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Abstract

A blender is an invariant hyperbolic set of a diffeomorphism with the
property that its stable or unstable manifold has a dimension larger than
expected from the underlying hyperbolic splitting. We present a charac-
terisation of a blender based on the correct topological alignment of sets
in combination with the propagation of cones. It is applicable to mul-
tidimensional blenders in ambient phase spaces of any dimension. The
required conditions can be verified by checking properties of a single iter-
ate of the diffeomorphism, which is achieved by positioning the required
sets in such a way that they form a suitable sequence of coverings. This
setup is flexible and allows for a rigorous, interval arithmetic based, com-
puter assisted validation. As a demonstration, we apply our approach
to obtain a computer-assisted proof of the existence of a blender in a
three-dimensional Hénon-like family of diffeomorphisms over a consider-
able range of the relevant parameter.
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1 Introduction

We are concerned with the notion of a blender, which was introduced by Bonatti and
Dı́az to construct examples of diffeomorphisms where the existence of a heterodimen-
sional cycle is a C1-robust property [1]. Subsequently, there have been slightly different
and more general definitions of blenders [2, 3, 4], and the technical definition from [1]
we will use can be found in Section 2. In colloquial terms, a blender is an invariant
hyperbolic set of a diffeomorphism with the property that either its stable or unsta-
ble manifold has a dimension larger than expected from the stable or unstable index
— the numbers of stable and unstable directions given by the underlying hyperbolic
splitting. Hence, a blender requires a phase space of dimension at least three.

The only explicitly known example of a diffeomorphism with a blender is the
Hénon-like family that was introduced in [5]; see Section 7 for its formal definition.
This example was motivated by the family of endomorphisms from [6], and it represents
the lowest dimensional case of diffeomorphisms in R3. Here the objects of interest are
the stable and unstable manifolds of two fixed points: the closure of the intersection
set of these manifolds is the hyperbolic set. This is the case since the underlying
Hénon map is chosen to have a full Smale horseshoe (equivalent to a full shift on two
symbols). When the expansion or contraction of the central direction is sufficiently
close to 1, the closure of the respective one-dimensional invariant manifolds of two
fixed points effectively act as a surface. This in [5, 7, 8] is also referred to as the carpet
property and implies that the hyperbolic set is a blender. The Hénon-like family maps
a three-dimensional box over itself in the form of a three-dimensional horseshoe [7],
and this type of blender is also referred to as a blender horseshoe [9, 10].

In the works [5, 8], the carpet property is verified numerically by checking whether
the one-dimensional invariant manifolds become dense in a suitable direction of projec-
tion when these manifolds are computed as curves up to larger and larger arc-length In
this way, it has been demonstrated that the Hénon-like family over a range of expan-
sion/contraction of the central direction that is considerably larger than might have
been expected; moreover, this allows one to study how the carpet property is lost when
the expansion/contraction deviates more and more from 1 [5, 7, 8]. In this context it
is important that, in contrast to the affine construction in [11], the three-dimensional
horseshoe of the Hénon-like family is not affine.

While checking the carpet property via the computation of long pieces of one-
dimensional invariant manifolds is a very useful tool for finding and visualising blenders
in specific examples, it cannot be turned into a formal proof. To prove that a given
hyperbolic set is actually a blender, the characterisation from [1] requires the checking
of assumptions on the images of topological (hyper)disks under iterates of the map
in a neighbourhood of a horseshoe centred around a hyperbolic fixed point (of an
appropriate iterate if necessary). This method was used in [5] to show that the Hénon-
like family indeed has a blender at (or rather near) a specific value of central expansion
that lies well within the range identified by checking the carpet property numerically.

We present here a new characterisation of a blender that is based on finding a
family of sets in the state space with the property that the image of each such set
intersects another set in ‘topologically good way’. This is formalised by the notion
of a covering relation, as introduced in [12] and defined formally in Section 3. More
specifically, we consider throughout a diffeomorphism f on Rn with n ≥ 3 and a family
of sets {Ni}i∈I ⊂ Rn, where I is a finite index set. We say that a set Ni covers Nj , and
write Ni =⇒ Nj , if f(Ni) intersects Nj as specified in Definition 12 of the covering
relation. We also consider a sub-family {Ml}l∈L ⊂ {Ni}i∈I of ‘mother sets’, which
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play the role of initial sets for our blender construction that do not map further to
other sets. We equip each set Ni with a cone field and consider a family of topological
(hyper)disks that are aligned with the cone field, which we refer to as horizontal disks.
We are now able to state our central result.

Theorem 1 (Covering relation characterisation of a blender) Suppose the fol-
lowing three conditions are satisfied.

(B1) For every l ∈ L and every horizontal disk h in Ml, there exist i, j ∈ I such that
h ∩ Ni is a horizontal disk in Ni. Moreover Ni =⇒ Nj and f satisfies cone
conditions from Ni to Nj (see Definitions 8 and 12 for precise statements).

(B2) For i ∈ I we either have Ni = Ml for some l ∈ L, or there exists some j ∈ I
such that Ni =⇒ Nj and f satisfies cone conditions from Ni to Nj.

(B3) The set N =
⋃
i∈I

Ni is strongly hyperbolic in the sense of [13] (see Definition 15

for the precise statement).

Then the (forward and backward) invariant set in the union N is a blender.

In section 5 we introduce an additional condition (B4), similar in spirit to the above
(B1–B3), which can be used to establish the existence of robust heterodimensional
cycles between two blenders or between a blender and a hyperbolic fixed point. The
main result of that section is given in Theorem 28.

Our conditions provide a flexible framework for establishing the existence of blenders
that can be applied in various contexts. They give conditions for a neighbourhood of
a hyperbolic set, and specify when such hyperbolic set is a blender. To validate our
assumptions we only need bounds on images of the sets Ni, with which we validate
covering conditions, and on derivatives of the map, which we use for checking cone
conditions and strong hyperbolicity.

There are some differences between our approach and the classical setup from [1].
The method from [1] is based on appropriate assumptions on the images of topological
disks under the iterates of the map, in a neighbourhood of a horseshoe at a hyperbolic
fixed point. Our method can be applied in this setting, but is not limited to it.
Specifically, fixed points or periodic points (of the map or a higher iterate) and their
associated invariant manifolds are not used explicitly in our approach. This means
that our method can be applied more generally, for example, to hyperbolic sets that
arise in the context of hetero/homoclinic tangles between a number of hyperbolic
fixed points. In particular, the blender property for a hyperbolic set while including
a neighbourhood of another fixed point of different index in our construction of the
covering provides a method for verifying the robust existence of heterodimensional
cycles.

Another difference is that we do not require conditions on the propagation of disks.
Rather, what we require are good topological alignment of images of sets, expressed
through covering relations. Covering relations have proved to be a versatile and flexible
tool, due to the simplicity of their validation [14, 15, 16, 17, 18, 19, 20]. Moreover,
our conditions follow from the properties of a single iterate of the map. Instead of
considering images of topological disks for several compositions of the map as in [1],
we can position our sets in such a way that we have a sequence of coverings, and
validation of ach requires a single iterate of the map. We thus can use a ‘topological
parallel shooting’ approach, that allows us to avoid compositions. In particular, our
assumptions are formulated by means of conditions that can be validated by using
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Figure 1: The picture describing our map.

interval arithmetic and computer assisted tools. Section 7 provides an example, where
we prove the existence of a blender in the Hénon-like family for a considerable range of
the relevant expansion rate, where we indeed position the sets Ni to be disjoint from
any fixed point.

In our construction we use a wall property, which states that a set in the investi-
gated neighbourhood intersects with every horizontal disc. This is very similar in spirit
to the carpet property from [5, 7, 8]. The difference is that instead of projections we
work with horizontal discs. During our construction we ensure that the wall property
is satisfied by the stable set of the invariant hyperbolic set, which implies that the
hyperbolic set is a blender.

The paper is organised as follows. Section 2 introduces the notion of a blender. In
Section 3 we give preliminaries, introducing cone conditions, covering relations and the
notion of strong hyperbolicity. In section 4 we formulate and prove our main theorem.
There we also introduce and explain the conditions (B1–B3) more precisely. In partic-
ular, in our setup we require the dimensions of the hyperbolic contraction/expansion
coordinates of the hyperbolic set to correspond in a good way with the dimensions of
topological alignment used for our covering relations; we have omitted these details
in the introduction. In section 5 we introduce a condition (B4) that can be used
to establish heterodimensional cycles. Section 6 describes how our assumptions can
be validated in practice. In section 7 we give an example of applications, providing
a computer assisted proof of the existence of a blender for a Hénon-like family of
diffeomorphisms.

2 What is a blender

In this section we introduce the definition of a blender. We start with an introductory
example in section 2.1 and give the formal definition in section 2.2.

2.1 An example

In this section we give a brief overview of the example from [11]. Later on it will
serve us for demonstrating the features of our construction and to provide intuition
behind it. In this section we keep the discussion informal and refer the reader to [11]
for details.

Consider a diffeomorphism f : R3 → R3 which maps two 3d cubes N1 and N2,
contained in a larger 3d cube M , as in Figure 1. Assume that f |N1 and f |N2 are affine.
The map f has two expanding directions, the coordinates that are agreeing with the
face of the sheet of the paper, and a third contracting coordinate, orthogonal to the
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Figure 2: The pre-image of M is a ‘three dimensional horseshoe’ (left), with its
views from the top (middle) and from the front (right). In grey are the sets
f−1(N1) and f−1(N2), and their pre-images are depicted in black on the right
hand plot.

face of the paper. A better intuition can be gained by looking at the pre-images of
the sets in Figure 2.

We see that the invariant set in M is a hyperbolic Cantor set, which we shall
denote as Λ. An interesting property of this example is that the stable manifold W s

Λ

of Λ, will intersect with every ‘horizontal’ interval which joins the left and the right
face of M . Such horizontal interval is depicted in Figure 2 by a dashed line. In loose
terms this means that we have a Cantor set Λ, whose dimension is less than one,
with less than two dimensional W s

Λ, and yet W s
Λ behaves as if it was two dimensional,

by intersecting with one dimensional intervals in a robust way. Indeed, if we slightly
perturb the intervals to nearby smooth curves, the intersection will persist. Moreover,
the intersection also persists under a small C1 perturbation of f .

2.2 Formal definition

Let f : Rn → Rn be a diffeomorphism and let Λ be a compact invariant set for f .

Definition 2 The set Λ is uniformly hyperbolic if for every z ∈ Λ the tangent space
TΛ splits into a direct sum TzΛ = Euz ⊕ Esz , where Euz , E

s
z are u and s dimensional

vector spaces, with u+ s = n, which are invariant under the derivative of f i.e.

Df (z)Euz = Euf(z),

Df (z)Esz = Esf(z),

and there exist constants c > 0 and λ ∈ (0, 1), which are independent from z, such that

‖Dfn (z) v‖ < cλn ‖v‖ for v ∈ Esz ,∥∥Df−n (z) v
∥∥ < cλn ‖v‖ for v ∈ Euz ,

for all n ≥ 0.

Definition 3 We define the stable and unstable fibres of z ∈ Λ respectively as

W s
z =

{
q : ‖fn (z)− fn (q) ‖ ≤ Cλ−n for all n ≥ 0 and some C > 0

}
,

Wu
z = {q : ‖fn (z)− fn (q) ‖ ≤ Cλn for all n ≤ 0 and some C > 0} ,
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and define

W s
Λ =

⋃
z∈Λ

W s
z , Wu

Λ =
⋃
z∈Λ

Wu
z .

Definition 4 Let Bc be a c-dimensional open unit ball in Rc. We will call w : Bc →
Rn a c-dimensional surface in Rn if w is injective, C1, and for every z ∈ Bc the
derivative Dw(z) is of rank c. We will write

|w| := w (Bc) .

Definition 5 Let k ∈ N be a number such that k > s. We say that a uniformly
hyperbolic invariant set Λ is a k-blender if there exists a set W of n− k dimensional
surfaces, which is open in C1 topology, and such that for every w ∈ W

|w| ∩W s
Λ 6= ∅.

The intuition is that W s
Λ which is less than k dimensional behaves as if it was

k dimensional, by having a robust intersection with a family of n − k dimensional
surfaces. In section 2.1 we had an example of a 2-blender.

3 Preliminaries

Our objective will be to develop a methodology for establishing existence of blenders
within an explicit domain. Moreover, we will also have an explicit estimate for the
set of surfaces W which intersects W s

Λ. Our main two tools for doing so will be cone
conditions and covering relations.

3.1 Cone conditions, covering relations and horizontal discs

We will want to establish the existence of a blender in a compact set⋃
i∈I

Ni ⊂ Rn

where Ni ⊂ Rn are compact sets and I is a finite set. To simplify notation, we will
often write

⋃
Ni instead of

⋃
i∈I Ni.

We will equip Ni with local coordinate changes by introducing C1 functions

γi : Ui → Rn,

where Ui is a neighbourhood of Ni, for each i ∈ I. In the local coordinates we will use
the following notation for coordinates: x ∈ Rt1 , y ∈ Rt2 and z = (x, y) ∈ Rt1 × Rt2 =
Rn. The meaning for these coordinates is that y will be a coordinate of ‘topological
entry’ and x will be a ‘topological exit’ coordinate. We shall write πx and πy for
projections onto the coordinates x and y, respectively.

We note that for various i ∈ I we have different local coordinates (x, y). We will
write (x, y), but such coordinates will always be associated with some local coordinate
change γi for some i ∈ I.

Remark 6 We will not need to assume that the stable and unstable bundles of Λ are
aligned with the coordinates (x, y). In fact, in our blender construction the coordinate x
will be associated with a strong hyperbolic expansion, and the coordinate y will contain
both weak hyperbolic expansion as well as hyperbolic contraction. This will be explained
in more detail later on.
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Figure 3: The cone C(0) with the choice of the norm ‖x‖t1 = 1
2 |x| and ‖y‖t2 =

‖(yu, ys)‖t2 = max |yu, ys|.

For i, j ∈ I we will use fji as the notation for f expressed in local coordinates; to
be precise, we define

fji : γi
(
Ui ∩ f−1 (Uj)

)
→ γj (Uj)

as
fji := γj ◦ f ◦ γ−1

i .

The domains of fji for some (or many) choices of i, j ∈ I can be empty.
We define a cone in Rt2 × Rt2 = Rn at z ∈ Rn as

C (z) :=
{
q : ‖πx (q − z)‖t1 > ‖πy (q − z)‖t2

}
, (1)

where ‖ · ‖t1 and ‖ · ‖t2 are some norms in Rt1 and Rt2 , respectively. (See Figure 3.)
The cones C (z) are expressed in some local coordinates given by γi. For z ∈ Ni we
will define the cone at z in the state space of the map f as

Ci (z) := γ−1
i (C (γi (z)) ∩ γi (Ui)) . (2)

Remark 7 We note that we might have a case where z ∈ Ni1 ∩Ni2 for i1 6= i2 and we
can have Ci1(z) 6= Ci2(z). We do not rule out such situation and this will not present
a problem in our blender construction.

Definition 8 Let i, j ∈ I. We will say that f satisfies cone conditions from Ni to Nj
if Ni ⊂ dom (fji) and

f (Ci (z)) ⊂ Cj (f (z)) . (3)

We can have cone conditions in the setting where we do not have contraction along
the coordinate y. What is needed is strong expansion along x. This is demonstrated
in the following toy example.

Example 9 Let ‖ · ‖ stand for the Euclidean norm. Let f : R3 → R3 be a linear
map f (x, yu, ys) =

(
4x, 2yu,

1
2
ys
)
. We write yu to stand for the unstable coordinate of
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y and ys to stand for the stable coordinate of y. Cone conditions will hold since for
‖x‖ − ‖(yu, ys)‖ > 0 we will have

‖πxf (x, yu, ys)‖ − ‖πyf (x, yu, ys)‖ = ‖4x‖ −
∥∥∥∥(2yu,

1

2
ys

)∥∥∥∥
> 2

(
‖x‖ −

∥∥∥∥(yu, 1

4
ys

)∥∥∥∥) ≥ 2 (‖x‖ − ‖(yu, ys)‖) > 0.

We now introduce the notion of an h-set (hyperbolic-type set). Such sets will be
the main building blocks which we will use to obtain a covering of a blender.

Definition 10 [12, 21] We will say that N is a h-set if there exists a homeomorphism

γ (N) = Bt1 ×Bt2 (4)

where Bk is a closed unit ball in Rk. We define

Nγ = γ (N) , N−γ = ∂Bt1 ×Bt2 , N+
γ = Bt1 × ∂Bt2 ,

and
N− = γ−1 (N−γ ) , N+ = γ−1 (N+

γ

)
.

We shall refer to N− as the exit set.

Remark 11 To define the balls Bt1 and Bt2 in (4) we can use different norms in Rt1
and Rt2 , respectively. For applications in computer assisted proof, a natural choice is
to use the maximum norm, in which case the balls are cartesian products of intervals,
or simply cubes. The choice of the norms that define Bt1 and Bt2 can be independent
from the choice of the norms ‖ · ‖t1 and ‖ · ‖t2 , which are used to define C(z) in (1).

From now on we shall assume that our sets Ni, for i ∈ I are h-sets.

Definition 12 [12, 21] We say that the set Ni f-covers the set Nj, which we shall
denote as

Ni =⇒ Nj

if Nγi := γi(Ni) ⊂ dom(fji) and there exists a homotopy

h : [0, 1]×Nγi → Rt1 × Rt2

such that

h (0, z) = fji (z) ,

h
(
[0, 1] , N−γi

)
∩Nγj = ∅,

h ([0, 1] , Nγi) ∩N
+
γj = ∅,

and there exists a linear map A : Rt1 → Rt1 such that

h (1, (x, y)) = (Ax, 0, 0) ,

A
(
∂Bt1

)
⊂ Rt1 \Bt1 .
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Figure 4: A picture of a covering, with a topological entry coordinate y =
(yu, ys), for which we have expansion in the direction yu and contraction along
ys. Since yu is expanding the set Nj will need to be taller along yu compared to
Ni. The exit sets N−

i and N−
j are marked in grey.

In our application to the blender construction, for a covering Ni =⇒ Nj the coor-
dinate x will be strongly expanding and y will include coordinates of weak expansion
and of contraction. In such case the picture will be as in Figure 4. This in particular
means that we can not have a set covering itself. Moreover, we will not be able to
construct infinite sequences of covering relations. This is because this would lead to a
blowup along the y coordinate.

Definition 13 We say that h : Bt1 → Rn is a horizontal disc in Ni iff there exists a
continuous function h̃ : Bt1 → Bt2 such that

γi ◦ h (x) =
(
x, h̃ (x)

)
,

and for every x1, x2 ∈ Bt1 such that x1 6= x2 we have

h (x1) ∈ Ci (h (x2)) .

We shall write
|h| = h

(
Bt1
)
.

Theorem 14 [22, Thm 7] Assume that we have a sequence of covering relations

Ni0 =⇒ Ni1 =⇒ . . . =⇒ Nik

and that f satisfies cone conditions from Nim−1 to Nim for m = 1, . . . , k. If hi0 is a
horizontal disc in Ni0 , then there exists a horizontal disc hik in Nik , such that

|hik | =
{
fk(z) : z ∈ |hi0 | and fm (z) ∈ Nim for m = 1, . . . , k

}
.

3.2 Establishing uniform hyperbolicity of an invariant set

For a set M ⊂ Rn we define

Inv (f,M) := {z : fn (z) ∈M for all n ∈ Z} .

To establish that Inv (f,
⋃
Ni) is a uniformy hyperbolic set we can use the following

result.
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Definition 15 Let u, s ∈ N, u+ s = n, and let

K =diag (Idu,−Ids) ,

where Idk stands for identity matrix in Rk×k. We say that
⋃
Ni is strongly hyperbolic

if for every i, j ∈ I such that f (Ni) ∩Nj 6= ∅, for each z ∈ f−1 (Nj) ∩Ni the matrix

Dfji (z)>KDfji (z)−K (5)

is positive definite.

Remark 16 For a point z ∈ Ru × Rs let πuz and πsz stand for the projections onto
Ru and Rs, respectively. Condition (5) ensures that for cones defined as

Ku (z) := {q : ‖πu (q − z)‖ > ‖πs (q − z)‖} ,
Ks (z) := {q : ‖πu (q − z)‖ < ‖πs (q − z)‖} ,

with Euclidean norm ‖ · ‖, for every zi ∈ domfji ∩ γi (Ni) for a sufficiently small
neighbourhood Ui of zi we will have

fji (Ku (z) ∩ Ui) ⊂ Ku (fji (z)) ,

and for every zj ∈ domf−1
ji ∩ γj (Nj) for a sufficiently small neighbourhood Uj of zj

we will have
f−1
ji (Ks (zj) ∩ Uj) ⊂ Ks (f−1

ji (zj)
)
.

(See [13] for details.) This means that condition (5) is in fact a ‘local cone condition’
in the coordinates Ru × Rs.

Theorem 17 [13] If
⋃
Ni is strongly hyperbolic then Λ = Inv (f,

⋃
Ni) is a uniformy

hyperbolic set.

Remark 18 Theorem 17 does not ensure that Λ 6= ∅. To establish this one needs
additional arguments.

Remark 19 In the blender construction which follows we will have the following rela-
tion between the coordinates used in this section and the coordinates (x, y) from section
3.1. The coordinate y will be split into two parts y = (yu, ys), and (x, yu) ∈ Ru will be
the unstable/expanding coordinates and ys ∈ Rs will be a stable/contracting coordinate.
We note also that to validate (5) we will not need to require that the coordinates (x, yu)
and ys are perfectly aligned with the bundles Eu and Es, respectively.

4 Main results

We will consider a diffeomorphism

f : Rn → Rn,

and a family of h-sets {Ni}i∈I ⊂ Rn, for a finite set I. Our objective will be to
establish the existence of a blender of f in

⋃
Ni.

We will assume that each h-set is associated with a homeomorphism γi : Ui →
Rt1 × Rt2 , where t1 + t2 = n and Ui is a neighbourhood of Ni, for i ∈ I. Our local
coordinates will be x ∈ Rt1 and y = (yu, ys) ∈ Rt2 . In our blender construction
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the coordinates x, yu will be expanding and ys will be contracting. For all covering
relations which will be used in our construction we shall use x as the topological exit
coordinate and y as the topological entry coordinate.

We will single out a sub family of h-sets, which we denote as {Ml}l∈L ⊂ {Ni}i∈I .
We distinguish these h-sets from the family since they will play a special role in our
construction. We can think of them as ‘mother sets’, which play the role of initial sets
for our sequences of coverings. The precise role of {Ml}l∈L will be made clear later
on.

Each h-set Ni, for i ∈ I, will be equipped with cones C(z) in local coordinates,
which are defined as (1), and are carried into the original coordinates as Ci(z), for
z ∈ Ni, which are defined in (2).

From now on we shall make the following assumptions.

(B1) For every l ∈ L and for every horizontal disc h in Ml there exist i, j ∈ I such
that |h| ∩Ni = |hi| for some horizontal disc hi in Ni. Moreover Ni =⇒ Nj and
f satisfies cone conditions from Ni to Nj .

(B2) For i ∈ I we either have Ni = M , or there exists some j ∈ I such that Ni =⇒
Nj and such that f satisfies cone conditions from Ni to Nj .

(B3)
⋃
Ni is strongly hyperbolic (in the sense of Definition 15).

The local coordinates used for the coverings and cone conditions in (B1–B2) are
x ∈ Rt1 and y = (yu, ys) ∈ Rt2 , and the strong hyperbolicity in (B3) is in terms of the
coordinates (x, yu) ∈ Ru and ys ∈ Rs.

The dimension of the coordinates in (B1–B3) plays an important role. We will
therefore sometimes use the phrase that (B1–B3) hold with (t1, t2, u, s) when we want
to specify the dimensions for our construction.

Conditions (B1–B3) will imply the existence of a t2-blender in
⋃
Ni. Before we

prove this we provide some intuition behind these conditions. We finish our intuitive
description with Remark 22, after which we proceed with the blender construction in
Lemmas 24, 25 and Theorem 1. An impatient reader can skip there directly.

The horizontal discs which appear in (B1) will play the role of the set of surfaces
W for our blender. What we mean by this is that we will show that there exists an
invariant hyperbolic set in

⋃
Ni, whose stable manifold intersects each horizontal disc.

Remark 20 The interesting case for us will be when (B1–B3) hold with (t1, t2, u, s)
and when s < t2. In such case we see that t1 + s < n, meaning that the dimension
of the horizontal discs and of the stable dimension are not complementary in Rn and
that our hyperbolic set is indeed a blender.

Remark 21 We do not rule out the case though when s = t2. In such case y = ys ∈
Rt2 = Rs and x ∈ Rt1 = Ru, and so (x, y) ∈ Rt1 × Rt2 = Ru × Rs = Rn. This is a
typical setting one encounters for instance around a hyperbolic fixed point; see Figure
5. Such setting is trivial though from the point of view of blenders, since it is hardly
surprising that a u-dimensional surface can intersect transversally an s-dimensional
stable manifold in Rn = Rs+u and that such intersection is robust.

In Figure 6 we show how (B1–B2) would fit the example of the blender from
section 2.1. In such case only three sets N1, N2 and N3 = M are required and we
can take {Ni}i=I = {N1, N2,M} and {Ml}l∈L = {M}. We clearly have N1 =⇒ M

11



Figure 5: The setting of a hyperbolic fixed point with one unstable coordinate
x and two stable coordinates y = (y1, y2). Taking t1 = u = 1 and t2 = s = 2
a family {M}, consisting of a single h-set M around the fixed point, satisfies
conditions (B1–B3).

Figure 6: A modification of the example from section 2.1.

and N2 =⇒ M , which ensures (B2). Condition (B1) is also satisfied, since every
horizontal disc in M has to intersect with N1 or N2, and such intersection forms a
horizontal disc in N1 or N2.

To satisfy the assumption (B1) the cones in M need to be sharper than, or just
as sharp as cones in Ni. This can be ensured by an appropriate choice of the local
coordinates; see Figure 7.

Conditions (B1–B2) will be associated with sequences of coverings

Ni0 =⇒ Ni1 =⇒ . . . =⇒ Nik = Ml′ , (6)

for some l′ ∈ L, as sketched in Figure 8 (left). The initial h-sets Ni0 for such sequences
will be the h-sets denoted as Ni in (B1). They will be positioned at some Ml, so that
they intersect with a horizontal disc h from Ml; see Figure 7 and the right plot from
Figure 8. The length and the choice of the h-sets involved in (6) as well as the choice
of l′ ∈ L can depend on the choice of Ml and the choice of h. Intuitively, a sequence
(6) allows us to establish a ‘link’ between a horizontal disc h in a mother set Ml

and a mother set Ml′ . For each such sequence the set Ml′ will be placed at the end.
This is because in the blender setting with each covering the h-sets will need to be
enlarged along the weakly expanding coordinate yu, which we treat as a topological
entry coordinate; see Figure 4. The h-sets Ml′ will be large along this coordinate and
Ml′ will not cover any other h-set.

Remark 22 The sequences (6) in fact follow from (B1–B2). By (B1) we can always
start from some Ni0 that intersects in a good way with a horizontal disc h from a
mother set Ml. Condition (B2) ensures that if there does not exist an l′ ∈ L such

12



Figure 7: To satisfy (B1) the cones in M in light grey, need to be contained in
the cones in Ni in dark grey.

Figure 8: Left: The set M might lie close to a hyperbolic fixed point and it
might take a couple of iterates to return to it along a homoclinic excursion.
Then the the h-sets would be positioned inside of M and along a homoclinic
connection. Right: One can consider many smaller initial h-sets in M . Some
of such h-sets would need to overlap to ensure that every horizontal disc in M
will need to pass through some Ni to fulfil (B1). (One of the h-sets is depicted
in dark grey. The rest are in light grey; many overlap.)

that Ni = Ml′ , then it will cover some other h-set, so a covering from Ni0 either
covers some Ml′ in one step or can be continued to a longer sequence of coverings (6).
Condition (B2) also ensures that each such sequence can end with a mother set Ml′

for some l′ ∈ L. (We can not have infinite sequences when yu is expanding.) We thus
start in a horizontal disc in a mother set Ml and finish in another mother set Ml′ .

We will use the following notion as a building block for our construction of a
blender.

Definition 23 We say that A is a wall in {Ni}i∈I if for very i ∈ I and every hori-
zontal disc hi in Ni, |hi| ∩A 6= ∅.

Figure 9 provides intuition behind Definition 23. The following two lemmas will
be our tool for constructing a blender.

Lemma 24 If A is a wall in {Ni}i∈I , then from (B1–B2) it follows that

G (A) := f−1 (A) ∩
⋃
i∈I

Ni

13



Figure 9: A wall in {N1, N2,M} is depicted in grey. A bullet, even in very
windy conditions that can slightly bend its trajectory, can not pass through the
wall.

is also a wall in {Ni}i∈I .

Proof. First let us take a horizontal disc hi in Ni, for Ni /∈ {Ml}l∈L. Our objective
is to show that |hi| ∩ G (A) 6= ∅. By (B2) we have Ni =⇒ Nj for some j ∈ I, and f
satisfies cone conditions from Ni to Nj . By Theorem 14 (applied for k = 1) we obtain
a horizontal disc hj in Nj such that

|hj | = {f(z) ∈ Ni : z ∈ |hi|} .

Since A is a wall, we have some point z ∈ |hj | ∩ A 6= ∅, which implies that f−1(z) ∈
f−1(A) ∩Ni ⊂ G (A), so |hi| ∩ G (A) 6= ∅, as required.

Now consider a horizontal disc h in Ml for some l ∈ L. Our objective is to show
that |h| ∩ G (A) 6= ∅. From assumption (B1) we can choose some i, j ∈ I so that
|h| ∩ Ni = |hi| for some horizontal disc hi in Ni, and so that Ni =⇒ Nj , and f
satisfies cone conditions from Ni to Nj . As in the first part of the proof we see that
|hi| ∩ G (A) 6= ∅, which since |hi| ⊂ |h| implies that |h| ∩ G (A) 6= ∅, as required.

Lemma 25 If assumptions (B1–B2) are satisfied, then

A =

{
z : fk (z) ∈

⋃
i∈I

Ni for all k ∈ N

}

is a wall in
⋃
Ni.

Proof. Clearly
⋃
Ni is a wall in {Ni}i∈I . By inductively applying Lemma 24 we

obtain a sequence of walls Ak for k ∈ N defined as

A0 :=
⋃
i∈I

Ni,

Ak+1 := G (Ak) .

We define A∞ to be the set of all points of the form z = limm→∞ zkm , where
km → ∞ and zkm ∈ Akm is convergent. We will show that A∞ is a wall. Take a
horizontal disc hi in Ni for some i ∈ I. Since Ak are walls, we have a sequence of
points

zk ∈ |h| ∩Ak ⊂
⋃
i∈I

Ni.
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Since
⋃
Ni and |h| are compact, we can choose a convergent subsequence zkm and

then limm→∞ zkm ∈ A∞ ∩ |h|, as required; we see that A∞ is a wall.
By construction, for every point z ∈ A∞ we have

fm (z) ∈
⋃
i∈I

Ni for every m ≥ 0,

so A∞ ⊂ A, and hence A is a wall.
We now formulate our main result.

Theorem 1 (Covering relation characterisation of a blender) If (B1–B3) hold
with (t1, t2, u, s) and t2 > s, then

Λ = Inv

(
f,
⋃
i∈I

Ni

)

is a t2-blender with W being the family of all C1 horizontal discs in Ni, for i ∈ I.

Proof. From (B3), by Theorem 17, Λ is a (possibly empty) uniformly hyperbolic set.
We need to show that Λ 6= ∅ and that it is a blender.

The wall A from Lemma 25 is a subset of the stable set of Λ. This implies that
Λ 6= ∅ and that for every horizontal disc in Ni, for i ∈ I, we have

|h| ∩W s
Λ 6= ∅.

This is in particular also true for all C1 horizontal discs. Since t2 > s so we see that
Λ is a t2-blender, which concludes our proof.

5 Robust heterodimensional cycles

In this section we discuss how our methods can be used to obtain robust heterodimen-
sional cycles. We start by defining the notion.

Definition 26 Let Λ and Λ̄ be two hyperbolic sets with stable dimensions s and s̄, and
with unstable dimensions u and ū, respectively. We say that f has a heterodimensional
cycle if s 6= s̄ (and hence u 6= ū) and when Wu

Λ ∩W s
Λ̄ 6= ∅ and W s

Λ ∩Wu
Λ̄ 6= ∅.

The simplest example of a heterodimensional cycle is when Λ is a 2-blender in
R3 with s = 1 and u = 2, and when Λ̄ = p is a hyperbolic fixed point with a two
dimensional stable manifold and a one dimensional unstable manifold (hence s̄ = 2
and ū = 1). Such case is depicted in Figure 10.

We now give a definition of a connecting sequence, which is rephrased from [20].
Consider two h-sets M1, M2 and a family of h-sets {Kj}j∈J .

Definition 27 Let h be a horizontal disc in M1. We say that Kj0 , . . . ,Kjm ∈ {Kj}j∈J
is a connecting sequence from h to M2 if

1. |h| ∩Kj0 = |hj0 | for some horizontal disc hj0 in Kj0 ,

2. We have a sequence of coverings

Kj0 =⇒ Kj1 =⇒ . . . =⇒ Kjm =⇒ M2,

15



Figure 10: A heterodimensional cycle between a 2-blender inM and a hyperbolic
fixed point p in M̄ . On the plot wa have a connecting sequence Kj0 ,Kj1 from
a horizontal disc h in M to M̄ .

3. f satisfies cone conditions from Kjr−1 to Kjr , for r = 1, . . . ,m and f satisfies
cone conditions from Kjm to M2.

An example of a connecting sequence is given in Figure 10.
For our construction of heterodimensional cycles consider the following families of

h-sets: {Ml}l∈L ⊂ {Ni}i∈I , {M̄l}l∈L̄ ⊂ {N̄i}i∈Ī and a family of h-sets {Kj}j∈J with
cones, for a finite set J . We require the same topological exit dimension t1 and te
same topological entry dimension t2 for the families {Ni}i∈I , {N̄i}i∈Ī and {Kj}j∈J .
We now consider the following condition:

(B4) For every l ∈ L and for every horizontal disc h in Ml there exists an l′ ∈ L̄ and
a connecting sequence from h to M̄l′ .

For every l ∈ L̄ and for every horizontal disc h in M̄l there exists an l′ ∈ L and
a connecting sequence from h to Ml′ .

The lengths of all these connecting sequences are bounded by the same constant.

We now give our result.

Theorem 28 (Existence of robust heterodimensional cycles) Assume that for
the families of h-sets {Ml}l∈L, {Ni}i∈I conditions (B1–B3) hold with (t1, t2, u, s).
Assume also that for {M̄l}l∈L̄, {N̄i}i∈Ī conditions (B1–B3) hold with (t1, t2, ū, s̄). Let

Λ = inv
(
f,
⋃
Ni
)

and Λ̄ = inv
(
f,
⋃
N̄i
)
.

If also condition (B4) holds, then

Wu
Λ ∩W s

Λ̄ 6= ∅ and W s
Λ ∩Wu

Λ̄ 6= ∅.

In particular, if s 6= s̄ (and hence also u 6= ū), then f has a heterodimensional cycle.
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Proof. We will show that Wu
Λ ∩W s

Λ̄ 6= ∅. The proof of the second claim follows from
mirror arguments.

We start by observing that since Λ = Inv(
⋃
Ni, f) is an invariant hyperbolic

set, the backward invariant set of f in
⋃
Ni is a subset of Wu

Λ . Similarly, since
Λ̄ = Inv(

⋃
N̄i, f) is hyperbolic, the forward invariant set of f in

⋃
N̄i is a subset of

W s
Λ̄.

From (B1-B2) it follows that for every l ∈ L and every horizontal disc h in Ml

there exists a connecting sequence from h to some Ml′ for some l′ ∈ L. (See Remark
22.) Let us denote such connecting sequence as

Ni0 =⇒ Ni1 =⇒ . . . =⇒ Nik(h)
=⇒ Ml′ ,

where the choice of the h-sets Ni0 , Ni1 , . . . , Nik(h)
and the choice of k (h) can depend

on h. By Theorem 14 there exists a horizontal disc h′ ∈Ml′ such that∣∣h′∣∣ =
{
fk(h) (z) : z ∈ |h| and fm (z) ∈ Nim for m = 1, . . . , k (h)

}
.

We will use the notation
L (h) := h′.

We thus know that for z ∈ |L (h)| we have f−k (z) ∈
⋃
Ni for k = 1, . . . , k(h), for

some k(h) ≥ 1.
Similarly, from (B1-B2) and for a horizontal disc h̄ ∈ M̄l we can define L̄

(
h̄
)

to be
a horizontal disc in some M̄l′ constructed in a mirror manner by means of Theorem
14.

Finally, for a horizontal disc h in Ml, from a connecting sequence that follows from
(B4),

Kj0 =⇒ Kj1 =⇒ . . . =⇒ Kjm(h)
=⇒ M̄l′ ,

by means of Theorem 14 we can analogously construct a horizontal disc in M̄l′ , which
we will denote as K (h).

We now take an arbitrary l ∈ L and an arbitrary horizontal disc h0 in Ml. We
then use h0 to define

hk := Lk(h0), h̄k := K (hk) , h̄′k := L̄k(h̄k), for k ∈ N.

From such construction we obtain a point z̄′k ∈
∣∣h̄′k∣∣ such that:

1. z̄k := f−n1(k) (z̄′k) ∈
∣∣h̄k∣∣ for some n1 (k) ≥ k and f−j (z̄′k) ∈

⋃
N̄i for j =

0, . . . , n1 (k),

2. zk := f−n2(k) (z̄k) ∈ |hk| for some n2 (k) ≥ 1,

3. f−n3(k) (zk) ∈ |h0| for some n3 (k) ≥ k and f−j (zk) ∈
⋃
Ni for j = 0, . . . , n3 (k).

Since the length of each connecting sequence is bounded by the same constant, the
number of possible connecting sequences is finite. We can therefore take a subsequence
km such that n2(km) = n2, for some fixed n2, independent from the choice of km. Since⋃
Ni and

⋃
N̄i are compact, we can choose a subsequence kml such that z̄kml

m→∞→
z̄∗ ∈

⋃
N̄i and zkml

m→∞→ z∗ ∈
⋃
Ni. From our construction, we know that f j (z̄∗) ∈⋃

N̄i and that f−j (z∗) ∈
⋃
Ni for all j ∈ N. Moreover fn2 (z∗) = z̄∗. We have

therefore established a trajectory passing through z∗, which belongs to Wu
Λ ∩ W s

Λ̄,
hence Wu

Λ ∩W s
Λ̄ 6= ∅, as required.
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Remark 29 Theorem 28 can in particular be used to establish a heterodimensional
cycle between a blender and a hyperbolic fixed point. In such setting the hyperbolic
fixed point can be enclosed in a single h-set M̄ , for which M̄ =⇒ M̄ . This means
that we can take {M̄l}l∈L̄ = {N̄i}i∈Ī = {M̄}. See Figures 5, 10 and Remark 21.

6 Tools for validating (B1–B4)

There are various methods for the validation of covering relations and cone conditions.
We direct the reader to [12, 13, 20, 21, 22, 23], which deal with this in various contexts.
In our the motivating example from section 2.1 as well as in the Hénon family, which
we will consider in the computer assisted proof in section 7 for the coverings and cone
conditions the topological exit dimension t1 is equal to one. In such case we can use
the following approach.

Let i ∈ I. When t1 = 1 we have Bt1 = [−1, 1] and the exit set N−i consists of two
parts, which in the coordinates given by the homeomorphism γi are

N−γi,l = {−1} ×Bt2 N−γi,r = {1} ×Bt2 .

Above, the subscript ‘l’ stands for ‘left’ and ‘r’ stands for ‘right’.

Lemma 30 Assume that

πxfji(N
−
γi,l

) < −1 and πxfji(N
−
γi,r) > 1, (7)

or
πxfji(N

−
γi,l

) > 1 and πxfji(N
−
γi,r) < −1. (8)

If also
fji (Nγi) ∩Bt1 ×

(
Rt2 \Bt2

)
= ∅ (9)

then Ni =⇒ Nj.

Proof. We can take

hα (x, y) =

{
(πxfji (x, y) , (1− 2α)πyfji (x, y)) α ∈

[
0, 1

2

]
,

((2α− 1)Ax+ 2 (1− α)πxfji (x, y) , 0) α ∈ ( 1
2
, 1],

as the homotopy from Definition 12, with A = 2 in the case of condition (7) or A = −2
in the case of (8).

To prove cone conditions we will use the notion of an interval enclosure of a deriva-
tive. We shall write

[Dfji(Ni)] =

{
A = (akm)|akm ∈

[
inf
z∈Ni

∂πkfji
∂xm

(z), sup
z∈Ni

∂πkfji
∂xm

(z)

]}
⊂ Rn×n.

We will consider cones of the form

C (z) =
{
q : ‖πx (q − z)‖1 > ‖πy (q − z)‖2

}
where the norms ‖·‖1 and ‖·‖2 are chosen as

‖x‖1 = |x| ,

‖y‖2 = ‖(yu, ys)‖ := max

{
|yu|
βu

,
|ys|
βs

}
,
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for some positive constants βu, βs > 0. We then have

C (z) = C (z, βu, βs) = {z + tq : t ∈ R, q = (1, yu, ys) , |yu| < βu, |ys| < βs} ,

and cone conditions can be validated with the use of the following lemma.

Lemma 31 Let i, j ∈ I and let βiu, β
i
s, β

j
u, β

j
s > 0 be fixed constants. Let us equip

h-sets Ni and Nj with cones

Cκ(z) = γ−1
κ (C (z, βκu , β

κ
s )) for κ ∈ {i, j} .

If for every v ∈ 1×
[
−βiu, βiu

]
×
[
−βis, βis

]
for a every vector

w = (wx, wyu , wys) ∈ [Dfji (Nγi)] v

we have (
1,
wyu
wx

,
wys
wx

)
∈ {1} ×

(
−βju, βju

)
×
(
−βjs , βjs

)
, (10)

then f satisfies cone conditions from Ni to Nj.

Proof. Take q ∈ C
(
z, βiu, β

i
s

)
and let v = q−z

|πx(q−z)| . From the mean value theorem

fji(q)− fji(z) ∈ |πx (z − q)| [Dfji (Nγi)] v,

so we see that
fji(q)− fji(z) = |πx (z − q)|w

for some w ∈ [Dfji (Nγi)]. From (10) we see that w ∈ C
(
0, βju, β

j
s

)
so fji(q)−fji(z) ∈

C
(
0, βju, β

j
s

)
which implies that fji(q) ∈ C

(
fji(z), β

j
u, β

j
s

)
, as required.

7 Example of a computer assisted proof

We consider the map1

f (x, y, z) =
(
y, µ+ y2 + βx, ξz + y

)
, (11)

with parameters
β = 0.3, µ = −9.5.

We shall prove the following result.

Theorem 32 For every ξ ∈ [1.01, 1.125] the dynamical system given by f has a 2-
blender.

1We use the font x, y, z for our map (11) to make sure that we use a different notation than
for the variables of the local coordinates x ∈ Rt1 and y ∈ Rt2 .

19



 0

 20

 40

 60

-10  0  10  20  30  40

Figure 11: The projections of the fixed points p± onto the x, y plane, depicted
by crosses. The unstable manifold of p+, is in red, and the stable manifold of
p+, in blue. The point p+ lies to the top right.

7.1 An overview of the proof

Below we give a description of the construction used for our computer assisted proof
of Theorem 32. From the construction we obtain an explicit bound on the set within
which the 2-blender is contained.

The map possesses two hyperbolic fixed points, depicted in Figure 11,

p± =

(
ρ±, ρ±,

ρ±

1− ξ

)
,

where

ρ± =
1

2

(
(1− β)±

√
(1− β)2 − 4µ

)
.

We introduce a notation L+⊂ R3 for the normally hyperbolic invariant manifold

L+ =
{
πxp

+}× {πyp
+}× R.

The stable and unstable manifolds intersect transversally; see Figure 11. We will not
need to prove such transversal intersections, but we will use them for positioning of
our h-sets. The 2-blender will be established by validating (B1–B3).

We will consider two types of sequences of covering relations. Each will have the
h-sets positioned along a different homoclinic orbit to L+. The projection onto the
x, y coordinates of the positioning of the h-sets is depicted in Figure 12. The first type
is positioned along four points of a homoclinic orbit (left hand plots of Figure 12), and
the second type is positioned along five points along a different homoclinic orbit (right
hand plots of Figure 12). More details on their exact positioning will be given lower
down.

The mother h-set M is positioned close to L+, but slightly away from it along the
unstable manifold. In Figure 12 the projection of the set M onto x, y coordinates is
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Figure 12: The first type of covering sequence, depicted in the three plots which
are to the left, consists of four sets. The projections onto the x, y coordinates of
the h-sets are depicted as black ‘horizontal’ rectangles, and their images as dark
green vertical rectangles, elongated along the unstable manifold. The images
of the exit sets are in red and are visible on the closeups at the bottom. The
second type of covering sequence, depicted in the three plots which are to the
right, consists of five sets.
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the black ‘horizontal’ box, which lies closest to L+ (just below it). It is best visible on
the two bottom plots of Figure 12, and lies just below the unstable manifold of L+,
which is depicted in blue.

To be more precise, the set M is defined as

M := γ−1
M (MγM )

where we use an affine change of coordinates γM : R3 → R3,

γM (p) := (AM )−1 (p− qM )

with the matrix AM chosen as

AM :=

 0.131936 0 −0.998261
0.984126 0 0.0447916
0.118698 1 −0.0383312

 ,

the point qM = qM (ξ) chosen as

qM (ξ) := (3.43189673989, 3.43189673989, zM (ξ))

and the cube MγM chosen as

MγM := [−0.1, 0.1]× [−2, 2]× [−0.4, 0.4] . (12)

(The choice of zM (ξ) is explained further down.)
The columns of the matrix AM were chosen to be roughly aligned with the di-

rection of strong expansion (first column), the weak expansion (second column) and
contraction (third column) for a homoclinic excursion along the intersections of the
stable and unstable manifold of L+. (We normalised the coefficients in AM so that
the Euclidean norm of column vectors from AM is one.)

We note that we choose AM to be independent of the choice of the parameter ξ;
it will be fixed for the entire parameter range ξ ∈ [1.01, 1.125] considered by us in the
construction.

We will now specify where we position the h-sets for the sequences of covering
relations, and later discuss the choice of zM (ξ).

The h-sets will be placed along two sequences {q0b}b=0,...,k0 and {q1b}b=0,...,k1 in
R3, with k0 = 3 and k1 = 4, which we choose as

q00 (ξ) = qM (ξ)

q01(ξ) = (3.27141903382, 2.22995907878, z01(ξ)) ,

q02(ξ) = (2.22995907878,−3.54585679682, z02(ξ)) ,

q03(ξ) = (−3.54585679682, 3.74208814721, z03(ξ)) ,

and

q10 (ξ) = qM (ξ)

q11(ξ) = (3.31265109256, 2.50322628297, z11(ξ)) ,

q12(ξ) = (2.50322628297,−2.24006284846, z12(ξ)) ,

q13(ξ) = (−2.24006284846,−3.73115055005, z13(ξ)) ,

q14(ξ) = (−3.73115055005, 3.74946557257, z14(ξ)) .
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Figure 13: The plot of the choice of zM (ξ) for ξ ∈ [1.01, 1.125].

(Compare with Figure 12.) These sequences depend on the choice of zM (ξ) in the
following way. We define z00 (ξ) and z10 (ξ) as

z00 (ξ) = z10 (ξ) := zM (ξ) ,

and then inductively choose z0k(ξ) and z1k(ξ) as

z0k(ξ) = πzf(q0(k−1)(ξ)) = ξz0(k−1)(ξ) + πyq0(k−1) (ξ) ,

z1k(ξ) = πzf(q1(k−1)(ξ)) = ξz1(k−1)(ξ) + πyq1(k−1) (ξ) .

We note that for ab ∈ {01, 02, 03, 11, 12, 13, 14} the numbers zab(ξ) as well as the
points qab (ξ) depend only on the choice of zM (ξ) . In our program, for different ξ we
choose different zM (ξ) and the reminder of the points is computed depending on that
choice.

The choice of zM (ξ) is done to ensure that after an excursion along the first ho-
moclinic, given by the points q0b, the change in the z coordinate is increased, meaning
that after passing along the trajectory we end up with

πzf(q03(ξ)) = ξz03(ξ) + πyq03(ξ) > zM (ξ). (13)

At the same time we choose zM (ξ) so that after an excursion along the second homo-
clinic q1b the change in the z coordinate is decreased, meaning that

πzf(q14(ξ)) = ξz14(ξ) + πyq14(ξ) < zM (ξ). (14)

The choice of zM (ξ) which ensures both (13) and (14) for our parameter range2 is
plotted in Figure 13. (Figures 14 and 15 show how this is later used for (B2).)

2The zM (ξ) from Figure 13 was computed by using the following method. The left hand
sides of (13) and (14) depend on the choice of zM (ξ). Let us write l0(z, ξ) for the left hand
side of (13), which results from taking zM (ξ) = z. Let us also write l1(z, ξ) for the left hand
side of (14), which results from taking zM (ξ) = z. The zM (ξ) was computed by numerically
solving 1

2
(l1(z, ξ) + l2(z, ξ))− z = 0.
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The h-sets for our sequences of coverings are constructed by taking appropriate
affine changes of coordinates of the form

γi (p) = (Ai)
−1 (p− qi) ,

with the matrices chosen as

A00 = AM

A01 =

 −0.152089 0 −0.78781
−1.00123 0 0.0535033
−0.170031 1 −0.0504499


A02 =

 −0.154511 0 1.15567
−0.696146 0 0.0491899
−0.183374 1 −0.0430182


A03 =

 −0.10743 0 1.0625
0.754709 0 −0.0462143
−0.138558 1 0.0403908


for coordinate changes at points q0b along the first homoclinic, and with

A10 = AM

A11 =

 0.151871 0 −0.648042
1.0123 0 0.0393541
0.172021 1 −0.0380112


A12 =

 0.156219 0 0.850048
0.789136 0 0.0564121
0.18542 1 −0.0530974


A13 =

 0.12178 0 1.2185
−0.538358 0 0.049273
0.153256 1 −0.0430933


A14 =

 −0.08308 0 1.0643
0.625606 0 −0.0462158
−0.0570643 1 0.0404011


for coordinate changes at points q1b along the second homoclinic.

The coefficients in Aab have been chosen so that the local maps involved in each
homoclinic excursion would be close to a diagonal matrix, with the same diagonal
coefficients. This means we have chosen the affine changes so that the expansion
and contraction in each local map is (roughly) the same along each covering relation
involved in a given homoclinic excursion.

We use these coordinate changes to choose h-sets

Nabc := γab (Nγ,abc)

with
Nγ,abc := [−0.1, 0.1]× Iabc × [−0.4, 0.4] for c ∈ {0, 1, . . . , 49}

where Iabc are suitably chosen intervals. Our set of indexes for the h-sets is

I := {abc : ab ∈ {00, 01, 02, 03, 10, 11, 12, 13, 14} , c ∈ {0, 1, . . . , 49}} ∪ {0}.
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Figure 14: The set MγM from (12), projected onto the local coordinates x, yu
is the vertical rectangle. On the left hand plot we have the sets N00c, for
c = 0, . . . , 49, in black. These are the initial h-sets for the sequences of coverings
along the first homoclinic. (See left hand plots from Figure 12.) On the right
hand plot we have the sets N10c, for c = 0, . . . , 49. These are the initial h-sets
for the sequences of coverings along the second homoclinic. (Right hand plots
from Figure 12.)

The index 0 is added so that we can asign N0 := M .
The intervals Iabc are chosen as follows. The intervals I00c and I10c are chosen so

that

M =

49⋃
c=0

N00c ∪
49⋃
c=0

N10c.

(See Figure 14.) We do this by fixing a number h = 0.04 and taking

I00c = −ch+ [−h, h] , for c ∈ {0, 1, . . . , 49} .

This ensures that for c = 0 the right edge of I00c is h, and for c = 49 the left edge of
I00c is −2. We also choose

I10c = ch+ [−h, h] for c ∈ {0, 1, . . . , 49} .

This ensures that for c = 0 the left edge of I10c is −h and for c = 49 the right edge of
I10c is 2. Note that

I000 = I100.

This means that I00c are 50 intervals that cover [−2, h] and I10c are 50 intervals that
cover [−h, 2]. In total we have 100 overlapping intervals, which cover [−2, 2].

The h-sets N00c and N10c, for c ∈ {0, . . . , 49} will play the role of the h-sets
denoted as Ni in (B1). They will play the role of the initial h-sets for the sequences
of coverings (6). We intentionally arrange these h-sets to overlap to be able to enclose
every horizontal disc in M , which is needed for (B1).

The reminder of the intervals Iabc for b > 0 are inductively chosen by computing
the images of Na(b−1)c in local coordinates, and choosing Iabc to be larger than the
resulting image on the yu coordinate. (This is done automatically by our computer
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Figure 15: On the left hand plots are the projections onto the local coordinates
x, yu of the coverings N03c =⇒ M , for c = 0, . . . , 49. On the right hand plots
we have N14c =⇒ M , for c = 0, . . . , 49. The top plots are for ξ ∈ [1.01, 1.011]
and the bottom plots are for ξ ∈ [1.124, 1.125]. The set MγM is the vertical
rectangle. The bounds on the images of the exit sets are in red.
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program.) This ensures that we have topological entry along yu. We then validate
that

N0(b−1)c =⇒ N0bc for b = 1, 2, 3, (15)

N1(b−1)c =⇒ N1bc for b = 1, 2, 3, 4. (16)

For this we use Lemma 30.
The coverings N00c =⇒ N01c and N10c =⇒ N11c, for c = 0, . . . , 49 in (15–16)

are the coverings from (B1). Condition (15–16) will ensure that we have the coverings
needed for (B2). The plots of our computer assisted bounds on the images on the
sets involved in the coverings (15–16) are given in Figure 12. (The coverings (15) are
depicted on the left hand side, and (16) on the right hand side of Figure 12.) We also
validate that we have

N03c =⇒ M for c = 0, . . . , 49, (17)

N14c =⇒ M for c = 0, . . . , 49. (18)

The projection of this covering onto the local coordinates x, yu is given in Figure 15.
These coverings are also depicted in the plots from Figure 12. The lower closeup plots
in Figure 12 give the best view: on the left we see f (N03c) as the green vertical box, in
the top right corner of the plot; and on the right we see f (N14c) as the green vertical
box, also in the top right corner of the plot. The coverings (17–18) are required for
(B2). They are the final coverings from our sequences (6).

We choose β = 0.02 and equip the h-sets N00c and N10c, for c = 0, . . . , 49 with
cones given in the local coordinates as

C (z) = {q : β |πx(q − z)| > |πyu(q − z)| and β |πx(q − z)| > |πyu(q − z)|} .

We note that due to our choice β = 1
2
h (where h = 0.04 was the constant used for the

faces I00c and I10c of N00c and N10c) for every horizontal disc h in M we can choose
some Ni ∈ {N00c, N10c}c=0,...,49 so that |h| ∩Ni = |hi|, for some horizontal disc hi in
Ni. This combined with (15–16) ensures (B1). The coverings from (B2) are ensured
by (15–16) and (17–18). We also propagate the cones by using Lemma 31 and ensure
that cone conditions are satisfied for each of the coverings. This way we prove (B2).
We also validate that for every local map fji involved in the coverings, every matrix
from the interval enclosure

[Dfji (Ni)]
>K[Dfji (Ni)]−K

is positive definite (see Definition 15). This ensures (B3).
The sets involved in our construction depend on the choice of the parameter ξ of

our map. We subdivide the parameter interval [1.01, 1.125] into 115 sub-intervals of
width 10−3 and conduct our construction separately on each parameter sub-interval.
This way each time we obtain a proof of a blender for a family of maps, for ξ within
a small sub interval.

The computer assisted validation of the above construction, which proves Theorem
32, took under 2 seconds on a standard laptop.

7.2 Possible extensions

We have considered the interval ξ ∈ [1.01, 1.125], but we believe that the range of
parameters could be extended by using the approach highlighted below.
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• The bottle neck for the proof for ξ > 1.125 when using the h-sets introduced
above, is that the final coverings N14c =⇒ M fail, since the sets do not align
in the local weakly expanding coordinate yu. This is due to the large number
of steps along a sequence of coverings, which results in the expansion ξ5, which
is large. A remedy could be to consider larger h-sets, for which sequences of
coverings would require fewer steps. This would require though a subdivision
of the h-sets to validate the needed conditions. For example, in our current
setting, to validate covering and cone conditions we compute interval enclosures
of Dfji(Nγi), fji(Nγi), fji(N

−
γi,l

) and fji(N
−
γi,r) without any subdivisions of

the sets Nγi , N
−
γi,l

and N−γi,r, and our bounds turn out to be sharp enough.
Enlarging the h-sets would likely require subdivisions, which would slow down
the program.

• We are only using the homoclinic connections associated with the hyperbolic
fixed point p+. One could perform a mirror construction using p−, and possibly
it could lead to a different parameter range.

• We could place one mother h-set M+ close to p+ and another mother h-set
M− close to p− and instead of using homoclinic connections position the h-sets
along heteroclinic connections between p+ and p−. Such heteroclinic connections
require fewer iterates.

Most likely a combination of the above three ideas would lead to a larger ξ pa-
rameter interval. Our objective though was the proof of concept that our method can
be applied to an example previously considered in the literature. We have been able
to do so without difficulty. We do not consider that more complicated constructions,
only to extend the parameter range, would bring much new insight.
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