rom (1 o
= (< )( 0 -Id
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Cone conditions

Validation
Qv —v7C Q(F(q) = F(p)) —Q(g—p) >0
Q(xy) = i
= |Ix[1* = lly]I” )
=x"x—yly
Id 0 x
-t (5 %))

F(q) — F(p) € [DF(N)](q —p)

Q(F(q)—F(p))—Q(g—p) € (g—p) T ([DF(N)]" C[DF(N)] - C)(q—p)
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Cone conditions

Validation
Qv —v7C Q(F(q) = F(p)) —Q(g—p) >0
Q(xy) = i
= |Ix[1* = lly]I” )
=x"x—yly
Id 0 x
-t (5 %))

F(q) — F(p) € [DF(N)](q —p)

Q(F(q)—F(p))—Q(g—p) € (g—p) " ([DF(N)]" C[DF(N)] = C)(q—p)
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Cone conditions
Validation

F(q) — F(p) € [DF(N)](q - p) m>0

[DF(N)]T C[DF (N)] — mC

code example
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Horizontal discs

F:IRn—>IRn N:F>M
N = B, x Bs

Definition (horizontal disc)

h:B,— N
e mh(x) =x y m
cone conditions: -
@ x1 # xp then X

Q(h(x1) — h(x2)) >0
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Horizontal discs

F:IRHHR,, N£>M
N = B, x Bs

Definition (horizontal disc)
h:B,— N
e mh(x) =x y
cone conditions: |
X

@ x1 # X2 then

Q(h(x1) — h(x2)) >0
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Horizontal discs Definition (N F-covers M)

We say that N == M iff.
3 homotopy H : [0,1] x B, x Bs — R? s.t.

H(,") = f
F:R" —R" H([0,1], Ny ) N Me =0
N = B, x B, H([0. 1), Ny) n M =0
H(1,x,y) = (Ax,0)
Lemma where A(0B,) N B, =0 )
If h is a disc in N and N :F> M,
then there exists h* : B, — M 2{Bu) E_F(\uﬁ
—

F(h(B.)) "M = h*(B.)

Proof. chalk.

[Z] Zgliczynski, Covering relations, cone conditions and the stable manifold theorem, JDE 2009
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Horizontal discs Definition (N F-covers M)
We say that N == M iff.
3 homotopy H : [0,1] x B, x Bs — R? s.t.
H(O,) = f
F:R" - R" H([0,1], Ny ) N Me =0
N =B, x B; H([0.1). Nr) N MF =0
H(1,x,y) = (Ax,0)
where A(0B,) N B, =0

Lemma )
) .. F
If hisadiscin Nand N —= M
! h(B, 7
then there exists h* : B, — M o 5%3
P |

F(h(B.)) "M = h*(B.)

Proof. chalk.

[Z] Zgliczynski, Covering relations, cone conditions and the stable manifold theorem, JDE 2009
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Why does this make us happy?

Lemma
If his a discin N and N == M, h(Bu) I
then there exists h* : B, — M F(h(B.)) \3

F(h(B,)) "M = h*(B,)

blenders

stable/unstable manifolds of normally hyperbolic fixed points
normally hyperbolic manifolds

Arnold diffusion
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Why does this make us happy?

Some references

s
F(h(B.) \3

o MC, Krauskopf, Osinga, Zgliczynski, “Characterising blenders via
covering relations and cone conditions” preprint

@ P. Zgliczynski “Covering relations, cone conditions and the stable
manifold theorem” JDE 2009

o MC, P. Zgliczynski “Geometric proof for normally hyperbolic invariant
manifolds” JDE 2015

e MC, M. Gidela “Arnold Diffusion, Quantitative Estimates, and
Stochastic Behavior in the Three-Body Problem” CPAM 2023

Tomorrow: Blenders.
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