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Abstract

In the planar restricted circular three body problem, for the val-
ues C of the Jacobi constant smaller but close to the value Cy
associated with the critical point Lo, there exists a family of the
so called Lapunov periodic orbits around the equilibrium point.
We will show that when the planar restricted elliptic three body
problem is considered as a perturbation of the circular problem
most of the Lapunov orbits persist and are perturbed into a Can-
tor set of invariant tori. We will show that there exist transition
chains between the tori, which arise from transversal intersections
of the corresponding invariant manifolds. In the elliptic three body
problem these intersections are not restricted to a constant energy
manifold. The intersections are transversal in the full phase space
and each transition involves a change of energy.



Contents

Motivation and preliminaries ..................................
1.1 Inmtroduction ........... ... ... ..
1.2 Preliminaries. . ... .... .. ...
1.2.1 Hamiltonian systems......... ... it ...
1.2.2 Poisson bracket .......... ... ... ...
1.2.3 Canonical transformations ..............................
1.2.4 Invariant manifolds ............. ... ... .. ... .. ... .. .. ...
1.25 Gronwall Lemma .. ....... ... ... .. ... ... . . ...

The Planar Restricted Circular Three Body Problem. .........
2.1 Hill’s region and the libration points. ............. .. ... .. ... ...
2.2 Symmetries of the PRC3BP ....... .. ... .. .. ... .. .. ...
2.3 Intersections of invariant manifolds of the Lapunov orbits in the
PRCBBP. ..o
2.4 The homoclinic orbit ¢°(¢) when close to the libration point Ls. . ..

Dynamics of the flow close to the libration point Ly............
3.1 The linearization of the flow at the libration point Lg.............
3.2 From the Lapunov-Moser Theorem to twist maps in the neighbor-
hood of the libration point Lo .. ...
3.3 Computation of the twist coefficient as 2 from the Hamiltonian . . ..

3.3.1 Summary of the transformations needed for the construction.

3.3.2 Construction of the function ¥ and the term as » by com-
parison of coefficients........ ... ... .. L

3.3.3 The construction of @ and the transformation of the equa-
tion into the desired form. ............ ... ... ... ... .....

3.4 Twist in the Hill’s problem and in the PRC3BP for sufficiently
small . ..o
3.4.1 Twist in the Hill’s problem .............................
3.4.2 Twist in the PRC3BP for small g ............ ... ... ....

vii

11
12
14

38
38



viii Contents
3.5 Numerical verification of the twist condition in the PRC3BP for
some of the values fig......coov i 42
3.6 The relation between the radius of the periodic orbit and its energy 43
4. The equations for the PRC3BP and PRE3BP in rotating coor-
dinates. . ... . 47
4.1 The equations for the PRC3BP in rotating coordinates. .......... 48
4.2 The equations for the PRE3BP in rotating coordinates. .......... 50
4.2.1 The movement of the two larger masses in the PRE3BP .... 50
4.2.2 The Hamiltonian of the PRE3BP in rotating coordinates ... 54
5. Arnold diffusion and the intuition behind the method.......... 59
5.1 The dynamics in the circular problem. .............. .. .. ... ... 60
5.2 The dynamics in the elliptic problem. .......... .. .. .. ... . ... 60
5.3 Arnold diffusion . ... ... 65
6. Normal hyperbolicity, KAM Theorem and the persistence of La-
punov orbits . ... 67
6.1 Normal hyperbolicity and the persistence of the set of Lapunov
OTDIES o et 68
6.2 KAM Theorem and its application to the set of Lapunov orbits ... 74
6.3 Smooth dependence of the invariant manifolds on the parameter e . 78
7. The Melnikov method ........ .. .. . .. .. . .. . ... .. 81
7.1 The intersections of invariant manifolds of the perturbed Lapunov
orbits with the section {y =0} ...... ... ... . i 83
7.2 Distances between the homoclinic orbits and their perturbations... 89
7.3 The Melnikov type method for finding the intersections between
stable and unstable manifolds in the PRE3BP .................. 97
8. Computation of the Melnikov function. ........................ 105
8.1 Symmetry properties of the Melinikov function. ................. 106
8.2 Computation of the Melnikov integral M;(0) for small p. ......... 110
9. Proof of the main Theorem. ........... ... .. ... .. ............ 121

References . ... e 123



1

Motivation and preliminaries

1.1 Introduction

Arnold diffusion is the occurrence of a loss of stability of invariant tori of integrable
Hamiltonian systems under small perturbations. When in 1964 in his work [3]
Arnold introduced the concept, he conjectured that this phenomenon appears in
the three body problem. The proof of the existence of Arnold diffusion though for
any given physical system has been quite elusive. In fact up to this date the number
of explored examples of this phenomenon is very small. Arnold’s conjecture for the
three body problem has finally been proven in the case of the planar restricted
three body problem in 1993 by Xia in [35] and later in the case of the planar three
body problem in [36]. Xia has shown the occurrence of Arnold diffusion close to a
transversal homoclinic orbit to a periodic orbit at infinity. The aim of our work is
to prove a similar result, but in the case of the family of Lapunov periodic orbits
at the libration point Ly in the planar restricted elliptic three body problem.
The starting point of our discussion will be the planar restricted circular three
body problem, where two large masses p and 1 — p rotate around each other on
circular orbits and the equations describe the motion of a third massless particle.
Such a case was considered by Llibre, Martinez and Simo in [21] for energies of
solutions close to the energy of the libration point Lo. There it has been shown
that there exists a family of parameters {p}72, for which we have a homoclinic
orbit to the libration point Ly. This orbit circles once around the larger mass 1—
and returns to the point Lo. What is more it has been shown that for u close to
any of the values py, for a Lapunov orbit around Ly with an energy sufficiently
close to the energy of Lo, the stable and unstable manifold of the Lapunov orbit
intersect transversally; this dynamics is restricted to a constant energy level and
leads to a homoclinic tangle. Later the problem has been investigated by Koon,
Lo, Marsden and Ross in [17] where smaller energies were considered. In such a
case the chaotic dynamics is extended to include the Lapunov orbits around the
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libration point L;. This has been later proven by Wilczak and Zgliczynski using
the method of covering relations and computer assisted methods in [34], for the
case of the Jupiter-Sun system and the energy of the comet Oterma.

All of the above mentioned results have a common feature: the transversality
of the intersections and the chaotic dynamics of the system is always restricted to
a constant energy manifold. This is because the above mentioned problems come
from autonomous Hamiltonian equations. We however are going to consider the
planar restricted elliptic three body problem, where the equations are no longer
autonomous and therefore a change of energy of the solutions is possible. We
will consider the circular case discussed by Llibre, Martinez and Simo in [21] and
generalize the problem to allow the orbits of the two larger masses p and 1 — p to
be elliptic with small eccentricities e. We will treat this as a perturbation of the
circular case. We will show that most of the Lapunov orbits around Ly persist under
the perturbation. What is more, we will show that the rich dynamics associated
with these orbits and obtained in [21] also survives. In addition to that we will
show that not only will we have chaotic oscillations of the solutions, but at the
same time the energies of these solutions will also diffuse chaotically. In effect the
dynamics of the elliptic problem is by one dimension richer than the dynamics
of the circular problem, where all solutions are restricted to a constant energy
manifold. To be more precise, we will prove the following Theorem

Theorem 1.1 (Main Theorem)

For sufficiently small mass pu € {ur}p2, and for energies close to the energy of
the libration point Lo, for sufficiently small eccentricities e of the elliptic problem,
most of the Lapunov orbits around Lo survive and are perturbed to invariant
tori. What is more, there exist a homoclinic and a heteroclinic tangle between
the surviving tori which involves diffusion in energy. (Such a heteroclinic tangle
between invariant tori is the mechanism of the so called Arnold diffusion).

Throughout some of the so far explored examples a certain pattern can be
observed in the methods with which Arnold diffusion is detected in the apriori
unstable systems (that is for systems which prior to a perturbation already have
low dimensional normally hyperbolic invariant tori). First the normally hyperbolic
invariant manifold of the Hamiltonian system foliated by invariant tori is found.
The tori are required to have hyperbolic stable and unstable manifolds and a
transversal intersection of these manifolds or an existence of a homoclinic orbit
to at least one of the tori needs to be established. Secondly a perturbation of the
system is considered. By perturbation theory ([12], [33]) of normally hyperbolic
manifolds, the normally hyperbolic invariant manifold and its stable and unstable
manifolds persist under the perturbation. The third step is to show that on the
perturbed invariant manifold most of the invariant tori survive. This under appro-
priate nondegeneracy conditions is a result of the celebrated Kolmogorov Arnold
Moser Theorem (KAM) [4],[16]. Using more recent versions of the theorem (for
example [11], [12] or [37]) it can be shown that most of the invariant tori persist
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and form a Cantor set having a positive measure in the invariant manifold. The
last step is to show that the stable and unstable manifolds of the surviving tori
intersect transversally. This is usually done by the use of a Melnikov type method
along a homoclinic orbit of the unperturbed problem. The transversal intersections
between the invariant manifolds of the perturbed tori lead to homoclinic tangles
for each of the surviving tori. In addition to this we also have a chaotic diffusion
along the Cantor set of homoclinic tangles between the tori. Such behavior is given
throughout the literature the name of Arnold diffusion.

The above mentioned procedure has been extensively developed by Wiggins
[31], [32] in the case of perturbations of completely integrable Hamiltonian systems.
It has also been used by Moeckel [23] to detect transition tori in the case of the
planar five body problem. The same pattern is followed by Delshams, Llave and
Seara [9] to show unbounded diffusion of energy for perturbations of geodesic flows
on a two dimensional torus. In our work we will also follow the above described
method. In the case of the planar restricted elliptic three body problem considered
earlier by Xia in [35], [36] a similar method was used but in a setting which allowed
him to omit having to calculate the Melnikov integral.

When applying the method to prove the existence of Arnold diffusion for a
given physical problem the stpdf of the above procedure which present the biggest
obstacles are usually the checking of the assumptions of the KAM theorem and
the computation of the Melnikov integral, the rest of the argument being usually
a standard procedure. In particular the Melnikov integral for a given equation can
easily prove to be impossible to compute. The coordinates of Xia ([35], [36]) in his
examples for the elliptic three body problem allowed him to omit this problem.
We will not have this benefit. In our case we will compute the Melnikov integral
by substituting the equations of the elliptic three body problem with the simpler
equations of the Hill’s problem, which for sufficiently small masses p prove to be
an adequate approximation. The use of the Hill’s problem will also be a useful tool
when checking the assumptions of the KAM theorem. Such an approach has one
serious drawback. The results obtained only hold for sufficiently small p. Let us
note though that even with this simplified approach the computations are quite
laborious.

The paper is organized as follows. Chapter one contains the introduction and
preliminaries. In Chapter two we recall the earlier results on the planar restricted
three body problem of [21]. In particular we recall the result that there exist
transversal homoclinic intersections of the stable and unstable manifolds of the
family of Lapunov orbits around the Libration point Ls. In the third chapter we
apply a version of the Lapunov Theorem of Moser [25] to prove the existence and
the twist property of the family of Lapunov orbits at Lo. The twist property will
play a crucial role in the application of the KAM theorem later on in chapter six.
The twist property is obtained by approximating the elliptic problem with the
equations of the Hill’s problem. In chapter four we derive the equations of the
planar restricted elliptic three body problem in the rotating coordinates and show
that these equations can be viewed as a perturbation of the equations of the circular
case. Having established all the necessary notations and preliminary results in the
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first four chapters, in chapter five we present the method and intuition behind the
proof of Theorem 1.1. In chapter six we apply the theory of normally hyperbolic
invariant manifolds and the KAM Theorem to show that most of the Lapunov
orbits around Ly persist under the perturbation from the circular problem to the
elliptic problem. In chapter seven we use a Melnikov type argument for detecting
the transversal intersections between the stable and unstable manifolds of the
perturbed Lapunov orbits. In chapter eight we compute the Melnikov integral for
the elliptic three body problem. We use simple symmetry arguments to show that
there exists a point at which the Melnikov function is equal to zero. Showing that
at this point the derivative of the Melnikov function is nonzero boils down to
computing a particular integral over an appropriate orbit of the Hill’s problem.
This is done numerically. It is quite likely that this could be done using analytical
estimations, but the technical aspects of such estimations are rather lengthy and
tedious. In chapter nine we gather all the results to prove the main Theorem 1.1.

On the whole the paper obtains two new results. The first is the persistence
result of the Libration point Lo and the orbits which surround it. The second is
the survival of the dynamics observed in the circular case and the existence Arnold
diffusion between the perturbed orbits.

Let us finish the introduction by outlining the limitations of the obtained result
and also with a motivation why such a result could be interesting. Let us start with
the limitations. Our results are proved for sufficiently small mass y, for energies
sufficiently close to the energy of the Libration point Lo and for a sufficiently small
eccentricity (perturbation) e. The method does not give us however any estimations
on the values for which such dynamics actually occurs. The result is purely a
perturbation type statement. This is similar to the result in the circular problem
of Llibre, Martinez and Simo [21] which is the starting point of our discussion. This
can also be said about Xia’s results for Arnold diffusion [35], [36]. The question
whether for a given astronomical problem, such as the Jupiter-Sun system, where
both the mass p and the eccentricity (perturbation) e is given, would have similar
dynamics is an open problem. The Melnikov type argument presented in this thesis
could potentially be applied for these types of problems but other major obstacles
(the application of the KAM theorem for a given perturbation being the chief
among them) would need to be overcome.

The reason why the result of this paper could be of interest is that the Lapunov
orbits around Libration points and the manifolds associated with them in the
planar restricted circular three body problem find applications in actual space
mission planning. Let us list some examples. In the 1991 Hiten mission a spacecraft
reached the moon using a new type of transfer using this methodology [6]. In
1999 a in the paper of Koon, Lo, Marsden and Ross [18] the methodology was
used to plan a space mission to one of the Jupiter’s moons FEuropa. In 2002 this
approach was generalized to include control theory [29]. All of the above mentioned
applications have considered the circular three body problem as the approximation
of the real life elliptic case. In this dissertation we investigate what happens with
the dynamic structure when the circular problem is perturbed into an elliptic one.
It turns out that most of the structures considered in the circular problem survive
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the perturbation, which justifies in some way the use of the circular problem as the
approximation of the elliptic problem. One point of interest though, which is shown
in our paper, is the potential diffusion in energy which is not taken into account
in the circular case. We have to stress that the results obtained by us are for a
very particular problem which does not have direct applications in space travel.
On the other hand the result can be viewed as a first step to further investigation
and provide insight as to what might happen in the real life problems of space
mission planning. Such problems have not yet been investigated.

1.2 Preliminaries

Let us start by introducing some notations and facts which will be used throughout
the paper.

1.2.1 Hamiltonian systems

Hamiltonian equations are well known and used throughout physics entities. The

equations are given as
= JV H(t x), (1.1)

where & = (¢q,p) € R™ x R, the matrix J is given as

J:(?d ig), (1.2)

where id is the n x n identity matrix. The function H : R x R” x R®"— R is called
the Hamiltonian of the system (1.1), the integer n is referred to as the number of
degrees of freedom, the vector ¢ is the vector of coordinates and the vector p is the
vector of momenta. The equation (1.1) can be rewritten in the g, p coordinates as

. OH
1=, (t,q,p) (1.3)

= tan)
p= dq yd,P)-

For autonomous Hamiltonian equations we have the well known property that the
Hamiltonian H : R™ x R™— R is conserved along a solution (g, p) of (1.3)

d OH . OH. OHOH 0HOH _

7H — — —_—) = —— — — — = . 14
adeP) = 5t P = 5 oy " oy o " (4

We will refer to this property as the conservation of energy for autonomous Hamil-
tonians.



6 Arnold diffusion in the planar restricted elliptic three body problem

1.2.2 Poisson bracket

Numerous properties of Hamiltonian systems can be expressed using the Poisson
bracket. In our case we will look at the Poisson bracket in terms of the fact that it
measures the change of a given function along a solution of a Hamiltonian equation.
To be more specific let us first introduce the definition.

Definition 1.2

Let H,G be smooth functions from an open set U € R x R" x R" to R. The
Poisson bracket is defined by

0GOH 0GOH
H — ;; T ;; Ii = = - . 1'
(. H) G dq Op  dp Oq (15)

Let us consider an autonomous Hamiltonian system
t=JVH, (1.6)

and its solution ¢(¢, o). Using the chain rule we can compute

4 6lt,0(t,20)) = Gt 6L, 70) + (G HY G 6(t0). (L)

From the above equation we can see that the evolution of G along the solution
of (1.6) is expressed through the Poisson bracket. This fact will be used in the
modified Melnikov method presented in chapter 7.3.

1.2.3 Canonical transformations

In this section we will introduce the definition of a canonical transformation and
the Jacobi Theorem.

Definition 1.3 ([1])

We say that
F:RxR"xR" =R xR" xR" (1.8)
F:(tq,p) — (t,2,y)

is a canonical (or symplectic) transformation when it satisfies the following three
conditions

(C1) F is a diffeomorphism

(C2) F preserves time

(C3) There exists a function K such that F*wy = wk,., where

WK =w; +dKr N dt,

wy = > 1 da; Ndy; and wy = Y01 dg; A dp;.
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When the Hamiltonian is autonomous, in the above definition the function Kg
is chosen to be equal to zero and wg,, = w;. This by (C3) means that the function
F preserves the symplectic form

F*w2 = Wi. (19)

The following Theorem states that after a canonical change of coordinates the
vector field is still Hamiltonian.

Theorem 1.4 (Jacobi Theorem [1])

Let H; : R x R" x R® — R x R™ x R™ be a time dependent Hamiltonian. If F' is a
canonical transformation then the vector field Xy, generated by the Hamiltonian
Hy is equal to

Xy, = (F)"Xp, (1.10)

where Xy, is a vector field generated by a Hamiltonian Hy which is given by

H2(Qapat) :HIOF(t7Q7p)+KF(qap) (111)

A time ¢ shift along a solution of the Hamiltonian system (1.3) is a symplec-
tic transformation. In order to formulate this fact rigorously let us introduce a
notation ¢(t, to, (go, o)) for a general solution of the system (1.3) i.e.

%(b(t, th (QOaPO)) = Jv(q,p)H(ta ¢(t7 t07 (QO,pO))) (112)
#(to, to, (40, P0)) = (q0,P0)-

Using this notation we can formulate the following Theorem.

Theorem 1.5 ([22, Theorem 2])
Let ¢(t,to0, (q,p)) be the general solution of the Hamiltonian system (1.3). Then
for a fixed t and to the map F': (¢,p) — ¢(¢, 10, (¢,p)) is canonical (symplectic).

The Definition 1.3 of a canonical (symplectic) transformation is made in the
general case of time dependent functions. During our discussions we will sometimes
use very simple linear time independent canonical transformations. In such a case
the conditions (C1), (C2), and (C3) reduce [22] to the following simple condition.

Remark 1.6

A linear transformation @ : R™ x R™ — R™ x R" is canonical (symplectic) if
T Jd = J, (1.13)

where J is the matrix given by the equation (1.2).
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1.2.4 Invariant manifolds

We say that a manifold A C R™ is invariant under the flow ¢(¢, x) when for all xg
in A and all t € R we have
o(t,xo) € A (1.14)

Definition 1.7

The stable and unstable manifolds for the flow ¢(t, z) of the invariant manifold A
are defined as

W = {z € R"|dist(¢(t, z), 4) "5 0} (1.15)
W4 = {z € R*[dist(¢(t, z), A) "5 0}
An analogous definition can be made for invertible maps. A manifold A C R"
is invariant for an invertible map P : R™ — R" if for all n € Z we have

Pr(A) C A (1.16)

Definition 1.8

The stable and unstable manifolds for an invertible map P of the invariant manifold
A are defined as

W3 = {x € R*|dist(P™(z), A) "=3> 0} (1.17)

Wi = {2z € R"|dist(P"(z), A) "= 0}.
When it will be important to distinguish for which particular map the manifolds
are defined we will use the notation W$(P), W} (P) to indicate that the manifolds

are for the map P. Let us finish the section with the definition of a transversal
intersection.

Definition 1.9

Let i,j € {u, s}. We say that the manifolds W and I/V/]1 intersect transversally at
a point g if the tangent spaces Ty, W/Z1 and T,,W? span the state space R"

span(Ty, W, Tuy W4) = R™. (1.18)

1.2.5 Gronwall Lemma

Lemma 1.10 ([8, p.37])

If the function w,v, and ¢ > 0 on [0, ¢], ¢ is differentiable, and

v(t) < c(t) —|—/0 u(s)v(s)ds, (1.19)
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then

v(t) < ¢(0) exp /Otu(s)ds + /Ot d(s) [exp /stu(T)dT] ds. (1.20)






2

The Planar Restricted Circular Three Body
Problem.

In this Chapter we will summarize a number of properties of the flow of the planar
restricted circular three body problem (PRC3BP) described in [21]. The chapter
does not contain any new results and is only a collection of the already known
properties of the PRC3BP. The facts outlined in this chapter will be the starting
point for the proof of the existence of Arnold diffusion in the elliptic three body
problem given in the following Chapters.

Let us start with a brief introduction to the planar restricted circular three
body problem. The equations of the PRC3BP describe the movement of a particle
with an infinitely small mass (a comet or a spaceship) under the gravitational pull
of two larger masses (two planets or a star and a single planet). We assume that
the movement of all three bodies is contained in a plane. We also assume that the
particle with the small mass has negligible impact on the movement of the two
larger masses and also that the two masses move along circular orbits of periods
27 and constant angular velocity around the origin; hence the name circular. One
of the two larger bodies has a small mass 1 with comparison to the mass of the
second body which is 1 — u. The radius of the orbit with the larger mass is equal to
w and the radius of the orbit of the smaller mass is 1 — p. If we set our coordinates
so that they rotate together with the two bodies and that the center of mass is at
the origin, it turns out [1] that the equation of motion of the third massless body
is given by an autonomous Hamiltonian of the form

(pe +v)* + (py — )?

H(x,y,ps,y) = 5 — 2(z,y), (2.1)
where
2 +y° 1—p 0
2x,y) = + + . 2.2
() 2 VE—m?+y? @ +1-p)?+y? 22

11
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(The above equation and the change of coordinates from the stationary coordinates
to the coordinates which rotate together with the two masses will be given in
detail in Chapter 4). The motion of the massless particle is given by the following

differential equations
OH . OH

j’j:

o T (2.3)
Y=op, Pv= oy

Let us note that from (2.1) and (2.3) we have

T=ps+y (2.4
y:py_xa

ot
~— ~—

and therefore it is easy to pass from the coordinates x, ¥, p,,p, to the coordinates
x,y, &, 9. All the properties of the PRC3BP given below will be described in the
x,y, &,y coordinates as it is originally done in [21]. In the coordinates z, y, &,y our
system (2.3) has a well know Jacobi integral F' given by

F(a,y,@,9) = —2H(2,y,% —y,§ + 2) = 202(z,y) — (#° +9°),  (26)
and the differential equations (2.3) are equivalent to the equations

i =2y =$(z,y)

i+ 24 = 2, (z,y). (2.7)

The Hamiltonian H and the Jacobi integral is constant along the solutions
(2(1),y(t), pa(t),py(t)) of (2.3)

H(0) y(1),p2(0) 2y (1)) =~ 23)
F((t),y(1),pe (1) + y(1),py (1) — (1)) = C.

We will call the value C' the energy of the solution (x(t),y(t), px(t), py(t)) (or if we
wish to describe the system using the &,7 coordinates rather than p;,py, then C
will be the energy of the solution (z(t),y(t), z(¢),y(¢))).

2.1 Hill’s region and the libration points.

Since the solutions of the PRC3BP (2.1) have constant energies, the movement of
the flow (2.3) is restricted to the hypersurfaces
M(p,C) ={(w,y,4,9) € RYF(x,y,4,9) = C}. (2.9)

In the z,y coordinates this means that the movement is restricted to the so called
Hill’s region defined by

R(u,C) = {(z,y) € R?|2(z,y) > C/2}. (2.10)

The region R(u,C) gives us a restriction of the area where the solutions with an
energy C have to be confined. For any z,y for which we have 2(z,y) = C/2, by
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y
a
X
y R
c d
L,
X o — > X
L L L, L
L

Figure 2.1 Forbidden region and the Libration points L;.

equation (2.6) we know that & = y = 0. This means that the boundary of the
region R(u,C) is a zero velocity curve.

The shape of the Hills region may differ with C. Let us take a look at some
possible shapes that the set R(u,C) may take. Starting with C large, the Hill’s
region is composed of three separated areas: one surrounding the large mass 1 — u,
which we will denote as the S region, one surrounding the smaller mass p, and
one in the outer region of the two masses (See Figure 2.1.a). As the energy C
decreases, the two areas which surround the masses increase. For a certain energy
which we will denote as C’é‘ (or Cy when we have no doubt as to the yu for which
we compute it) the two areas will join at a single equilibrium point L% (See Figure
2.1.b). This point and the dynamics of the solutions with energy C' < C4 shall be
the focus of our attention. In such a case the set R(u, C) has two components out
of which one is bounded. We will denote this bounded component as R (, C'). For
an energy C' < C% the two inner regions are joined but still separated from the
outer region. As C decreases even more, the inner region increases, until it reaches
the outer region at a single point, the so called libration point L} for C' = C}' (See
Figure 2.1.c). As C decreases further three more equilibrium points appear in a
similar fashion. One of them, L% is on the x axis and two others L} and L are
symmetrical, one above and one below the z axis (See Figure 2.1.d).
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2.2 Symmetries of the PRC3BP

The planar restricted tree body problem (2.1) has the following symmetries. In
the z,y, &,y coordinates we have a symmetry

S(:v,y,i’,y,t) = (l‘, Y, 7i‘ay.a 7t)' (211)

This means that if we find an orbit ¢(t) = (g¢z, ¢y, gs,¢y) (t) which is a solution
of (2.7), then it’s S-symmetric image S (¢(t)) = (g2, —qy> —¢s,qy) (—1) is also a
solution of (2.7). Let us note that the Libration point Ly = (xpz,0,0,0) is invari-
ant under the S-symmetry. This in particular means that if we find an unstable
manifold of L%, then the stable manifold can be obtained by the symmetry S.

The S-symmetry can be rewritten in the x,y, p;, py coordinates as the following
symmetry R

R(x,y,pz, Dy, t) = (T, =Y, =Pz, Py, —1). (2.12)

We will say that an orbit ¢(¢) is S-symmetric (or R-symmetric depending on the
fact whether the orbit ¢(t) is given in the @, y, &, § or in the z, y, p, py coordinates)
if

S(q(®),t) = (a(=t), =), (2.13)
( R(q(t),t) = (q¢(—t),—t) ). Many of the orbits of the PRC3BP considered by us
in the future will be S and R-symmetric.

2.3 Intersections of invariant manifolds of the
Lapunov orbits in the PRC3BP.

Let us now list some properties of the PRC3BP-flow discussed in [21]. As mentioned
above, we will be interested in the dynamics of the flow with an energy close to
the energy C4 of the libration point L4. We know that L% is an equilibrium point
for the flow JVH generated by (2.1)

JVH(LY) = 0. (2.14)

The following Theorem gives us a formula for an orbit on the unstable manifold
Wi . We state the Theorem in an identical form in which it is written in [21]. The
formulation of the theorem is a bit vague and we will therefore follow the Theorem
by a series of Remarks which will make the statement more rigorous.

Theorem 2.1 ([21, Theorem A])

For y sufficiently small the branch of W} contained in the S region (see Figures
2.1 and 2.2) has a projection on Ry(u,C) given by

d(t) :ul/?’(%]\f(oo) — 36 4 M(o0) cost + o(1)), (2.15)
aft) = =1 + p/3(N(co)t + 2M (c0) sint + o(1)), (2.16)
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LZ

Z.v.c.

Figure 2.2 [21, Fig. 1.3] Projection of the right branch of W} onto the (z,y)
plane.

where d is the distance to the z.v.c., a the angular coordinate, N(co) and M (00)
are constants and the expressions remain true out of a given neighborhood of L.
The parameter ¢ means the physical time from a suitable origin. The terms o(1)
tend to zero when yu does and they are uniform in ¢ for ¢t = O(u~'/3).

In particular the first intersection with the z axis is orthogonal to that axis,
giving a S-symmetric homoclinic orbit for a sequence of values p which has the
following asymptotical expression:

1

[ = W(l +0(1)). (2.17)

Remark 2.2

To make the above statement more rigorous let us specify that the neighborhood
out of which the formulas (2.15), (2.16) hold is dependent from p and determined
by the first intersection of W} with the section {y = —ku'/3} where k is some

large number independent from g [21, page 121, par. 3] (The choice of the  will
be explained in more detail in Section 2.4). We therefore assume that at the time
t = 0 the branch W} starts at some point in {y = —kput/3}. At this starting point
the angle «(0) is close to —7 and as time increases the angle «(t) is enlarged. This
means that the movement along W7 in the S region flows first in the downward
direction and circles around the origin until the angle « reaches the value 0 at
which the intersection of the W} with the section {y = 0} occurs. As the angle
« changes from —m to zero the radius of the movement changes according to the
formula (2.15) for d(t) and produces the waves from Figure 2.2. The intersection
of Wi, with {y = 0} is orthogonal to the section if both a(t) = 0 and d’(t) = 0 at
the same time. From this condition the equation (2.17) for uy is obtained.

Let us also specify that the formulas (2.15), (2.16) hold from the time ¢t = 0
until the first intersection with the section {y = 0}, which occurs for a time
0<t< Du '3 where D > Ny 18 a constant. The term o(1) and it’s derivative
over ¢ tends uniformly to zero as u tends to zero on the interval [0, Du~1/3].

In our further discussion we will be mostly interested in the PRC3BP with
= pg. Let us note that in such a case the time 7} at which W& intersects
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qo(1)

Figure 2.3 Intersections of W*(I(C)) and W*(I(C)).

{y = 0} is asymptotically equal to kr i.e.

k—o0

|Tx — kw| "=~ 0. (2.18)

It is a well known fact that by the Lapunov Theorem (For details on the
Lapunov Theorem see Chapter 3) for the PRC3BP there exists a family of Lapunov
orbits 1,,(C) around L}. The parameter C is the energy of the orbit [,,(C') and the
orbits are parameterized by C € [C4 — §,,, C5] where §,, is sufficiently small [21].

Theorem 2.3 ([21, Theorem B])

For 1 and AC = Cy — C sufficiently small, the branch of W*(1,(C)) contained in
the S region intersects the plane y = 0 for z > 0 in a curve diffeomorphic to a
circle (see Figure 2.3).
What is more for points in the (u,C) plane such that there exists a py of
Theorem 2.1 for which
AC > Ly (1 — p)? (2.19)

holds (where L is a constant), there exist S-symmetric transversal homoclinic
orbits. In particular, for g = pj there exist symmetrical transversal homoclinic
orbits qgkc for the periodic orbit 1, (C) for every C € (4, ,C5").

Let us make a comment on how the transversality of the intersections of
W= (1,(C)) and W*(1,(C)) of the Theorem 2.3 is understood. The invariant man-
ifolds W*(1,(C)) and W*(l,(C)) are two dimensional “tubes” emanating from
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Figure 2.4 Intersection of W"(I(C)), W*(I(C)) with X¢,_¢y in the x, 3,9 coor-
dinates.

1,(C) (see Figure 2.3). The intersections of these tubes with the section X, _oy
projected onto the x, & coordinates are homeomorphic to circles. These projections
intersect transversally in two points of the form pg,, = (22,,0,0,9¢,). The fact
that the projections onto the x, & intersect guarantees that the tubes will intersect
in the three dimensional section X, gy follows from the fact that the solutions
are immersed in the constant energy surface M (u, C') and the coordinate § can be
computed from the energy level C' and z,y, & as

7 =202z, y) — 12 - C, (2.20)

(see Figure 2.4). The homoclinic orbits qglc ¢ Pass through these intersection points
(see Figure 2.3).

From now on let us assume that we have chosen a certain p = pi. The fact
that we fix py determines our equation (2.1), which will allow us to drop the
index p and py, from the following discussions. Thus we will write ¢°,p° and Lo
instead of writing qﬁk, pgk and L4* and so on. We should keep in mind that all the
following properties are dependent on the choice of our equation and therefore we
will have different periodic orbits, invariant manifolds, intersection points etc. for
the different uy. Since two of these notations will be important and often used in
the following discussions we shall now write them out as a separate definitions so
that they stand out and are clearly visible.

Definition 2.4

Let ¢°(t) be the homoclinic orbit given by Theorem 2.1 starting from Yiy=oywith
2 > 0 at the time ¢t = 0 (see Figure 2.3)

qO:}RHR4

q°(0) € Zgy=0y- (2.21)
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Definition 2.5

Let g (t,t0) denote the trajectory starting from one of the intersection points
pl = (22,0,0,92) at a time ¢y (see Figure 2.3)

qg(-,to) ‘R — R*

¢ (to, to) = (28,0,0,5¢). (2.22)

Let us finish this section by noting that the transversality of the intersection
of W*(1,(C)) and W*(l,(C)) obtained in the Theorem 2.3 does not extend to the
full four dimensional space. This can be summarized by the following remark.

Remark 2.6

Let us note that due to the fact that the invariant manifolds W*(I(C)) and
W (l(C)) are submerged in the three dimensional invariant energy manifold
M(p, C)

W2 (U(C)), WH(U(C)) € M(p, C) = {F(z,y,,9) = C}, (2.23)

their intersection cannot be transversal.

This does not mean though that the transversality of the intersection is only
restricted to the x, & coordinates. For u = ui we are guaranteed to have a slightly
better situation.

Remark 2.7

For C sufficiently close to Cy the projection of the intersection of W#(I(C)) and
Wu(I(C)) at the point p& = (z%,0,0,92) onto the z,y, & coordinates is transver-
sal.

Proof

We already know that the projection onto x,y, 4 of the intersection restricted to
2{y=0} is transversal in the z,Z coordinates. We also know that the symmet-
ric homoclinic orbit ¢" passes through the point (z2,,0,0,9%) and therefore cuts
through Y, _oy transversally in the direction of the y coordinate. This ensures
the transversality of the projection of the intersection of W*(I(C)) and W*(I(C))
onto x,y, & in the y direction. O

2.4 The homoclinic orbit q°(t) when close to the
libration point L.

In this section we will discuss how the homoclinic orbit ¢°(t) behaves in a close
neighborhood of the Libration point Lo. We will highlight the following two facts.
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The first is that in a small neighborhood of the point Ly the flow of the PRC3BP
can be approximated by the flow of the Hill’s problem (this is summarized in
Remark 2.8). The second fact is that from the point Ly down to the section {y =
—u'/*} the orbit ¢°(t) can be approximated by an appropriate orbit of the Hill’s
problem (this is summarized in Remark 2.9). The first fact will be used later on in
Chapter 3 for the proof of the twist property of the PRC3BP close to the Libration
point Ls. The second fact will be used in the computations of the Melnikov function
of Chapter 8.

Let us clarify that this Section is a collection of rather technical results of [21]
obtained in the course of the proof of Theorem 2.1. The aim of this Section is not
to provide detailed proofs of the results, or even a sketch of the proof of Theorem
2.1, but simply to pick out the properties which will be needed in Chapters 3
and 8. Therefore at this stage the collection of results might seem random and
unmethodical.

Let us start by writing out the Hill’s problem and some of it’s properties. The
Hill’s problem is given by a Hamiltonian
(perr +yu)? + (Pyrr — x1)?

H" (wp, Yy, per, pynr) = 5 — 0% (xg,yn)  (2.24)

where 28 (2, yn) = L (32% +2(2% + y%)~/?) . In the above we have inserted
the index H to distinguish between the variables x,y, of the original problem
(2.7), and the variables xpy and yp of the Hill’s problem. The system (2.24) can
be written in the (xy,ym, <y, yn) coordinates as

G — 200 = 3xy —ap(xy +yk) % = QfH (T, ym) (2.25)

i+ 20y = —yu(v3 +yh) "% = Q) (xw,yn),

and has a Jacobi first integral given by
The Hamiltonian (2.24) can be derived from the equations of the PRC3BP (2.7)
using the following change of coordinates [21, Ch. 4.]

tr= L) e =,
_ ,,—1/3

2.97
yu = p Y3y pyr = 3 (py +1— ), (227)

and scaling p down to zero. The change of coordinates (2.27) gives us (see [21, eq
(4.1)] for details)
Ty =PsH +YH (2.28)
YH = PyH — TH
Porr = 205 + pyr — vr (T + yH) 2 4 p3(62% + 3y /2) + O(u??)
Byt = —Porr —ym —yr (el +yh) "% = pt P Benym) + O(W*),

Clearly for p = 0 the equations (2.28) are generated by the Hamiltonian (2.24). Let
us also observe that from the formulas (2.28) we can see that in a small compact
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'3 31/ Xy
/\/\ 2 (x(0), ¥, (0))
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Wi((3".,0)
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Figure 2.5 The orbit ¢ (¢) in the x5, yg coordinates.

neighborhood of the Libration point Lo, in the Hill’s coordinates xx, ym, pzH, Py,
the vector field fip,4, of the PRC3BP is a u'/3 perturbation of the vector field
fain of the Hill’s problem.

Fisoqy = fum + O(u'/?). (2.29)

The Hill’s problem (2.24) has two equilibrium points L = (=371/3,0,0, —3~1/3),
LI = (371/3,0,0,371/3) [21]. The Jacobi constant C* = —2HH of the two equi-
librium points LI = (—=371/3,0,0, —=371/3), L¥ = (371/3,0,0,37'/3) is equal to

Cpu =33, (2.30)

The zero velocity curve (see Figure 2.5) for this energy is {2021 — 32, — 2, = Cng}
and is given by the formula [21, page 116]

4 _
Yy = i\/g (313 — %) 22, vyl <3YS (2.31)

For the values x5 = +£3/6 the zero velocity curve has two vertical asymptotes.
In the neighborhood of the equilibrium point L the local expression for the
unstable manifold W (L) of the Hill’s problem is given by [21, page 116]

o =373 4 s+ (1437 — 459) 37/35% (1296 + 906A%) ' + O(s%) (2.32)
yr = (A = 9) s (20) 7" + (81 — 13)2) 37/35% [2X (2402 4 405)] " + O(s%),

where s = exp(\t) and A = /1 + 2/7 ~ 2.508 3.
Let us observe that far from LI the terms zy (2% + v%)
y%)~3/? in the equations (2.25) of the Hill’s problem

=3/2 and yy (2% +

Py — 20 =3y — g (el +yh) 2 (2.33)
g+ 2ty = —yp(ay + y%)73/2
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will be small. If we neglect these terms then we are left with a linear equation

i:’H — 2@]—[ = 3$H (2.34)
which has a solution given by
2
xyg = §N + M cos(t — to) (2.35)

Y ZB—Nt—ZMSiH(t—to).

The above fact provides intuition for the occurrence of the waves of the unstable
manifold W (L&) from the Figure 2.5. Indeed, it is shown [21, page 120] that the
asymptotic behavior of an orbit on the unstable manifold W (L&) of the point
LY = (371/3,0,0,371/3) is

(;N(oo) + M(00) cos(t — to), — N (o)t — 2M(00) sin(t — to)),

(2.36)

(@ (t),yu(t))

where M (00) & 2.1330587 and N (c0) ~ 5.1604325.

Let us now state our remarks which will be used later on in Chapters 3 and 8.
The first states that the Libration point L4 of the PRC3BP can be approximated
by the equilibrium point L of the Hill’s problem for sufficiently small .

Remark 2.8

In the Hill’s coordinates xr, Yrr, Porr, PyH

1. in the neighborhood of the point Ly the vector field given by (2.28) is analytic
in @i, i, pors Pyr and pt/3.

2. the libration point L4 tends to L as p tends to zero

lim Ly = LI (2.37)
pn—0

Proof

The first point comes directly from the equations (2.28). To prove the second
observation let us consider a function

F(x, 1) = f3poay (%) (2.38)

where x = (2q, Yu, PeH, Pyr) and f?fLBody(x) is the vector field of the PRC3BP.
Since

0 1 1 0

OF 4 -1 0 0 1

x20=1 5 o o 1 (2:39)
0 -4 -1 0

is an isomorphism we can apply the implicit function theorem to obtain a unique
continuous function x(p) in the neighborhood of 1 = 0 such that F(x(u), u) = 0.
Since there is only a single Libration point between the masses p and 1 — p the
equilibrium point x(p) must be our Libration point L. O
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For the formulation of the second remark we will need the following notation.
Let us denote by g% (t) the orbit of the Hill’s problem which is contained in the
unstable manifold Wj;(L3") and starts at the section {yx = k} (see Remark 2.2
for k)

¢"(t) c Wi(Ly) (2.40)
¢"(0) € {yn = k}.

(See Figure 2.5). The following remark states that in an appropriate neighborhood
of L% the orbit ¢! () approximates the homoclinic orbit ¢°(t) for sufficiently small

K-

Remark 2.9

In the Hill’s coordinates xr, Yrr, Porr, PyH

1. down to the section {yg = —p~'/'2} the distance between the orbits ¢ (t)
and ¢°(t) is O(u!/1?).

¢"(t) = ¢"(t = T) = O(u"/"), (2.41)

where —T}, is the time at which the orbit ¢°(¢) intersects {yy = kY= {y =
3k} ie. ¢°(~Ty) € {y = p*/3k} (see Remark 2.2).

2. down to the section {yy = —/fl/w} the vales on the zy coordinate of the
orbit ¢°(t) homoclinic to L% in the PRC3BP are bounded (see Definition 2.4
for the definition of ¢°(t)).

3. down to the section {yy = —u~'/'?} the distance of ¢°(t) from the origin in
the 2, yy coordinates is greater than 371/3/2 i.e.

7y oy > 37132, (2.42)

4. For the times t € (—00, 0] the values #, and ¢ of the orbit ¢°(¢) are uniformly
O(u'’?).

Proof

The first point comes from [21, p.122, par.1] by an argument that from the equa-
tions (2.28) we know that down to the section {yy = —pu~/2}, for bounded z,
the solutions of the PRC3BP are O(u12) approximated by the solutions of the
Hill’s problem.

For large ¢ the orbit ¢ (¢) of the Hill’s problem homoclinic to L is approxi-
mated by the equation (2.36). For small ¢ the orbit ¢’ (¢) approaches the equilib-
rium point at a hyperbolic rate (2.32). This means that on the 2y coordinate this
orbit is bounded for all ¢ € R (see also Figure 2.5). From the discussion from the
beginning of the proof we know that down to the section {yg = —p Y 121 the orbit
¢ (t) approximates ¢°(). This means that down to the section {yy = —pu~'/1?}
the orbit ¢°(¢) is also bounded on the xz coordinate.
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For the third point let us observe (see Figure 2.5) that on the orbit ¢ (¢) we

have
Ty > 378 (2.43)

This since down to the section {yz = —u~/2} the orbit ¢ (t) approximates ¢°(t)
gives us (2.42).

The last point comes from the fact that for ¢ € (—oo, 0] the distance d(t) from
the zero velocity curve (2.15) is O(u!/3). This gives a uniform bound O(u'/3) on
the velocity of the orbit ¢°(¢) [21]. O

Using the above Remark we can approximate our orbit ¢°() using ¢ (t) in the
TH,YH,PzH, Py coordinates down to the section {yg = —u’l/lz}, and the accu-
racy of such an approximation is O(,u%). Coming back to our original coordinates
Z,Y, Pz, Py, SinCe Yy = p~ /3y, we can approximate ¢°(t) using ¢* (t) down to the
section {y = —p 28 = ,u1/4} and the accuracy of such an approximation is
O(M1/3u1/12) =0 (’u5/12)'

Let us finish this section with a remark concerning the choice of the section
{y = —ku'/3}, which is the starting point of the formulas from Theorem 2.1 (See
Remark 2.2). During the course of the proof of Theorem A in [21] the large constant
k is chosen in such a way that for yy = —k the starting point ¢ (0) belongs to
W(LE) N {yy = —k} and is chosen to be at the top (or the bottom) of a wave
of WH (L) [21, page 121, par. 3] (See Figure 2.5). Let us also note that the time
t,~1/12 needed for W (L%) to reach the section {yg = —pu~/1?}is O(u=1/'?) [21,
page 121, par. 3|. These facts will be used in one of the technical proofs in Chapter
8.






3

Dynamics of the flow close to the libration
point L.

In this chapter we will describe the dynamics close to the libration point Ly. We will
prove that there exists a family of the so called Lapunov periodic orbits emanating
from the L. We will also show a method of how to prove that the Poincaré time
21 map restricted to the family of Lapunov orbits is a twist map. We will apply
the method to an appropriate equilibrium point in the Hill’s problem. Based on
the fact that the Poincaré map for the Hill’s problem is a twist map and also on
the fact that the PRC3BP can be seen as a perturbation of the Hill’s problem,
we will show that for sufficiently small i the Poincaré map is a twist map in the
restricted three body problem. We will also discuss how the twist condition and
the twist coordinates are related to the energy of the Lapunov orbits.

The main tool of this chapter is the Lapunov-Moser theorem (Theorem 3.2)
which allows us to transform the solutions close to an equilibrium point into a
Birkhoff type normal form by an appropriate change of coordinates. We will use the
expansion into the power series of this form. It will turn out that if an appropriate
coeflicient in the expansion is nonzero then the twist property of a time 27 Poincaré
map follows.

The main result of this chapter is the Theorem 3.15 which states that for a
sufficiently small parameter p in the PRC3BP the time 27 Poincaré map is a twist
map at the Libration point Lo. This is a new result. It has a nontrivial consequence
later on in Chapter 6, where it will be used to prove that the libration point Lo
persists under perturbation. Similar techniques were used in [22] to prove the
persistence of the Libration point L4 in the PRC3BP and therefore we would like
to admit that the basic concept behind the proof is not a new one.

25
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3.1 The linearization of the flow at the libration
point L.

Let us first discuss how we can find the libration point Lo and the energy Cs
associated with it. We are looking for an equilibrium point with a y coordinate
equal to zero which lies between —(1 — ) and p on the x axis (see Figure 2.1). Let
us expand the equations of motion in the PRC3BP (2.3) to obtain the following
equation

T=p;+y
Yy=py—x (3.1)
ba = py — I-—pw@—p)  pd—pta)
T (@2 (w124 y)
(1—py 1y

Py = —Pe — -
(@ = w2+ 92" (@ +1-p?+y?)
Since the y coordinate of our point Lo is equal to zero, from the first equation

it is clear that p, = 0. From the second and third equation we have

Ly = (—k,0,0, —k), (3.2)

3/2°

where k > 0 is a solution of

e U=k pdop—k) (3.3)

(k=)™ (1= p— k)™
The Libration point Lo lies on the x axis between the smaller body p which lies
at the point (—1 4 p,0) and the larger mass 1 — p lying at the point (p,0). This
means that we have

—pu<k<l-—p. (3.4)

The equations (3.3) and (3.4) are the key for finding the Libration point Ls.

(From these equations it is also apparent that we do not have a simple analytical
formula for the value of k.)

Let us now consider the linearization of the flow at the point Ly. In order to

compute the linear terms of the equation (3.1) at (—k, 0,0, —k) let us first compute

0*He 2(1 — ) 24
- —k,0,0,—k) =
Gxﬁx( 0,0, k) k+pl®  Jk—1+pu
0’He 1—p 1
- —k,0,0,—k) = — - 3.5
Fydy | U Ty R [ 3:5)
O’Hc 0?Hce
which gives the linear part of (3.1) at (—k,0,0, —k) as
T=pz+y
Yy=py—x (3.6)

px:py—x+(2p+1)x
Py=-—DPe—y—(p—1)y
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where

I—p 1%
p= 3+ 3 (3.7)
k+pl” k=14 p|
The above equation has been written in such a fashion, so that it is clear that it
is generated by a Hamiltonian

1
Hy(@,y,p2,py) = 5 (P2 + y)* + (py — 2)* — az’® + by?) (3.8)

where a = 2p+ 1 and b = p — 1. From the equation (3.6) we can compute that
the eigenvalues a of the linear terms at Lo are the roots of a* + (2 — p)a? +

(1+p—207).

Lemma 3.1

There are two real and two pure imaginary eigenvalues of the linear terms of (3.1)
at LQ.

Proof

The eigenvalues are the roots of a* + (2 — p)a? + (1 +p— 2,02) . In order to prove
that two of them are real and two are pure imaginary it is sufficient to show that
the polynomial

?+2-pz+ (1+p—2p") =0 (3.9)

has two real solutions, of which one is positive and one negative. First of all let us
show that p > 1. We know that k is a solution of the equation (3.3), which we can
rearrange as

0 p A=mk—p) = pd-p—k)

(k= w2)*?  (1—p—k)?2)*?
(I—p)k+p)  pk—1+p)

=—k+ 3.10
RS (3.10)
L
=—k+pu+kp— """,
Rl v sy
and therefore
- ! ( = +1<;> (3.11)
Pk u k= 1+ ' '
From (3.4) we know that |k — 1 + u| < 1 which gives us
! >1 (3.12)
PESEST R |

which in turn by (3.11) guarantees that p > 1. Let us now turn to the roots of
our quadratic equation (3.9). Let us observe that because A = p(9p — 8) > 0 the
equation (3.9) has two real solutions. In order to see if one of them is positive
and one is negative it is sufficient to compute their product which is equal to
(1 +p- 2p2) . From the fact that p > 1 it is clear that this product is negative. [
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3.2 From the Lapunov-Moser Theorem to twist
maps in the neighborhood of the libration point
L,

In this section we will give general facts concerning four dimensional Hamiltonian
systems with an equilibrium point and two real and two pure imaginary eigenvalues

o] = A 3 = —A
g = 1K g = —IK,

(3.13)

where A\, k € R. Based on the Lapunov-Moser Theorem [25] we will show that for
such systems there exists a family of periodic orbits emanating from the equilib-
rium point (the so called Lapunov orbits). Based on the expansion into power series
following from the Theorem we will show how to prove that the time 27 shift along
the trajectory is a twist map on the set of these orbits in a small neighborhood of
the equilibrium point.

Let us note that since in Lemma 3.1 we have proved that in the case of the
PRC3BP the libration point Ly has two real and two pure imaginary conjugate
eigenvalues, all of the results given in this section will apply to the PRC3BP and
the equilibrium point L.

First let us start with the formulation of the Lapunov-Moser Theorem.

Theorem 3.2 (the Lapunov-Moser Theorem [25])

Let
i, = Hy, (2,9) (3.14)
yu = *H"c,, (I7 y)
v =1,...,n, be an analytic Hamiltonian system with n degrees of freedom and an
equilibrium solution £ = y = 0. Let aq,...,a,, —aq,...,—a, be the eigenvalues

of the linearization of (3.14) at the equilibrium point z = 0. Assume that the
eigenvalues
Q1 Oy — Qe v ey, —CQlpy (3.15)

are 2n different complex numbers and that «q, as are independent over the reals,
i.e. for any t € R
tag + o 75 0. (316)

Let us also assume that for any integer numbers n; and ny
oy #niay +ngay  for v > 3. (3.17)
Then there exists a four parameter family of solutions of (3.14) of the form

Ty = ¢V(§1)§2>n1a 772) (318)
Yo = Vo (&1, 82,1, 7m2)
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where
Ex(t) = ERet o EEmE) (1) = et @G for k=1,2,  (3.19)
and
a1 (E0nd, &m3) = a1 + ..y a2 (&0, En9) = az + ... (3.20)

are convergent power series. The series ¢,,, 1, converge in the neighborhood of the
origin and the rank of the matrix

¢ka ¢Vnk)
(e 021

is four. The solutions (3.18) depend on four complex parameters 527 172.

Let us note that since we are interested in the application of the above Theorem
to a four dimensional Hamiltonian system, in our case n is simply equal to two
and the equations (3.18), (3.19) describe all the solutions near the neighborhood
of the equilibrium point.

During the proof of the Theorem in [25] it is shown that

Lemma 3.3

When the system (3.14) is generated by a real Hamiltonian then if oy is real and
Qg is pure imaginary the real solutions must be of the form

z,(t) = ¢ (&1(), (1), M (t), m2(t)) B
o(t) = G (Er(t), Ea(t)m () mo(t) V= 12 (3.22)
where
£ (t) = EDetar (. E5m2)

nr(t) = ple—to(Enieny Tk =1.2 (3.23)

&1, &, mp € C
and the solution (&;(¢),&2(t), m (), n2(t)) is invariant under the involution

J(&1s&,mm2) = (&1, 02, T, 16o).- (3.24)

Remark 3.4

From the proof of the convergence of the series (3.18), (3.20) during the proof of
Theorem 3.2 in [25], it follows that if we consider a family of analytic Hamiltonians

Hy, :R"xR" = R, (3.25)

which depends analytically on a parameter A\ € R, then the radius of convergence
of the series (3.18), (3.20) can be chosen uniformly for close values of A.
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Remark 3.5

The original version of the above Theorem 3.2 in [25] contains a small technical
error. The involution used originally by the author was

J(&1,&,m,m2) = (&1,72,7, &2). (3.26)

This stands in conflict with a requirement that an appropriate transformation in
the proof is required to be canonical. We will come back to this issue in more
detail in Remark 3.10. For now let us note that this has been corrected in the
1971 edition of the book by Siegel and Moser [19, page 102] where the corrected
involution (3.27) is used.

In order to explain the Lemma 3.3 intuitively let us note that if we have a
solution of the form (3.19) written in the &,,n, coordinates then this solution is
carried by (3.18) into the x,,y, coordinates. Some of these solutions in the x,,y,
will not turn out to be real solutions. Only the ones which satisfy the involution

J(&1,&,m1,m2) = (€1, 62, M1, 12). (3.27)

where J is given by (3.24), will be real. Let us demonstrate this on a simple

example.

Example 3.6

Let us consider a harmonic oscillator
=y (3.28)
y = —x.

We have two eigenvalues a; = ¢ and ag = —i and their corresponding eigenvectors

(—i,1) and (1, —%). The solution of (3.28) is therefore given by

(x(t),y(8)) = (=i, e’ +n°(1, =)™, €°n" e C. (3.29)

If we would like to pick out the real solution we would need to have (z(t),y(t)) =
(z(t),y(t)), which means that since

(x(t),y(t)) = €(i, e~ +1°(1,i)e’ (3.30)

we would need to have (€°,7°) = (in?,i£0). This motivates the definition of our
function J in (3.24) because the points invariant under J are the real points in
the x,y coordinates.

Lemma 3.7

If o is real and s is pure imaginary then for all real solutions the series a; from
the Theorem 3.2 is real and the series ay is pure imaginary. What is more if we
choose a periodic solution

Ty (t) = ¢U(0a 52 (t)a 07 712 (t
Yo (t) = ¢u(0, 62 (t)’ 0,72 (t

~—

; v=1,2 (3.31)

~—
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where 0 0 00
gk(t) = 52675%(51771752772)

e (t) = ne—tar(€0nd.6n9) for k =1,2, (3.32)

then if the solution is real then there exist two real numbers r and ¢ such that
&y (t) = rete2(0ir) tie (3.33)
na(t) = jretaz(0:r*)=i¢
Proof

From Lemma 3.3 we know that the real solutions satisfy the involution (3.27). We
therefore have

€0tar (E0n.€5m5) — ¢0tan (€Pn7 €3n3) (3.34)
€0etaa et end) _ (ngefm(s?n?,ﬁgng)) (3.35)
n?eftal(ﬁ?n?’ﬁgng) = pfe—tar (€n? €5m3) (3.36)
nge—tw(é?n?vfgng) — (W} (3.37)

if we choose t = 0 then from the above we can see that £ and 7{ must be real
and that €9 = inJ. Using the fact that £2,79 € R with (3.34) and (3.36) we can see
that a; must be real. Using (3.35) and (3.37) and the fact that £ = inJ we can
see that as must be pure imaginary.

All periodic solutions have the initial conditions £? = 19 = 0. If we choose an
initial condition £9 = rei® then for the solution to be real we must have &) = inig.
In such case the equation (3.19) gives us the periodic solutions as

£a(t) = £0e!a2(0:63m5) — pgtan(0sir®)+id (3.38)

7’]2(t) = nge_ta2(07fgng) — ire_tGQ(O’ir2)_i¢,
O

The above Lemma shows that all periodic solutions which are real in the z,, 3,
coordinates and lie close to the equilibrium point, are given by the equation

1 (t) = (0, re!a2(0ir* )i  jpe—taz(0ir®)—id) (3.39)

when seen in the &,,7, coordinates. Let us denote the set which contains these
orbits by . '
Br = {(0,7¢",0,ire)|0 € [0,27),0 < r < R} (3.40)

where R is sufficiently small for the series as(0,ir?) to be convergent for r < R.
Let P: R* — R* be the time 27 shift along the trajectory i.e.

P(q(t)) = q(t + 27) (3.41)

where ¢(t) is a solution of (3.14). We will show a method which will allow us to
prove whether P restricted to our set Bg, for R sufficiently small, is an analytic
twist map.



32 Arnold diffusion in the planar restricted elliptic three body problem

Lemma 3.8
If in the series as from Theorem 3.2 i.e.
as(&1m,&am2) = g + a2 1&im1 + az282m2 + ... (3.42)

we have ag o # 0, then for a sufficiently small R, the time 27 shift along the
trajectory P restricted to the set Bg is an analytic twist map i.e.

P(r,0) = (r,0 + f(r)) (3.43)
T,

Proof

Since in the £, n coordinates on Br the map P takes form

0 0
Tetag(O,ir2)+i¢ Te(t+2w)a2(0,z‘r2)+i¢
P = 44
0 0 (3.44)
Z-Te—taQ(O,ir2)—i¢ Z-Te—(t+27r)a2(0,ir2)—i¢
we can see that
P(r,0) = (r,0 — i2maz(0,ir?)). (3.45)
Since
a(0,ir?) = ag + ag 2ir® + O(r*) (3.46)

it is evident that if as o # 0, then for sufficiently small r

—iQW% (a2(0,ir?)) # 0. (3.47)

3.3 Computation of the twist coefficient as 2 from
the Hamiltonian

In the previous section by Lemma 3.8 we have shown that in order to prove the
twist condition it is sufficient to construct the series ay = as+az 1£1m1+a2 26212+
from Theorem 3.2, and show that ag o # 0. In this section we will show how the
construction can be performed. We will follow the construction presented by Moser
[25] in the proof of the Lapunov-Moser Theorem 3.2.
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3.3.1 Summary of the transformations needed for the
construction.

Since the construction is performed in two stpdf, let us first draw a quick diagram
which will help in navigating throughout the procedure

(C4 i R4 g R4
4 D
(61752)7717772) s ($17$2>y173/2) g (xayaplﬁpy)‘ (348)

The transformation @ will allow us to change from the system (3.1) in the
Z,Y, Py, Py coordinates into a system with a simplified form

:tl/ =a,z, + fu($7y)

v=1,2. 3.49
Y = —Yy + gu<m7y) ( )

where a7 and aq are the eigenvalues of the equilibrium point and f and g are
power series starting from quadratic terms. This will be done by transforming the
linear terms of (3.1) into a diagonal form in Section 3.3.3. The transformation ¥,

Q(f, 77) = (d)l (57 77)’ ¢2 (57 77); 1/)1 (57 77)7 1/12 (57 77)) (350)

will be constructed by comparison of coefficients coming from the differential equa-
tions in &,n and x,,¥, coordinates.
We will start with the construction of ¥.

3.3.2 Construction of the function ¥ and the term a.; by
comparison of coefficients.

In this section we will present a method of [25] which will alow us to compute the
power series ¥ and the series as by a method of comparison of coefficients in a
special case when the Hamiltonian H generates a differential equation of the form

Ty = Ty + fu(l'vy)

. =1,2, 3.51
Yo = —Quly + gu(l”, y) ( )

where f and g are power series starting from quadratic terms. We will construct
power series ¢,,, 1, a, where

du(&1,&2,m,m2) = Zizl durér + h.o.t. (3:52)
Py (1,82, m,m2) = Zizl SukMk + h.o.t.

such that
Ty = ¢u(§1,§277)1»772) (353)
Yo = ¥y (&1,82,M1,M2),

satisfy (3.51) if

§ = ar(&um, Eamz)Ek (3.54)
e = —ar (&1, E2m2) M-
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Let us note that the series ¢,,1,,a, are not yet uniquely determined by (3.52),
(3.53), (3.54). They are unique only if a certain normalization to the above equa-
tions is added [25]. In order to define this normalization we shall need some addi-
tional notations.

Let a series F' in &, ni be of the form

F= Z Cny,my,na, m2£1 YAl 1€n2 §"2 (355)

n1,n2,Mmi,ma
We denote by [F] a series
= Z Cnq,n1,n2,m2 (51771)7“ (62”2)712 . (356)
ni,n2

It turns out [25, Sec. 2.] that the series ¢,, 1y, ax are uniquely determined if the
series [%ﬂ and [%} are normalized in some way. For the purpose of our construc-
tion we will pick the simplest possible normalization which is

b —1q

Ek —

wl for k=1,2. (3.57)
Nk

We will now show how to construct the series ¢,,, ¥, ax, under the constraint (3.57).
In order to find the series ¢,, 1, ar let us first rewrite the equation (3.51) as

Ty = Zi:1 ({M)V arp — 377 ARk ) = a, ¢y, + fu((by QZ})
Y = Ei:l (ag ank Lapny ) = —aut, + gu(¢7 1/))

We will construct our series by comparing the coeflicients in the above equations.
Let us denote by ¢, n,v%u n,a, v the coefficients in the series ¢,,,,a, which
come from the homogenous polynomials of the order N. We can rewrite the part
of the above equations which contains all the terms of the order N as

v=1,2. (3.58)

Zi:l ag fk% - ﬁk% SN+ Ok N1 = by N+ ... (3.5

2
D i1 Ok fk% - nk% YN+ .= OO, N—1 = —0 Yy N + ...

where the dots indicate all the terms which can be computed from ¢, ;,%,.1, av,1-1
withl{=1,...,N —1.

The nature of equations (3.59) suggest that the series can be constructed by
induction starting with the lowest terms. It turns out though that not all of the
coefficients can be computed from (3.59). This is because some of the terms in
(3.59) cancel each other out. The value of coefficients corresponding to such terms
is chosen from the normalization condition (3.57). To make the above statement
rigorous let us consider a homogenous polynomial c£1'' 07" €5%n5"? of order N from
¢v,~. Such term will cancel out in (3.59) if

2
8 a nz, ma
> o (6150, = g ) P 5208 — e g =0, (3.60)
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This can happen only if we have

ag (ng —my) —a, =0. (3.61)

E

k=1

One of the assumptions of the Theorem 3.2 is that for any ¢ € R we have
tag + ag # 0, which means that (3.61) is true only for the terms of the form
c€y (E1m)™ (€2m2)™ . First of all this means that with respect to the equations
(3.59) the coefficient ¢ in the term c&, (&1m1)™" (§2m2)" from ¢, v can be chosen
to be arbitrary. On the other hand we have chosen the normalization (3.57). Such
a normalization determines that in these terms we set ¢ = 0. Since we choose
the terms of the form c&, (&1m1)™" (€2m2)™ from ¢, v to be equal to zero the
terms of d,r€gak, n—1 are uniquely determined through the equations (3.59) by
D1, Vui,ap1—1 with I =1,..., N — 1. This will allow us to write an explicit for-
mula for the coefficient as o later on. A similar discussion can be made for ¢, n.
From the above we can see that once we choose our normalization (3.57) we can
compute our series by induction starting with the low order terms.

Our aim is to compute the coefficient as o which in the above equations is
connected with the term &3€2m, of the order N = 3. The simplest method to
achieve this is to perform the comparison of coefficients in the equations (3.58)
with & =1 = 0 and with v = 2. We can compute our term ap » from the first of
the two equations (3.58) which in this case takes form

0 0
as (oo — oo | 65 Cabamy + ... + Exaz0bomy = a2y Eaborp + ... (3.62)
852 8772

where QSg’l is the coefficient in ¢o, which stands before the term £3£572, and the
dots indicate the terms which can be computed from ¢, ;, %, 1, 6, -1 with i =1,2.
As we have mentioned before for such terms our equation should simplify even
more. Indeed, if we notice that

o (fzai - ngfm) 621 ea6ams — and? o — 0 (3.63)

then we can see that the coefficient as > is dependent only from the terms ¢, ;, ¥, 4,
ay,—1 with [ = 1,2. These terms can be easily computed from (3.59) for N = 2.

Lemma 3.9
If
fo(@1, 22, y1,92) = Zi,j,k,121 f;klxﬁxéy’fyé v=1.9 (3.64)
9 (1,2, Y1, Y2) = Zi,j,k,l21 g;‘/jk;lxllléyllcyé 7
and we choose our normalization to be
de| —q
£ for k= 1,2, (3.65)

Y| — 1
M
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then

1 2 1 2 1 2 1 2 2
a2 = @(‘fl,l,o,ofo,l,o,l - f0,1,1,090,1,0,1 + fo,o,1,190,2,0,0 - f0,2,o,of0,1,0,1 (3.66)

2 2 2 1 2 2 2
+290.2,00f000.2 + 100150200 = 90,1,01f01,01) + f0.2.01

Proof
The above can be checked from the formula (3.58) by direct computation. This
has also been checked by comparison of coefficients in Maple. O

3.3.3 The construction of @ and the transformation of the
equation into the desired form.

In order to show that the time 27 shift along the trajectory is a twist map on the
set Br composed of periodic orbits in the neighborhood of the libration point Lo,
we need to check if the coefficient as 2 # 0, where

az = ag +az1§1m1 + az 28 ... (3.67)

is the expansion given by the Lapunov Theorem 3.2. From the previous section we
know that if the equation is of the form

Ty = 0Ty + fy(xay)

. \ v=1,2. 3.68
Yy = — Yy +g (ﬂf,y) ( )

where f* and g” are power series starting from quadratic terms, then the Lemma
3.9 gives us an explicit formula for ag . In this section we will show how to trans-
form the equation (3.1) into the form (3.68).

Moser [25] presented a method of how this should be done. We should choose a
transformation @ by changing the coordinates in such a way, that the linear part
of the equations (3.1) in the new coordinates becomes generated by a diagonal
matrix. What is more, the transformation @ should be canonical i.e.

oIt =g (3.69)
where
J—(_(;d Iod) and Id—<é (1)) (3.70)
On top of that @ should satisfy the following reality condition
J, @ =DJy,, (3.71)
where
S, Y, D2 py) = (2,7, D, Py) (3.72)

Jw(x17x27ylay2) = (jlviigZa glvii.Q)



3. Dynamics of the flow close to the libration point Lo. 37

Remark 3.10

In the original proof [25] Moser required that @ should both be canonical (3.69)

and satisfy a reality condition ~
J.@=DJy,, (3.73)

with
Jz(xayvpzvpy) = (f7g7ﬁxal_)y) (3.74)

Jw(x17172,y17y2) = (flag%ylan)'

Such two conditions cannot both be satisfied at the same time (the correct reality
condition is the condition (3.71) which has been corrected in [19]). Let us observe
this on the example of the harmonic oscillator from Example 3.6.

Example 3.11 (Example 3.6 continued)

Let us again consider the harmonic oscillator
¥ =y (3.75)
y = —z.

We will show that it is impossible to transform the matrix of linear terms of (3.75)
through a linear transformation @ into the Jordan form

(4 De-(i0) e

so that @ is both canonical (3.69) and the reality condition (3.73) is satisfied at
the same time.

Since @ transforms (3.75) into the Jordan form its columns are composed of
eigenvectors. From Example 3.6 we already know that (—i, 1) and (1, —i) are eigen-
vectors with corresponding eigenvalues ¢ and —i. This means that @ is of the form

P = ( —ia b ) (3.77)

a —1ib

with some a,b € C. The canonical condition (3.69) gives us
0 —2ba 0 1
T
PIP _(2ba 0 )_(—1 0)7 (8.78)

2ba = —1. (3.79)
On the other hand the reality condition (3.73) gives

JZQB( * ) =&, ( * ) (3.80)
y y

iax +by \ [ bx—iay

az+iby )\ —ibZ +ay

b = ia. (3.81)
The conditions (3.79) and (3.81) are clearly conflicting.

and therefore

which means that
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Once a transformation ¢ which satisfies both of the conditions (3.69) and (3.71)
is found we are ready to compute the power series f* and g”. Let V be the vector
field generated by the Hamiltonian H. If we expand the Hamiltonian H into a
power series, then we can compute the expansion of the vector field V' from the
equation

V =JVH. (3.82)

Let « denote the variable (x,y,ps,py) and z denote (x1,22,y1,y2) (See Section
3.3.1). Having the the expansion of V' we can compute the power series f” and ¢g”
from

= (@7 'z) =07 (V(z)) =& H(V(2(2))). (3.83)

Let us keep in mind that the computation of the power series f* and ¢" is
needed in order to check whether as 2 # 0. From Lemma 3.9 we know that ag
can be computed from

1 2 1 2 1 2 1 2 2
az2 = @(‘f1,1,0,0f0,1,0,1 - f0,1,1,090,1,0,1 + f0,0,1,190,2,0,0 - f0,2,0,0f0,1,0,1
2 2 2 1 2 2 2
+ 29(),2,0,()f(],(),(),2 + f1,o,0,1f0,2,0,0 - 90,1,0,1f0,1,o,1) + fo,z,o,u (3.84)

and therefore it is sufficient to compute the terms of f” and ¢g” of order smaller
than or equal to three. This means that we need to expand H up to the terms of
order four, compute the expansion of V from (3.82) and compute the terms of f*
and ¢ from (3.83).

3.4 Twist in the Hill’s problem and in the
PRC3BP for sufficiently small pu.

As an example of application of the above described procedure, in this section
we will show that the time 27 shift along the trajectory is a twist map around
the equilibrium points of the Hill’s problem. We will use this result later on in the
section to show that for sufficiently small p we also have a twist in the neighborhood
of the libration point Ly of the three body problem. This will follow from the fact
that for sufficiently small 1 the PRC3BP can be seen as a analytical perturbation
of the Hill’s problem.

3.4.1 Twist in the Hill’s problem

Let us recall from the Section 2.4 that the Hill’s problem is generated by the

Hamiltonian

(P +y)* + (py — )
2

where 2 (z,y) = 1 (32% + 2(2? + y?)~1/2) . The differential equation generated

by the Hamiltonian (3.85)

H=

— 0" (z,y), (3.85)

o = JVH(z), (3.86)
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has two equilibrium points of the form LF = (=1)¥(37'/3,0,0,371/3), i = 1,2.
We will apply the procedure and compute as » for the equilibrium point L. The
linear terms of (3.86) in L& are given by the matrix

0 1 1 0
-1 0 0 1

A= 0 o o 1l (3.87)
0 —4 -1 0

The eigenvalues at the point are oy = /1 + 27 and as = V1 — 207 7, first is real
and the second is pure imaginary. We will choose the function & composed of the
eigenvectors of the eigenvalues a7 and £ay

A1 B A2 i3
s | arm Yammm Yeamwmn Yamem
NotAm Yot ~Yealin oty |
~Mgv = v i

(3.88)
with A1, A2, 8 € R. The transformation @ satisfies the reality condition (3.71)

J.b =], (3.89)

For our transformation we will choose the coefficients A1, Ao, 3 as

A=A = \/252a1 (\f+4) V7 (3.90)

= \/252 ‘0‘2| 7) V7.

Such a choice of coefficients guarantees that @ is canonical i.e. the condition (3.69)

oJT = J (3.91)

is satisfied. The fact that the choice of coefficients (3.90) guarantees the conditions
(3.89) and (3.91) can be shown through direct computation.
Since @ is composed of the eigenvectors of the matrix A we also have

O AD = diag(ay, az, —aq, —as). (3.92)

Computing the power series f¥ and ¢” from (3.83) and the term as o using the
formula (3.66) we obtain

. t(1—2y/7)3%/3(5767/7 — 15274)
2T U 2R (VT - 3P (VT - 1)(VT - 14)?

which by Lemma 3.8 proves the following Lemma.

~ 8.483, (3.93)
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Lemma 3.12

There exists a number Ry > 0 such that the time 27 shift along the trajectory
PHI on the set of Lapunov orbits Bry,, = {(ru,0)|0 < rg < Rum} around the
equilibrium point L&

P Bri = Bru (3.94)
is a twist map; i.e.
P (ry 0) = (ru, 0+ f(rm)), (3.95)
aarj; (rg) >0 for 0 <ryg < Rmm.

Remark 3.13
From Remark 2.8 we know that in the Hill’s coordinates x g, yu, Do, pyr (defined
by (2.27)), close to the point LY = (371/2,0,0,371/%) the vector field f3Boay of

the PRC3BP is analytic with respect to xx,yH, Pz, pyn and p!/3 and that for
u =0 we have

fé)Body = inll' (396)

This means that from the Remark 3.4 we know that the radius of convergence
Ry will also be valid for small parameters p > 0.

3.4.2 Twist in the PRC3BP for small u

Let us now apply the above result to show that we also have a twist around Lo
in the PRC3BP. The result follows from the fact that for sufficiently small p the
Hill’s problem is an approximation of the PRC3BP.

Let us start with a lemma concerning the relation between the twist coefficient
ak , of the PRC3BP with a small mass p with the twist coefficient a%” of the
Hill’s problem.

Lemma 3.14

Let
ab(0,7%) = o + a;?rz +0(r") (3.97)

be the expansion from Theorem 3.2 at the libration point L% of the PRC3BP, then

limy 23k, = alffi). (3.98)

Proof

By Remark 2.8 we know that in the Hill’s coordinates x s, yrr, pzrr,pym the vector
field fgLBOdy of the PRC3BP is is analytic with respect to xf, yu,Pza,pyr and
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p'/3. What is more we know that the libration point L4 of the PRC3BP tends to
LI as p tends to zero
lim Lg =L, (3.99)

n—0
This means that the derivative D ngody of the vector field of PRC3BP at L} can
be approximated by the derivative D fgj at the point L&

lim HDfSBody(L“) D frn (LY H_o (3.100)

Since the operator @ from our construction brings the derivative of the vector field
to the Jordan form, the operator @gBody for the PRC3BP can be chosen close
(depending analytically on p'/3) to the operator @y of the Hill problem

lim L[| @poay — P = 0. (3.101)

From Remark 2.8, again from the smoothness of coefficients of Taylor expansion
with respect to pu'/3
that the terms up to the third order of the expansion of the vector field f;Body

around the equilibrium point L4 are continuously dependent on u. Since the term

of the vector field fi5 4y 10 the neighborhood of LI, we know

az2 from our construction depends only on the operator ¢ and the terms of the
order three or less of the expansion of the Vector field, we know that in the Hill’s
coordinates z g, yu, o, pyn the coefficient al A constructed for he PRC3BP will
tend to the coefficient aHf“ of the Hill’s problem

limy aby’ = abil (3.102)

)

Going back through the scaling (2.27) from the Hill’s coordinates zx, yu, Do, Py

to our original coordinates z,y, p, p, we will have r = p!/3ry and
b (rg) = ab(r). (3.103)
Let us note that in the Hill’s coordinates we have
00,iry) = of + ag’;[zr%{ +O(ry). (3.104)

On the other hand using our original coordinates we can write
ah(0,ir?) = of + ab yir® + O(r?). (3.105)

We can compute

w2
Qg oT —QQ,Q(N

YV3rp)? = p?3aly o (r)? (3.106)

and therefore if we rewrite (3.105) using the Hill’s coordinates ry and compare
with the series (3.104) then we shall obtain the following equality

©23ah , = aby'. (3.107)

The above together with (3.102) gives us our result. O
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From the above Lemma and the fact that by Remark 3.4 we know that the
radius of convergence of the series form Lapunov-Moser Theorem 3.2 is uniform
for small p, we can conclude that for sufficiently small p we will have the twist
property at L% in the PRC3BP.

Theorem 3.15

For any R < Ry (where Ry is given by Lemma 3.12) there exists a u(R) > 0,
such that for all 0 < p < p(R) the time 27 shift along the trajectory P, of the
PRC3BP, in the Hill’s coordinates, on the set of Lapunov orbits Bg = {(rx,0)|0 <
ry < Bgr} around L}

P, : Br — Bg, (3.108)
is a twist map; i.e.
PM(THve) = (TH79+fp,(TH)) (3109)
dfiu(TH)#O for 0 <ryg < R.
d?”H

3.5 Numerical verification of the twist condition
in the PRC3BP for some of the values py.

In this section we will illustrate numerically the results obtained in Section 3.4.
By applying the procedure described in Sections 3.3.2 and 3.3.3 numerically for
the libration point L5*, where the value py is the mass for which there exists the
homoclinic orbit qgk form Theorem 2.1, we obtain the following results

k 152 as 2 Mi/gazg
2 0.4253863522E-2 380 9.977
3 0.6752539971E-3 1199 9.230

4 0.2192936884E-3 2469 8.982

10 0.92907436E-5 19571 8.649
11 0.68212830E-5 24001 8.633
12 0.51549632E-5 28883 8.619

21 0.8807195E-6 93141 8.558
22 0.7619792E-6 102538 8.554
23 0.6636634E-6 112388 8.551

50 0.582146E-7 566758 8.513
60 0.336890E-7 815650 8.508
70 0.212152E-7 1109723 8.504

200 0.9096E-9 9044098 8.490
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In the above table the values uy for 2 < k < 12 are taken form the numerical
results in [21]. For larger values of k we have used the asymptotic formula for py

from Theorem 2.1 )

He = N(co)3k3
with the number N(oco) = 5.1604325 obtained by [21]. From the above table we
can see that in the PRC3BP, according to our expectations |a‘2‘12| tends to infinity
and u2/3a’2"2 tends to a3 ~ 8.483 as 11 tends to zero. The fact that we have used
the decreasing series iy, for our example instead of any other decreasing series does
not play an important role. The above property can be observed for an arbitrary
decreasing series of p.

(1+0(1)), (3.110)

3.6 The relation between the radius of the
periodic orbit and its energy

Having described the transition functions ¢ and ¥ (see Section 3.3.1) between the
original coordinates x,y, ps, py of our Hamiltonian system (3.1) and the coordi-
nates &1,&2,1m1,m2 of the Lapunov-Moser Theorem 3.2, we can now turn to the
relation between the radius r of the orbit I,.(¢) with its energy. We know that the
Hamiltonian H (2.1) of the PRC3BP is constant on all solutions and therefore it is
also constant on I,.(t). We can therefore define a function h(r) as the energy level
of these solutions

h(r)=—2H (®W(l,.)) + La) . (3.111)

Lemma 3.16

For sufficiently small r the function
h(r)=—-2H(® (¥(l,)) + Lo), (3.112)
which gives the energy level of the Lapunov orbit [,. is equal to
h(r) = Co + har?® + o(r?), (3.113)

where hy = —D?H (L) (#(0,1,0,4))) and Cs is the energy of the Libration point
Lo. What is more the distance between the periodic orbit

(C):=2W(l,))+ L (3.114)
associated with the energy C' = h(r) < Cs and the libration point L is
dist(I(C), L2) = O(AC), (3.115)
where AC = /C, — C.
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Proof

In the &, 7 coordinates the formula for the periodic orbit [, is given by the Lemma
3.7
1,(t) = (0, re!a20ir*)+io ( jpe—taz(0.ir*)=ig) (3.116)

We will see what the energy level of this orbit is in the z,¥,p.,p, coordinates.
The orbits with the same r and a different ¢ differ only by a time shift and are
essentially the same and so their energies are identical. For simplicity of notations
we will therefore assume that ¢ = 0. The energy (3.111) of an orbit is constant in
time and it is therefore sufficient to compute the energy for the time ¢ =0 i.e.

h(r) =—-2H(® (¥(1-(0))) + La).

Let us first note that the construction of ¥ = (¢2, ¢2,%1,12) in Section 3.3.2
produced power series of the form (3.52)

¢V(§17 €2a m, 772) - Zi:l 6yk£k + h.o.t.

U (61, &,m1.12) = Si_y Sk + heoit. (8:117)
hence
U(1,(0)) = (92, $2, 91, ¥2) (1 (0)) = (0,7,0,ir) + O(r?). (3.118)
The transformation @ (see Section 3.3.3) is linear and therefore
@ (¥(1,(0))) = r®(0,1,0,i) + O(r?). (3.119)
We can now compute h(r) as
h(r) = —2H(® (¥(1,(0))) + Lo) (3.120)

= —2H(Lg) — 2DH(L2) (@ (¥(1,(0))))
= D*H(Ly) (2 (#(1;(0)))) + o(® (¥(:(0))))

We know that Ls is an equilibrium point of the vector field JVH and therefore
DH(L) (@ (#(1,(0))) = VH(L2) - #(@(1,(0)) = 0. (3.121)
Thus
h(r) = =2H (L) — 2D*H(Ly) (& (¥ (1,(0)))) + o(® (¥ (1,(0)))*) (3.122)
= Cy —r*D?*H(Ly) (¢(0,1,0,4)) + o(r?).

The claim that h(r) is one to one comes directly from the above equation. Finally
from (3.116), (3.117) and the fact that @ is linear we can compute

dist(1(C), Ly) = dist(® (¥(1,)) ,0)
=0(r) (3.123)
= 0(AC).



3. Dynamics of the flow close to the libration point Lo. 45

The formula (3.113) means in particular that for sufficiently small r > 0 the
function h(r) is one to one. For a given energy ¢ we can denote by I(c¢) the Lapunov
orbit in the x,y, p., py coordinates

A question remains whether h(r) is greater or smaller than Cs. This can be ob-
served using the following argument. For all energy levels C' > C the libration
point Lo is contained in the interior of the forbidden region and therefore there
cannot exist a family of periodic orbits emanating from it (see Figure 2.1). This
means that h(r) must be smaller than Cy which means that family of periodic
orbits I(c) is parameterized by ¢ < Cs. Let C' denote the smallest energy for which
the series from the Theorem 3.2 are convergent i.e.

C = h(R), (3.125)

where R is the radius of the set Br (3.40). We will define a notation B¢ for the
set of all Lapunov orbits with energies between C' and Cs i.e.

Be = {l(0)|C < ¢ < Cq}. (3.126)

We can rewrite the twist property on the set Bo by the following

Lemma 3.17

For sufficiently small x there exists a C'(u) < C% sufficiently close to C%' such that
the time 27 shift along the trajectory P* of the PRC3BP on the set of Lapunov
orbits Be(,) = {l(c)|C(1) < ¢ < C§} is an analytic twist map i.e.

P(c,¢) = (c,¢ + f(c)) (3.127)
and
j—‘z #0 forall c € [C(u),CY]. (3.128)

Proof

The above is a direct consequence of the Lemma 3.8, Theorem 3.15 and Lemma
3.16.

Let us just point out that in the Theorem 3.15 we did not have the twist
property for 7 = 0, but in the (¢, ¢) coordinates we have the twist also for ¢ =
C% = h(0). To explain this let us note that from the proof of Lemma 3.8 the twist
follows from the equation (3.47)

fi27rdifn (a2(0,ir%)) # 0, (3.129)

where
a2(0,ir%) = ag + az2ir® + O(r). (3.130)



46 Arnold diffusion in the planar restricted elliptic three body problem

Clearly (3.129) does not hold for » = 0. In the (¢, ¢) coordinates though, if we let
¢ = h(r) and using (3.113) compute

daz(O,i(dhc_ (c) )(C’S) _ (h%r) dGQ(?l,:T ))) (0) = % £0, (3.131)

then we obtain the twist property at C%'. O



4

The equations for the PRC3BP and
PRE3BP in rotating coordinates.

In the planar restricted elliptic three body problem (PRE3BP) we investigate the
motion of two large masses p and (1 — ) and a third small massless particle whose
motion is restricted to a two dimensional plane. We assume that the third mass
does not influence the motion of the first two masses. This means that the two
large masses rotate around the origin on elliptic Kepler orbits which come from the
solution of the two body problem (hence the name elliptical). The equations for the
PRE3BP describe the movement of the massless particle under the gravitational
pull of the two large masses.

In this chapter we will show that in the rotating frame this motion can be
viewed as a perturbation of the motion of the particle in the PRC3BP i.e. the
Hamiltonian of the elliptic problem can be written as

H(z,y,pz, Py, t) = H(x, Y, pa, y) + €G(2, Y, pary Dy, t) + O(€?) (4.1)

where H is the Hamiltonian of the circular problem (2.1) and e is the eccentricity
of the elliptic Kepler orbit of the two large masses. This is the main result of the
Chapter and is formulated in Lemma 4.3. The form (4.1) will be used throughout
our future discussion. In particular it will be used when proving the persistence
results of the Lapunov orbits in Chapter 6. It will also be used when deriving and
applying the Melnikov method in Chapters 7 and 8.

Let us note that the above is not a new approach. An almost identical form to
(4.1), has been used by Xia [35] for his Arnold diffusion result.

In the PRC3BP (2.1) the equations of motion are time independent. This is
due to the fact that since both of the masses p and (1 — p) rotate around the
origin on circular orbits we can introduce a rotating coordinate system in which
the bodies are motionless [1]. In the elliptical case this will not be possible. When
we introduce the rotating frame, for small eccentricities e the two large masses

47
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will be almost motionless but they will oscillate in a 27 periodic fashion. This
oscillation will be described by the term eG + O(e?) in equation (4.1).

In order to obtain the form (4.1) of the Hamiltonian we will first have to show
how the rotating coordinates can be introduced. We will start the section with
showing how this is done in the circular case and then move on to applying the
procedure to the elliptic case.

4.1 The equations for the PRC3BP in rotating
coordinates.

The equation of motion of a particle with an infinitely small mass in the circular
three body problem is given [1] by the Hamiltonian

2 2
pi+py l—p p
H t) = N S 4.2
(g,p,t) 5 o '’ (4.2)
where
2 _ _ 1\2 i )2
ri = (@1 — peost)” + (g2 — psint)”, (4.3)

r3 = (q1 + (1 — p)cost)® + (ga + (1 — p) sint)?.

In this section we will introduce an appropriate change of coordinates F, so that
in the new coordinates the equation becomes autonomous.

Before we introduce any coordinate changes, let us first note that in the
PRC3BP the large mass (1 — p) rotates around the origin on a circle with a
radius p in the anticlockwise direction. This motion is given by the equation

q1—pu(t) = p(cost,sint). (4.4)
Similarly the motion of the small mass u is given by
qu(t) = —(1 — p) (cost,sint). (4.5)
We can see that the terms r; and 75 in (4.2) can be written as
ri =g — a0, (4.6)
rs =g — q.(®)|.

The idea behind the change of coordinates is to move our coordinate system along
with the rotation of the masses (1 — ) and p. If we do this then the masses (1 —p)
and p instead of rotating in the anticlockwise direction around the origin, will
stand still in the points (u,0) and (—(1 — p),0) respectively. Such a change of
coordinates should allow us to make the terms ry and 7o independent form ¢.

Let us now formally define our coordinate change F. Let

F:Rx R2 — R x R2 : (taqlquaplaPQ) - (taxa:%pmvpy) (47)
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where

T =g cost+ qosint, p; = picost+ pssint, (4.8)
y = —qsint + gz cost, p, = —pysint + pscost.

A straightforward computation gives us the inverse of this transformation
g1 =xcost —ysint, p; =pycost—p,sint, (4.9)
g2 = xsint +ycost, p2 = pgsint+ p,cost.

Before we rewrite our Hamiltonian H in the new coordinates let us note that
the transformation F~! is canonical.

Lemma 4.1

F~!is a canonical transformation. That is, F~! satisfies the following three con-
ditions

(C1) F~1is a diffeomorphism

(C2) F~! preserves time

(C3) There exists a function Kp-1 such that (F~!)*ws = wi where

=12

WK, , =w1 +dKp-1 Adt, (4.10)

wy = dgi Adp1 + dga A dpz and wy = dx A dp, + dy A dpy.

Proof

The first two conditions are evident. The third condition is obtained by direct
computation

(F_l)* wo = (F_l)* (dgr A dp1 + dga A dp2) = w1 + d(yps — l'py) Adt, (4.11)
which gives us

Kp-1 = yp, — xpy. (4.12)

O

Since F~! is canonical, then by Jacobi Theorem 1.4 the vector field X gen-
erated by H can be computed as

Xy =(FHYXy (4.13)

Trot
where H,, is the Hamiltonian of the problem in the rotating coordinates given by
Hyot(t, 2,y paspy) = H 0 F7Ht,2,y, Doy py) + YDo — TPy, (4.14)

and Xpg,_, is the vector field is generated by the Hamiltonian H, .. In the case of
our Hamiltonian (4.2) of the PRC3BP this gives us

(pz cost — py sint)? + (py sint + p, cost)?
2

Hyop = (4.15)

L—p p
— —— — — +Ypa — apy,
1 T2
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where 71 and 73 in the z,y, p;, py coordinates are given by

r? = ((zcost — ysint) — pcost)?

+ ((zsint + ycost) — psint)?, (4.16)
r2 = ((zcost —ysint) + (1 — p) cost)?
+ ((zsint + ycost) + (1 — p)sint)?.

After simplifying the above equations we obtain our time independent Hamiltonian
(2.1)

Y 2
Hyy = P20 2U ) (1.17)
where
z® +y° 1—p p
2(z,y) = + + . 4.18
o= Ve—p?+y2 e+ 1-p)?+y? (415)

4.2 The equations for the PRE3BP in rotating
coordinates.

In this section we will apply the same change of coordinates as above to the
equations of motion in the elliptic problem (PRE3BP). The new coordinates will
rotate with constant velocity in such a way so that after the time T' = 27 the two
bodies p and 1 — p will end up in the same positions from which they have started
at at the time t = 0.

In the PRE3BP we do not assume that the two larger bodies have circular
orbits. We allow them to have elliptic orbits with an eccentricity 0 < e < 1. We
will start this section with deriving the equations of motion of the two larger
bodies. Next we will use the equations in our Hamiltonian which describes the
movement of the third massless body and apply our change of coordinates to
obtain the Hamiltonian of the PRE3BP in rotating coordinates.

4.2.1 The movement of the two larger masses in the
PRE3BP

We have assumed that the two larger bodies have masses u and 1 — p. Since the
third massless body does not influence the movements of the larger bodies, their
motion is given by the following equations of the two body problem [22, Section
1.C.1]

(A=) (q—p —qu)
a4 = 3
lgu — a1yl
M — q1—p)
”qu - q1—;t||3

(4.19)

qQ—p =
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By the fact that the momentum of the system has to be constant we know that

the center of mass
I S DL

p(l = p)
moves with a constant speed on a straight line [2, Section 2.10.5]. Since in the
PRC3BP we have assumed that the center of mass is at the origin here we will
also make the same assumption which means that we set ¢y = 0.

If we define a vector ¢ as the difference between ¢, and ¢,

(4.20)

qo

q9=4qu — Q1—p; (421)

then we can see that using (4.19) we can write the following equation for ¢

d = Cju - dl*p,
=) a—p —an) g — @—p)
- 3 3
lgn — q1—pll lgn — q1-pll
1 —
_U-wa (4.22)
llal lqll
___1
= 5.
llal
The equation
j=——L. (4.23)
[lall

is an equation of the Kepler problem and it’s solution in polar coordinates ¢ =
(r,%) is given by [22, Section IV.C.7]

C2

rt) = 1+ ecost(t)’ (4.24)
where "
c
= @7 (4.25)

and c¢ is a constant (¢ is the angular momentum of the Kepler problem). It turns out
that using the above solution we can find the equations for ¢, and ¢;—,. In order
to do this let us use the polar coordinates q, = (r., ¥u), ¢1—p = (r1—p, P1-p). We
have assumed that the center of mass is at the origin which means that

% = ¢
1/)17;1 =1 (426)
pry, + (L —p)ri—, =0.
Using this fact we can find the equations for r, and r1_,
riop = T = i) = pr (4.27)

1
Ty = *;(1 —p)rip = —(1—pr.

We would like to set up our elliptic orbits in such a way that their period is equal
to 27. Based on this requirement we must choose an appropriate value of c. In



52 Arnold diffusion in the planar restricted elliptic three body problem

order to do this let us first note that the area of the ellipse given by (4.24) is equal

to
o 27 2 2
1, 1 c
/0 I /0 2<1+ecosq/1) v

7TC4

T - )

On the other hand if we require that the period of our elliptic orbit is 27 then
using (4.25) we can compute this area as

2m 1 . 2m 1
/ —r(t)?)(t)dt = / —cdt = e (4.29)
which compared to (4.28) gives us the value of ¢

c=+v1-—e2 (4.30)

For such a choice of ¢ the period of the Kepler orbit of ¢ will be equal to 27 which
by (4.26) and (4.27) implies that the period of the orbits ¢, and g1, is also 2.
We have therefore shown that the movement of the two larger bodies is given by

qu(t) = —(1 — p)(z12(t), y12(t)) (4.31)
q1—p(t) = p(r12(t), y12(1)),

where
x12(t) = r(t) cos () (4.32)
y12(t) = r(t) sin(t),
and
1—e?
r(t) = 1+ ecos(t)

d V1—e?
%1#(73) = T‘Z(t) .

(4.33)

From the fact that the Kepler orbit is 27 periodic we have that the angle 1 (¢) — ¢
is 27 periodic. This means that in particular

Y(2km) —2kn =0 for k € Z. (4.34)

Using (4.31) we obtain the Hamiltonian of the PRE3BP

2 2
1 _
H(ql7q27plap2) = b +p2 + H (435)
2 Vi — pr12)? + (g2 — py2)?
n p

Vg + (1= p)zi2)2+ (g2 + (1 — pyiz)?
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Lemma 4.2

For small eccentricity e the motion x12(t) and y12(t) can be expressed as

212(t) = (1 — ecosth) cos ) + O(e?) (4.36)
y12(t) = (1 — ecostp) siny + O(e?) (4.37)
Y(t) =t + 2esint + O(e?) (4.38)
Proof
Let us define
o(t) =t + 2esint. (4.39)
The first step in proving the Lemma is to show that ¢ can be rewritten as
B(t) = 6(t) + O(e?). (4.40)

From (4.33) and (4.34) we know that
1+ 2ecost(t) + e? cos? (t)

v = e (4.41)
Y(2kn) —2kn =0 for k € Z,
what is more form (4.39) it is evident that
$(2kr) — 2kr =0 for k € Z. (4.42)

Since both ¢(t) — ¢ and ¢ (t) — ¢ are 27 periodic it is sufficient to prove (4.38) for
t € [0,27]. Let us note that since

(1—e3)732 =140(?) (4.43)

from (4.41) we have
Y (t) =14 2ecosy(t) + O(e?). (4.44)

We can use the above to compute

16(8) — (1)) = / (@(s) — ' (s))ds

/t (1 + 2ecos s — (1 + 2ecos(t) + 0(62))) ds
0

¢
< 26/ |cos s — cos1p(s)| ds 4 tO(e?)
< 2@/ Is — (s)| ds + 1O(?) (4.45)
_26/ |s + 2esins — 2esins — (s)| ds + tO(e?)

t
<2e/ lo(s) |ds—|—2€/ |2 sin s| ds + tO(e?)

/ |p(s) — b(s)| ds + te* M
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for some constant M > 0. Using the Gronwall Lemma (Lemma 1.10) with

c(t) = te*?M (4.46)
u(t) =1,
we obtain an estimate
t
lp(t) — ¥(t)] < / e?M exp(t — s)ds (4.47)
0

= e?M (exp(t) — 1)
< e*M (exp (27) — 1),

which proves (4.38). In order to show (4.36) let us compute

212(t) — (1 — ecos(t)) cosp(t) = r(t) cos(t) — (1 — ecos(t)) cos(t)
(1 —e?) cosy(t)
= TTccosvlt) (1 —ecostp(t)) cosy(t)
_ 2 cos® 1 (t) — cosp(t)
N 1+ ecos(t)

= 0(e?).

(4.48)

The proof of (4.37) is analogous. O

4.2.2 The Hamiltonian of the PRE3BP in rotating
coordinates

For the circular problem (e = 0) from the previous section we know that after
changing the coordinates into a rotating coordinate system, the equations become
autonomous. Since we would like to treat the elliptic problem as a perturbation of
the circular problem, we are now going to rewrite (4.35) in the rotating coordinate
system. This requires the change of coordinates F', where F is given by (4.7). Such
a change of coordinates will result in the Hamiltonian (4.35) taking the desired
form (4.1). This is given by the following Lemma.

Lemma 4.3

For any M,§ > 0 for all z,y such that |z|,|y| < M, |(z,y) — (1,0)] > § and
|(z,y) —(u—1,0)| > d the Hamiltonian of the PRE3BP in the rotating coordinates

takes form
H® = H +eG + O(e?) (4.49)

where H is the Hamiltonian of the circular problem given by (4.17) and

Ly "
) flx,y, pmt) + L

G =G(z,y) = (z,y,n—1,t). (4.50)
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where
= (z—p)?’+y
3= (e +1-p)®+y°
f(z,y,a,t) = —ya[3sint — sin® ] + zafcost + cos® t] — a? cos(t). (4.51)

What is more for the above mentioned values of x and y the vector field generated
by the Hamiltonian H® of the PRE3BP takes form

fé=f+eg+0(?) (4.52)
where
f=JVH (4.53)
g=JVG.
Proof

From the Lemma 4.1 we know that the transformation F' is canonical and therefore
by the Jacobi Theorem 1.4 the the vector field Xy generated by the Hamiltonian
H (4.35), satisfies the equation

Xy = (F )" Xye, (4.54)
where
HE(t, 2,9, paspy) = H o F7H(t,2,Y, Do, Dy) + Yo — Tpy- (4.55)
This gives us
He = HoF 4+ Kp (4.56)
_Pi+ps 1—p
2 \/(fh — px12)? + (g2 — py12)?
n
- + Ypz — TPy.

Vg + (1= w)z12)? + (g2 + (1 — p)y12)?

Let us first compute the term (g1 — p12)? 4 (g2 — py12)?. From the formulas (4.36)
and (4.37) for z12 and y12 and from (4.9) we can compute

(@1 — pz12)” + (@2 — pyn2)? = p® + 2° +y°
— 2zucost cos ) + sin t sin )
+ 2yp[sint cos ) — cost sin ] (4.57)
+ 2epuy[cos 1 cos t sin g — 2 cos? 9 sin t]
+ 2epz[cos 1 sint sin v + 2 cos? 1 cos ]
— e2u? cos Y + x0(e?) + yO(e?) + O(e?),
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where all three terms O(e?) are independent from x and y. We can approximate
siny and cos® by using the formula (4.38) and expanding into the Taylor series
around ¢. This gives us

sine = sin(t + 2esint + O(e?)) (4.58)
=sin(t) + cost (2esint + O(e?)) + O(e?)
= sin(t) 4 2esint cost + O(e?),

and similarly

cos ) = cos(t + 2esint + O(e?)) (4.59)
= cost —sint (2esint + O(e?)) + O(e?)
= cost — 2esin®t + O(e?).

We can use the above to compute the terms from (4.57)

costcostp +sintsiny = 1 + O(e?) (4.60)
sintcos — costsiny = —2esint 4+ O(e?)
cos ) costsiney — 2cos? sint = — cos? tsint + O(e)

cossintsin ) + 2 cos®1p cost = cost + cos® t + O(e).
By substituting the above into the equation (4.57) we obtain

(@1 — pz12)? + (02 — pyi2)? = (@ — p)* + 9
— 2eyp[2sint + cos® t sin t]
+ 2expfcost 4 cos® t]
— e2u? cos(t) (4.61)
+ 20(e?) + yO(e?) + O(e?)
= (z =)’ +y° +ef(@,y, p,t)
+ 20(e?) + yO(e?) + O(e?)

where f(x,vy, i, t) is given by (4.51) and all the terms O(e?) are independent from
x and y. Analogically we can compute the term (g1 +(1—p)x12)?+ (g2 +(1— 1) y12)?
from (4.56) as

(1 + (1 —pr12)? + (@2 + A= py2)’ = (@ +1—p)? + 9> +ef(z,y,n—1,1)
+20(e?) +y0(e?) + O(e?).  (4.62)

We have almost computed (4.56). What is left now, is to change the coordinates
in the first term of (4.56), which simply gives us

p? + p3 _ (pzcost —p, sint)? + (p, sint + py cost)? B P2 +p§

. . . (4.63)
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After substituting all of the terms into (4.56) we obtain the Hamiltonian in the
rotating coordinate system

H°=HoF + Kp (4.64)
(et y)?rpy—2)? 2ty
N 2 2
V@ —p)? + 92 +ef(z,y,p,t) + 20(e2) + yO(e?) + O(e?)
I

; \/(x+ 1—p2+y?2+ef(r,y,n—1,t) +20(e?) + yO(e?) +O(€2)'

where all O(e?) are independent of z, y, p,;, p,. By expanding the above into series
around r§ and 73, since we have assumed that |z|, |y| < M, |(x,y) — (1,0)] > §
and |(z,y) — (u — 1,0)| > 0, we obtain both (4.49) and (4.52). O

From the above proof we can obtain the following technical Remark. This
Remark will become important later on in Chapter 6 where we will require that
the problems PRC3BP and PRE3BP are ”close” to one another.

Remark 4.4

If we fix a certain [ > 0 then from the equation (4.64) by computing partial
derivatives we can see that for |z|, |y| < M, |(z,y) — (1,0)| > ¢ and |(z,y) — (1 —
1,0)| > § we will have

IIVH o0 < Mi(eo, ) (465)

for some bound Mj(eg,1) > 0 and all e < ey, where the norm ||-||; is defined as

k1+kot+ks+ka
s = A1 e S bbbt S0 (469
What is more, by expanding the partial derivatives % of (4.64)
around 7?2 and 73 we will have
1
- (JVH® — JVH®)| < Ms(eo,!) (4.67)
Cl

for all e < ep and all z,y such that |z, |y| < M, |(z,y) — (1,0)| > § and |(z,y) —
(1 —1,0)| > 4, for some bound Ms(eq,!) > 0.

Let us finish this chapter with a remark how the above results fit in with our
framework described in Chapter 2.

Remark 4.5

In our future discussions we are going to be concerned with the behavior of the
homoclinic orbit ¢%(¢) (See Figure 2.3) under a perturbation e # 0. The orbit
belongs to the bounded set Ry(p, C') (See Figure 2.1) and is separated from both
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masses. This means that in the neighborhood of this orbit we shall have |z|, |y| <
M, |(z,y) — (1,0)] > § and |(x,y) — (u — 1,0)] > & which means that we can
use our formulas (4.49), (4.52) from Lemma 4.3 and the bounds (4.65) and (4.67)
obtained in Remark 4.4.
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Arnold diffusion and the intuition behind
the method.

In this chapter we will give a brief overview of the method which will be used
to prove the occurrence of Arnold diffusion in the PRE3BP. Since the overall
procedure involves a number of intertangled notations which on their own could
be hard to follow, this chapter is devoted to presenting a geometrical intuition
behind the method. We will try to illustrate the procedure with pictures on which
all the relevant notations would appear. This representation is difficult since in
our model we are working in a four, and sometimes even five dimensional space
(when counting time), and are restricted to two dimensional drawings. To overcome
this problem we will sometimes illustrate the same concept making drawings from
different angles and using different coordinates.

Let us note that some of the notations and methods which will appear might
not be rigorously defined or explained. The aim of the chapter is to draw an overall
picture and not to present a detailed argument. The procedure which is sketched
in this chapter will be rigorously described in the Chapters 6 and 7.

We will start with drawing pictures and representing the dynamics of PRC3BP
which have already been described in Chapters 2 and 3. Later on in the chapter we
will show which of the results survive if we view the PRE3BP as a perturbation of
the PRC3BP. Our main problem will be associated with the fact that contrary to
the PRC3BP, the elliptic problem does not come from an autonomous Hamiltonian
system and therefore we will no longer have the invariant foliation connected with
the energy level. We will discuss how this problem can be solved using an Melnikov
type argument. We will finish off the chapter with a short description of the Arnold
diffusion which will emerge from our discussion.

59
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5.1 The dynamics in the circular problem.

The behavior of the invariant manifolds close to the libration point Lo has been
described in Chapter 3. Let us draw a few pictures of this behavior which will help
us in future visualization of the dynamics of PRC3BP. At the libration point Lo
we have the four coordinates 1,71 € R, r € Rt and 6 € T! = (0,27]. The &,m
coordinates are the hyperbolic directions of the flow and the r,6 coordinates are the
twist coordinates responsible for the existence of the Lapunov orbits. At Lo we can
visualize the flow as the product of two planes, one in the &1, 7; and the other in r,0
coordinates (see Figure 5.1). For £ = 11 = 0 each circle of the radius r represents
a Lapunov orbit /. with an energy level ¢ = h(r) (when convenient we will denote
the orbit by I(c) ). Each Lapunov orbit is a one dimensional hyperbolic invariant
torus and can be graphically represented by a circle in a three dimensional space
(see Figure 5.2). These kinds of invariant sets are often referred to in literature as
whiskered tori. The unstable manifold W*(I(c)) and the stable manifold W?*(I(c))
are both two dimensional. We can draw these manifolds as it is done in Figure 5.2,
but also we can look at them as two dimensional tubes starting from I(c) as was
done in Figure 2.3.

Another convenient way for drawing the invariant tori is to draw the coordi-
nates r and 6 in an orthogonal frame ¢, 8 where ¢ = h(r) (see Figure 5.3). Using
this representation it easy to add a third coordinate. For example, when adding
the coordinate &; or 7; we get a picture from Figure 5.4 a) and b), and when the
third axis represents both of the two coordinates then the layers on the c¢ level
represent the foliation M (u, ¢), Figure 5.4 ¢). From the Figure 5.4 ¢) we can see
that in particular there cannot exist a heteroclinic orbit from I(¢;) to I(c2) when
c1 # co. The aim of this chapter is to illustrate that this could be possible for a
perturbation of the PRC3BP. We will come to this later on in Section 5.3.

In Section 2.3 in the Definition 2.4 we have introduced the orbit ¢¢ homoclinic
to the Libration point Ls. Let us show how this orbit can be drawn in our setting.
The orbit ¢¥ is contained in both the stable and the unstable manifold of the
orbit I(c). We can illustrate this on two pictures given in Figure 5.5. From these
pictures it is quite evident that this intersection cannot be transversal. To get a
better picture of this intersection in the full four dimensional space it might be
a good idea to take a look at both Figure 2.3 and Figure 5.5 at the same time.
Even though the Figure 2.3 seems to capture more detail, the interpretation of
Figure 5.5 will help us to understand the dynamics when we will no longer have
the invariant foliation M (u, c).

5.2 The dynamics in the elliptic problem.

The set of the Lapunov orbits Be = {i(c)|C < ¢ < (3} is normally hyperbolic
(for details on normal hyperbolicity please refer to Chapter 6). This fact is clearly
illustrated by Figure 5.4. From normal hyperbolicity theory we know that a nor-
mally hyperbolic set persists under small perturbations. This means that if we
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Figure 5.1 The flow in the neighborhood of L.

I(c) W (l(c)

w(l(c))

Figure 5.2 An invariant whiskered torus [(c)

I(c)

2

Figure 5.3 Lapunov orbits in the ¢, § coordinates.

4 Q ¢
R LB L Mo
> ! »2 le)
ey W)
2/ - a) 2/ - b) 2’/ )

Figure 5.4 The Lapunov orbits {(c) in a three dimensional representation
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w*(l(c)) W (l(c))

q. - »

I(c) I(c) P!
2 2

Y Y

Figure 5.5 The homoclinic orbit ¢0 and one of the two intersection points of the
manifolds W*(I(c)) and W#(I(c)).

Figure 5.6 The the set of the Lapunov orbits Be a), Persistence of Bo b),
Persistence of the Lapunov orbits I(c) c).

regard the planar restricted elliptic three body problem as a perturbation of the
circular problem, then the set will persist for sufficiently small eccentricities e. The
persistence should be understood in the following sense. The elliptic three body
problem is given by a time 27 periodic differential equation given by the Hamil-
tonian H¢ given by the formula (4.49). Since the equation is 27 periodic, we cen
define a time 27 Poincaré map

Pteo : Et(] - Eto+27ra

where Xy = {(z,y,,y,t)|t = to}. The set of Lapunov orbits B¢ is an invariant set
for the map Pt% of the circular problem for any ¢y. This invariant set is perturbed
to a nearby invariant set B¢, for the map Pg (see Figure 5.6 a) and b)). From
Section 3.3 we know that the map Pt% is a twist map on the set B¢. By Kolmogorov,
Arnold, Moser (KAM) Theorem most of the invariant rings {(¢) survive under the
perturbation and are perturbed to nearby invariant sets I (c) for the map Py (see
Figure 5.6 ¢)). This will be rigorously discussed and proved in Chapter 6, Sections
6.1 and 6.2.

Our main focus will be on the dynamics associated with the quasi periodic
orbits I (c). Based on the results of Simo we know how the intersections of the
invariant manifolds W*(I(c)) and W*#(I(c)) behave in the circular three body prob-
lem (see Figures 2.3 and 2.4). Let W*"(I (c), Pf,) and W*(I (c), Py,) denote re-
spectively the unstable manifold and the stable manifold of the quasi periodic
orbit If (c) with respect to the map Py . After perturbing the circular three body
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a) Y

ik

Figure 5.7 The intersection of W*(i(c)) N X,—oy and W*(I(c)) N X¢,—o) a). The
W (lg (c), P ) N Xgy—oy and W2(I§ (c), Pf) N Xyy—oy in the 2,y, & coordinates b).

Prn c

) .
Pl / x

zo c

7a p! T
M( ,C) pzur
—] ‘
Py
. © ;
X X

Figure 5.8 The intersection of W*(I(c)) and W*(I(c)) in the z,y, ¢ coordinates
a). The W*(i§ (c), Pf) N Xyy—oy and W*(Ig (c), PE) N Xgy—oy in the 2,y,9 coor-
dinates b).

problem into an elliptical one with sufficiently small e > 0 the projection of
WH(lg (c), Pf) N Xiy—oy and W*(Ig (c), Pf) N Y{y—oy should produce the same
qualitative picture as for the circular case (see Figure 5.7). In the case of the
circular problem the intersection in the x,y, % coordinates guaranteed the inter-
section in the full four dimensional space, but for the elliptic problem we do not
have the invariant foliation M (u, ¢), which means that it is possible that the inter-
section in the z,y, & coordinates does not imply an actual intersection (see Figure
5.8). This is a serious problem which we will have to overcome in the future. On
the other hand the fact that for the elliptic problem we are not restricted by the
foliation will allow the existence of heteroclinic orbits between If (c1) and If (c2)
for ¢y # co, which would not be possible in the circular case. The intersection of
W (lg, (), P ) N Egy—oy and We(Ig (c), Pf, ) N Xy—oy in the z,y, & coordinates will
in general not guarantee an intersection but produce a pair of points

pfo c = (xto 0, xto e yto ‘)
and

Pfg c = (xto 0, xto o yto %)
(see Figure 5.8). If we will be able to show that pf ", = pf?°. then we will have an
intersection of the manifolds W*(If (c), Py,) and W*(Ig (c), Pf,).

To get a slightly different perspective let us illustrate the situation presented in

Figure 5.8 using the ¢ and 6 coordinates. This is done in Figure 5.9 . Using this fig-
ure we can graphically represent two orbits g5, and ¢¢,, which start from the points
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Wi (i (o). F)

W (I, (c). B)

0
9 es \ p
tyc
Figure 5.9 The orbits ¢g, and gg, starting from the points pf,. and p;’..
C“ eu C“ es
P m@.R) Pee  W@LE)
@) M) || <> d(ty) M) | | > > ,
os Wil (), F,) Y W (I (), F,)
p/‘c ‘ ‘ he )

Figure 5.10 Change of the sign of the Melnikov function M (t1) < 0 = M(tg) <
M (ts).

(OF N (OF S

Pt W o) 2
- » h € h PN Wu(le(c)apﬁ)
dt) M@)| d(t) M) | S
W (I¢(c), P%) L (o), B

pxlz ! ! p,zc
X

i X

Figure 5.11 Change of the sign of the Melnikov function M (¢1) < 0 = M(tg) <
M (t2) in the z, &, C coordinates.

pi. and pg . respectively, at the time ¢ = to. These orbits will be important in the

later discussion in Section 7.3. The two orbits ¢¢, and ¢¢, can be approximated by
the homoclinic orbit ¢°. What is more, it will turn out that the signed distance
() and eu
t(J C pt() C
integral M (ty) along the homoclinic orbit ¢°. For sufficiently small p and ¢ suffi-
ciently close to Cy, the integral M (to) will depend only on the choice of the section
X, If the sign of the Melnikov function M (to) will change for a given ¢ then this
will mean that for this ¢y we will have an intersection of the invariant manifolds
W (lg, (c), Pg,) and W#(Ig (c), Pf) at some point (xf, .,0,2f ., ¥t .) (see Figures

5.10 and 5.11, and also Figures 5.9 and 5.8 for comparison).

between the points p can be computed by an appropriate Melnikov
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Figure 5.12 The dynamics of the circular problem which is restricted to each
energy level a) compared with Arnold diffusion b)

5.3 Arnold diffusion

In the above section we have outlined a method which will be used to prove that
the stable and the unstable manifolds W*(I§ (c), Pf,) and W*"(I¢ (c), Py, ) intersect
each other. If the intersection of the manifolds is transversal then this leads to
complicated dynamics which is often referred to in literature as Arnold diffusion.

The fact that W*(I§ (c), Pf,) and W*(I (c), Pf,) intersect each other transver-
sally causes the stable and unstable manifolds of the surviving perturbations of
neighboring Lapunov orbits to do the same [31]. To be more precise, if an energy ¢y
is sufficiently close to ¢ and if the Lapunov orbit (¢ ) survives under perturbation
and is perturbed to a nearby quasi periodic orbit [§ (c1), then W*(If (c1), Pf)
and W*"(I¢ (1), Pf) intersect transversally. As if that was not enough it also
turns out that for such ¢; sufficiently close to ¢ we will also have intersections

of W(I§ (c1), Pf) with W#(I§ (c), Pf) and W*(I§ (c1), Pf,) with W*(Ig (c), Py, )

» S to
[31]. The above argument can be repeated for ¢y sufficiently close to ¢; which
by induction leads to a series of If (c1),...,lf (cn) invariant tori interconnected

with each other by stable and unstable manifolds. Such series are called transi-
tion chains. From the above argument for each energy level ¢; we have chaotic
dynamics coming from the fact that W*(If (¢;), Py ) and W (I{ (¢;), Py, ) intersect
transversally. Together with the dynamics coming from each energy level ¢;, we
have a transition from the level ¢; to an nearby level ¢ for k = 1,...,n (see Figure
5.12). The above described dynamics is called Arnold diffusion for the Transition
chain [§ (c1),...,1f (ca). This setting guarantees rich symbolic dynamics of the
system. Such method of obtaining the symbolic dynamics from transition tori has
been investigated by Marsden and Holmes in [15].
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Normal hyperbolicity, KAM Theorem and
the persistence of Lapunov orbits

In this chapter we introduce the concept of a normally hyperbolic manifold and
apply the normally hyperbolic manifold theory to show that the set of Lapunov
orbits persists under perturbation. We also introduce the Kolmogorov-Arnold-
Moser (KAM) theorem and apply the theorem to show that on the perturbed set
of Lapunov orbits most of the orbits persist under perturbation and are perturbed
into quasi periodic orbits of the time 27 Poincaré map of the PRE3BP. This is the
main result of this chapter and will be formulated in the Theorem 6.16.

The procedure which we apply in this chapter is a mirror of the one used in
[9]. Hence most of the definitions, theorems and the method of the proof which
is used are taken form [9] where an identical result is shown but in the case of a
geodesic flow of T2. The one difference is that we will use a different version of
the KAM theorem than the one used in [9]. The results of [9] were obtained using
the Herman’s version of KAM theorem [12], whereas we will use a result of Broer
[7]. The latter is more convenient for us because the formulation of the theorem
puts more emphasis on the smooth dependence on the initial conditions on and
on the perturbation parameter. This smooth dependence will play an important
role for the Melnikov method of Chapter 7. Similar arguments based on normal
hyperbolicity and KAM Theorem have been used in [15], [9], [23], [35] and [36]
to obtain similar results in different settings. The only truly sensitive point is
making sure that all the appropriate bounds and continuity conditions are met
when applying the procedure to our particular case.

67
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6.1 Normal hyperbolicity and the persistence of
the set of Lapunov orbits

In this section we will present a number of results concerning the regularity, persis-

tence, and smooth dependence on the initial conditions of normally hyperbolic in-

variant manifolds. We will also apply these results to show that the set of Lapunov

orbits is invariant under the perturbation from the PRC3BP to the PRE3BP.
Let us start with a definition of a normally hyperbolic manifold.

Definition 6.1 ([9, Al])

Let M be a manifold in R"™ and &; a C", r > 1 flow on it. We say that a manifold
A C M invariant under @; is a-0 normally hyperbolic when there is a bundle

decomposition
TM =TA® E° ¢ E", (6.1)

invariant under the flow, and numbers C' > 0, 0 < 3 < «, such that for x € A
v € ES & |D®(z)v| < Ce *|v| Vt>0
v € EY & |D®y(z)v| < Ce®|v| V<0 6.3)
v € TpA & |DPy(2)v| < CePltl|u| Vit (6.4)

—~
=]
[\
~

We will now show that the set of Lapunov orbits around Ls is normally hyper-
bolic.

Lemma 6.2

For a sufficiently small mass p and for C' < C} sufficiently close to C¥', the set
Be = {l(¢)|C < ¢ < C4} combined of the Lapunov orbits of the PRC3BP (see
Section 3.6 for more details on the set B¢) is - normally hyperbolic for the flow
generated by (3.14), where « > 0 is close to the real eigenvalue a; at the Libration
point L4 and 3 > 0 can be chosen arbitrarily close to zero.

Proof

Let M C C* be the set given by the real solutions in the &, 7 coordinates (for
the definition of these coordinates see Section 3.2 and Theorem 3.2 in particular).
From Lemmas 3.3 and 3.7 we know that this set is a subset of the following set

M C{(&1,&,m,m) |61, m € R, & = ig = re’®,r e RT, ¢ € [0,2m)}. (6.5

We will look at the set in the (£1,m1,7,¢) coordinates where £;,7; are the coor-
dinates of the hyperbolic expansion and the r, ¢ are the coordinates of the twist
rotation around the libration point. In these coordinates we have

M C {(§1a77177'7 ¢)‘51>771 S R7T S R+7¢ S [0727T)} (66)
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The set B¢ of the Lapunov orbits, in these coordinates is given by
Be ={(0,0,7,9)|C < h(r) < Cy, ¢ € [0,2m)}, (6.7)

(See (3.111) for the definition of A(r)). From (3.39) we know that the flow on B¢
is given by

¢t (07 Oa T, (b) = (07 07 T, I:(b + t‘ag (0’ ir2) H mOdQﬂ—)' (68)
From the above we can see that if we define
E" = {(&,0,0,0)[¢, € R}, (6.9)
E® = {(Oa Ui 07 0)|771 S R}v
TBc = {(0,0,r,¢)|C < h(r) < Cy, ¢ € [0,2m)},
then we will have
TM =FE"® E°®TBc. (6.10)

For x = (0,0, 79, ¢0) € Bc, since the direction &; and 7, is related to the hyperbolic
expansion and contraction with eigenvalues oy and —«y at o = (0,0,0,0), there
exists a a > 0 close to a1, ¢ > 1 and sufficiently small R > 0 such that for all =
with ro < R we have
|D®;(z)v| < ce® |v| forve E* and t <0 (6.11)
|D®(x)v] < ce”* |v] for v € E* and t > 0.

For v = (0,0, v,,v4) € TBc we have

1 0\ / v,
|MMM_K”W@W1>(%M 6.12)

v,
Olas|
T

vy +1-5

(07 TO)UT

For sufficiently small R > 0, for which as is convergent, for all x with ro < R by
choosing the coefficient ¢ suitably large we will have

| D&, (2)v| < ce®M|v| for v e T, Be, (6.13)

for any given § > 0. To make sure that for all our  in B¢ we will have g < R
we can choose the energy C' sufficiently close to C4. This will guarantee that the
distance between x and Ly is sufficiently small and all of the above inequalities
will hold. The last thing that we have to check is whether we have 0 < 8 < a.
This will hold if at the beginning of the proof we will choose a sufficiently small .
By Remark 2.8 point 1, a sufficiently small p will guarantee that a will be close
to the real eigenvalue o’ = \/1 4 2v/7 =~ 2.508 3 of the Hill’s problem at L%,
Since for § we can choose any number greater than zero, this gives us 0 < 8 < «
for sufficiently small . O

We know that the set of Lapunov orbits of PRC3BP is normally hyperbolic.
Let us now present a result about the existence of invariant stable and unstable
manifolds for normally hyperbolic manifolds.
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Theorem 6.3 ([9, A7])

Let A be a compact o~ normally hyperbolic manifold (possibly with a boundary)
for the C" flow &, satisfying the Definition 6.1. Then there exists a sufficiently
small neighborhood U of A and a sufficiently small § > 0 such that

1. The manifold A is C™(""1=9) where 7, = a/f.
2. For any z in A, the set
W2 = {y e U : dist(P,(y), Dy(z)) < Cel=+I for t > 0} (6.14)
= {y € U : dist(Py(y), P (x)) < Cel=F= for t > 0}
is a C" manifold and T, W} = E?.
3. The bundles E2 are C™»("m0=%) in 2 where 1o = (o — 8)/3, and
W5 = {y € U : dist(P(y), A) < Cel=2F for ¢ > 0} (6.15)
= {y e U : dist(D4(y), A) < Ce=P=9 for t > 0}
is a C™n(rr0=9) manifold. Moreover T, W4 = E$. Finally

wi=Jw;s. (6.16)
z€A

Moreover, we can find a p > 0 sufficiently small and a C™"("70=9) diffeomor-
phism from the bundle of balls of radius p in E% to W3 NU.

Remark 6.4

An analogous theorem can be stated for W} by considering the flow @_;.

We will treat the elliptic problem as a perturbation of the circular problem. In
our case the normally hyperbolic manifold before the perturbation Bo = {i(c)|C <
¢ < C¥} is compact. It turns out that such normally hyperbolic manifolds persist
under perturbation to become locally invariant.

Definition 6.5 ([33])

Let A C R™ be a compact, connected C" manifold with a boundary in R™. We
say that A is locally invariant under a flow @; if for each p € A there exists a time
interval I, = {t € Rjt; <t < t; where t; < 0 < t3 or t; < 0 < 2} such that
P(p) € Afor all t € I,

The fact that a normally hyperbolic manifold is perturbed into a locally in-
variant normally hyperbolic manifold is given by the following theorem.
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Theorem 6.6 ([9, A.14])

Let A C M (not necessarily compact) be a-8 normally hyperbolic for the flow &,
generated by the vector field X, which is uniformly C” in a neighborhood U of
A such that dist(M \ U, A) > 0. Let ¥ be the flow generated by another vector
field Y which is C" and sufficiently C! close to X. Then we can find a manifold I"
which is /-3 hyperbolic for Y and C™("71=9) close to A, where 11 = a/f3.

The constants o/, 3 are arbitrarily close to a, 3 if Y is sufficiently C" close to
X.

The manifold I is the only C™(""1=9) normally hyperbolic manifold C° close
to A and locally invariant under the flow of Y.

The above Theorem is extended to give us a smooth dependence on the pa-
rameter by the following two remarks.

Remark 6.7 ([9, observation 1. page 390])

Assume that we have a family of flows @, ., generated by vector fields X, which
are jointly C" in all its variables (the base point # and the parameter e). Let A,
be the normally hyperbolic manifold I" from Theorem 6.6 for the flow &, .. Then
there exists a C™(""1=9) mapping F : A x I — M, where r; = o/3 and I C R is
an interval containing zero, such that F'(A4,e) = A. and F(-,0) is the identity.

Remark 6.8 ([9, observation 2. page 390])

For a family of flows @; . with the same assumptions as in Remark 6.7, there exists a
Cmin(rr1=9) () = /3 ) mapping R® : W§ x I — M such that R*(W§,e) = Wi e
Rs('7 e)'/l = F(a 6), RG(W;7 6) = Wlf_'(z,e),e'

An analogous mapping R" also exists for W}.

We will apply the above Theorem 6.6 and Remark 6.7 to obtain a persistence
result for the normally hyperbolic set of Lapunov orbits around the libration point
L. Since in our case the perturbation is not autonomous as is in the Theorem 6.6
we will have to consider the problem in an extended phase space by adding the
extra time variable. Let us introduce the appropriate notations. Let ¢f  : R* — R*
be given by

9f,s(x) = q(s + 1), (6.17)
where ¢(+) is the solution for the PRE3BP (4.35) with an initial condition ¢(s) = x.
We will define our flow on the extended phase space ¢ : R* x R — R* x R as

i (x,8) = (¢f 5 (), 5+ 1). (6.18)

By Lemma 6.2 for e = 0 we have a a-§ normally hyperbolic invariant manifold for
@) of the form

A= B¢ xR, (6.19)
where B is the set of the Lapunov orbits around Lo in the PRC3BP. Now we are
ready to state our perturbation result.
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Lemma 6.9

For sufficiently small p there exists a eg(p) such that for all 0 < e < eg(p) the
normally hyperbolic set A4 = Bc X R of the PRC3BP in the extended phase space
is perturbed to a O(e) close C*° normally hyperbolic manifold

Ae = {(At,57t) |At,e C R47t S R} (620)

which is locally invariant under the flow of PRE3BP given by (4.49). What is more
the manifold A . is 27 periodic in ¢ i.e

Ao = Aigore. (6.21)

Proof

Applying the Theorem 6.6 and Remark 6.7 we obtain a family of normally hy-
perbolic manifolds A, invariant under @§ and a function F' : A x I — M such
that

F(Ae) = A.. (6.22)

By the Remark 6.7 the function F is C™(""1=0) where r, = a/B. Since the
vector field for the PRE3BP in the neighborhood of Ly is C*° the function F' will
be C™ 9. From the proof of Lemma 6.2 we know that for sufficiently small p we
have o = v/1 4 2v/7 and that § > 0 can be chosen to be arbitrarily close to zero.
This means that for sufficiently small j, the function F is C* for any given k > 0.
The invariant manifold A, is given in the extended phase space and is therefore

equal to
Ao = {(Age,t) |Are CRYEER}. (6.23)

In the extended phase space the solutions are unique. What is more the PRE3BP
is 2w periodic in time. This means that the manifolds A; . will also be 27 periodic
in t.

What is now left to show is that the set A, is O(e) close to A. Since Ay,
is 27 periodic it is sufficient to show that {(A¢.,t) [t € [0,27]} is O(e) close to
Be % [0,27]. Let us restrict the interval I from the domain of the function F to
be bounded. This will give us

sup{|DF(x,t,e)| : (z,t,e) € Be x [0,2n] x I} < M (6.24)

for some bound M > 0. We can use the above to obtain our result by the following
estimate

dist(Be x [0, 27], {(Ate, ) |t € [0,27]}) < sup{|F(z,t,e) — F(x,t,0)| : v € Be}
< eM. (6.25)

O

Let us now introduce the following notation.

By, = Atg e (6.26)
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where Ay, . is given by the Lemma 6.9. The set Bg, is the perturbation under
e > 0 of the set of Lapunov orbits

Be ={l(e)|C < e < CH}. (6.27)

We can perform an analogous construction and obtain a smaller set B, C B,
for any ¢ € (C, C2) which will be the perturbation of the set

B. = {i@)e < &< Cf). (6.28)

By Lemma 6.9 we know that Bg, is O(e) close to Bo and that A, = {(Bg,,t)|t €
R} is locally invariant for @¢ the extended flow (6.18) of the PRE3BP. The flow
is generated by the Hamiltonian (4.49)

H® = H + eG + O(e?), (6.29)

where from the Lemma 4.3 we know that G is bounded in the neighborhood of
L. This means that for any = € B¢,

D5 (,t0) = ($5r 1, (2), b0 + 27) = (95 4, () + Ole), to + 2). (6.30)

Therefore if we choose any ¢ € (C, Cs) then for a sufficiently small e the Poincaré
time 27 map from the smaller set Bf, onto the larger set B¢,

Py Bg, — By, (6.31)
sz (z) = ¢§7r,t0 (z),

will be properly defined.

Remark 6.10

Let us note that in the above, in the definition of P¢ in (6.31), we have been
somewhat careful and have restricted the domain of our Poincaré function Py
from the set B¢, to a smaller set Bg, so that we are sure that this function
is properly defined. Later on in the chapter (after applying the KAM Theorem)
we will know that most of the Lapunov orbits will survive the perturbation as
KAM-tori. This will allow us to simplify our setting and assume that we have
Pg : Béy, — Béy, (6.32)

with the C' chosen to be the energy of one of those orbits.

The results of normally hyperbolic theory do not as yet state any results about
the symplectic structure on the perturbed manifolds B¢, which will be needed
for the application of the KAM Theorem in the following section. This will now
be the subject of our discussion.

Let w denote the standard symplectic form in R* i.e.

w = dx Adpy + dy A dpy, (6.33)

where (x,y, pz,py) € R%. Let wf, denote the induced form on Ay . = Bg,, . The
fact that the symplectic structure on the perturbed manifolds is preserved is given
by the following lemma.
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Lemma 6.11 ([9, page 367])

There exist close to identity C°° coordinate maps cf, : A¢, e — Ayy0 = Be which
transport the symplectic forms wf into the standard one. Moreover these maps
can be chosen to be C*° jointly with the parameters.

6.2 KAM Theorem and its application to the set
of Lapunov orbits

In this section we will introduce the Kolmogorov-Arnold-Moser Theorem (KAM)
and apply it for the Poincaré time 27 map (6.31) P¢ of the PRE3BP. We will
show that most of the Lapunov orbits I(¢) on the set Bo are perturbed to one
dimensional invariant tori I (c) for the Poincaré map Pg. What is more we will
show that these invariant tori depend analytically on the parameter e.

Definition 6.12

A real number « is called a Diophantine number of exponent 7 > 2 if there exists
a constant v > 0 such that

(6.34)

forallpe Z, g € N.

For a fixed 7 > 0 and v > 0 with v sufficiently small the set of all diophantine
numbers is a Cantor set [7]. The measure the complement of this set is O(v) as v
decreases to zero [7].

Let us consider a C™ area preserving map P, : [0,1] x T —[0,1] x T of the
form

Pe(e,9) = (¢, + alc)) + O(e), (6.35)

where the map a satisfies the twist condition 22 (c) # 0 for ¢ € [0, 1]. For a given

7 > 0 and v > 0 the Cantor set of Diophantine numbers is pulled back through
the function a to a Cantor set on [0, 1]. We will denote this set as €. For the above
given map P, we have the following theorem.

Theorem 6.13 (The KAM Theorem. [7, Theorem 2])

If the map P. is O(e) close to Py in the C! norm (see (4.66) for the definition of
I-llen) for 1> 6
[P = Pollc: = O(e),

and if we assume that v > 0 is sufficiently small, then for e > 0 sufficiently
small there exists a C'*° transformation of the annulus @, : [0,1] x T —[0,1] x T,
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conjugating the restriction Pyl to a subsystem of P, i.e. the following graph
commutes
P, (€xT) 55 &.(€xT)
T &, T &, . (6.36)

exT B exT

Moreover &, is C* in e.

Remark 6.14

Let us note that in the above Theorem we require that our map P, is defined on
[0,1] x T. This requirement is not necessary and the Theorem also works for area
preserving maps P, : [0,a] x T —[0,1] x T where 0 < a < 1. Such was the case
originally considered by Moser in [24].

From our perspective, what is of interest in the Theorem is the persistence of
periodic orbits close to the Libration equilibrium point Ly and therefore we will
consider it’s small neighborhood [0,a] x T.

We will apply the KAM Theorem to obtain invariant tori on the perturbed set
B¢, of the Lapunov orbits. In order to do this we must first show that the time
271 Poincaré map for the ecliptic problem is area preserving. This is done in the
following lemma.

Lemma 6.15

For sufficiently small u there exists an eg(u) such that for all 0 < e < eg(u) the
time 27 Poincaré map Py for the PRE3BP, restricted to the normally hyperbolic
set Bgy,

Py . B

Cto

— By, (6.37)

where ¢ € (C,C¥) and C is sufficiently close to C¥', is an area preserving map.

Proof

We know that the Poincaré map
P R* - R (6.38)

is generated by a Hamiltonian system. This fact by Theorem 1.5 guarantees that
it has to be a symplectic map for the standard symplectic form

w=dx Ndp; + dy A dp,. (6.39)

In order to show that the map Py restricted to B¢, is area preserving it is
sufficient to show that the form w|pe, ~is not degenerate on the set Bg, . If we
can show this then from the fact that Pf is symplectic we will also know that
Py | Bg,, 18 symplectic and therefore that 1t is area preserving on B¢, . Because
for sufficiently small e the set B¢, is arbitrarily close to Be, in order to show
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that the form w is not degenerate on the set B¢, it is sufficient to show that w is
not degenerate on the set Bo. The set B¢, sufficiently close to the Libration point
L%, in turn can be approximated by the vector space V# given by the eigenvectors
of the complex eigenvalues +ao at L% which are responsible for the rotation on
the set Bo. By Remark 2.8 the space V# can be approximated by the space V
given by the pure complex eigenvalues +al’™ = ++/1 — 21/7 of the Hill’s problem
which means that it is sufficient to check that w is non degenerate on V.

From (3.88) we know that the eigenvectors connected with the purely complex
eigenvalues +alf at LI are

9 9(V7T-3) 2
as (VT —4) as (VT -4)"V7-3
-9 -9(V7-3) 2
Tan (VT —4) ax (VT—4) VT-3

This means that the tangent to Bg“l vector field V is equal to

wy = (1, )& for ad (6.40)

wy = (1 )T for — ol

V = span{w}®, wi™} (6.41)
= span{(v/7 — 3,0,0,2)7,(0,1,v/7 — 3,0)T}

where wy; = wi® 4 wi{™. In order to check whether w is non degenerate on V let
us consider the immersion

7= (m1, T2, T3,T4) : V — R* (6.42)
and compute 7*(w). A point v in V' can be represented by
v=0v1(V7—-3,0,0,2)T +v5(0,1,V7 —3,0)7 (6.43)

where vy, v € R. We can therefore compute 7*(w)(v1, v2) as

7 (w)(v1, v2) = (g—::dvl + %dvg) A (%dvl + g—g’dvg)
+ (%dvl + g—Zdvg) A <%dvl + %d’l)g)
= (\ﬁ —3)dvy A (\ﬁ — 3)dvs + duy A 2dvy
= ((V7=3)? = 2) doy Adoy (6.44)
0,
which means that w is not degenerate on V. O

Now we are ready to state the main result of this chapter.

Theorem 6.16

For a sufficiently small > 0 and for C' < C4' sufficiently close to C% there exists
a0 < eg(p) and a C* function

Fyy : Be x [0,e0(p)] — R (6.45)
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such that

Fi(Bc,e) = Bgy,. (6.46)
What is more for any e € [0, eo(u)] there exists a Cantor set € C [C, C%], such that
for any ¢ € € the Lapunov orbit [(c) is perturbed into If (c) = F,(l(c),e) which
is an O(e) close to [(c) invariant torus for the Poincaré map P, .

Remark 6.17

Intuitively the above Theorem simply states that most of the Lapunov orbits I(c)
survive the perturbation and that the perturbed orbits I (c) depend smoothly on
the parameter e.

Proof (proof of the Theorem 6.16)

In order to avoid a crowd of notations we will skip the index p in what follows.
Let us just keep in mind that the discussion is made for a fixed small p and that
with the change of p all the below objects will change as well.

We know that the set B¢, was defined to be equal to the manifold A, . which
was constructed in the proof of Lemma 6.9. By Lemma 6.11 there exists an exact
symplectic map c% : B¢, — Bc which is close to identity, which transforms
the form on B¢, into a standard one. In Lemma 6.15 we have shown that for
¢ € (C,C3) the map

Py : B

cto - Bgto (647)
is area preserving. We also know that for e = 0 the map Pt% : B, — B¢ is a twist
map. To be more precise, from Lemma 3.17 we know that for sufficiently small

in the (c,0) coordinates we have

P(c,0) = (c,0 + f(c)) (6.48)
df

d—(c);éO for C <e¢ < (O,.
c

We will use the KAM Theorem 6.13 to show that most of the Lapunov orbits
l(c) survive under a sufficiently small perturbation to become invariant tori. In
our case the Poincaré map Py does not yet fit the setting of the Theorem. The
problem is that in our case the domain changes with the parameter e which is not
the case in Theorem 6.13 where the domain is fixed. This can be obtained by using
the functions c% : B¢, — Bc from Lemma 6.11. We can define

P.=coPfo(c)™: B. - Bo (6.49)

€

Let us note that for e = 0 the function c(t)" is simply equal to identity and Py = Pt%
is the time 27 Poincaré map of the PRC3BP. From the fact that Pg is area
preserving and the fact that Pt% is a twist map follow the same properties for
our map P, and Py. What is now left is to show that ||P. — Py||: = O(e). This
follows from the equation (4.67) from the Remark 4.4, where we have a bound on

the vector field JVH® — JVHY given as

|JVH® — JVH?| . < eMa(eg,) (6.50)

les
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for all e < eg. This means that for any [, for the time 27 Poincaré map P¢ — P
generated by this vector field we will have a bound ||P. — Pyl < eM3(eg,1).

Now we will shift from the set B¢ to the radius-angle coordinates [0, 1] x T*.
We know that for e = 0 the point Lo in B¢ is invariant for the map P.—. By the
fact that DP.—o(L2) is the matrix of rotation around Ly, we can apply the implicit
function theorem to obtain a function of stationary points L(e) of the maps P.,
with L(0) = La. We change the coordinates from B to [0,1] x T! so that the
radius is measured around the stationary points L(e). From the fact that we have
|P. — Pyl|ce = O(e) in the coordinates Be and the fact that the maps P, are C!
in both the coordinates z € B¢ and in the parameter e, we will have the same
property

[1Pe = Pollen = O(e), (6.51)

in the [0,1] x T! coordinates. We can therefore apply the KAM Theorem 6.13 to
the map P..

We are now ready to construct our function F},. The function Fy, is determined
by the following diagram

e

B¢ PtO B¢
Cto Cto

Lk Lk
Be % Bo (6.52)
TP TP
B 2 Be

where @, = D+, is the map obtained from the KAM Theorem 6.13. Our function
F}, is defined as

Fiy(,e) = () o deyy (z). (6.53)

O

6.3 Smooth dependence of the invariant manifolds
on the parameter e

In the previous section we have shown that the set of Lapunov orbits B¢ is per-
turbed into a nearby set B¢, . We have also shown that this perturbation can be
expressed by a C* function Fy, : Bo x [0,e(u)] — R* and that for all energies c
from the Cantor set € = €(e) the Lapunov orbits I(c) are perturbed into

Ii,(c) = Fy,(I(c), e), (6.54)
which are invariant tori for the Poincaré map Py, i.e.

P (I (e) = 15, (0 (6.55)

In this section we will show that in a small neighborhood U C R* of the set B¢
the function Fy, can be extended to a function Rj : U x [0,e(p)] — R* which
not only describes the perturbation of the set Bo but also gives us the perturbed
stable manifold W5 _ (Pt%) of the time 27 Poincaré map Pt%. This is given by the
following lemma.
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Lemma 6.18

Let 0 < e(u) and Fy, : Be x [0,e(u)] — Bg;, be the parameter and function given
by the Theorem 6.16. For such e(y) and Fy, there exists a neighborhood U of the
set of Lapunov orbits Be and a C*° function Rf : U x [0, e(p)] — R* such that

Ry, (Wi (PR).€) = Wi, (Pf,) (6.56)
R}, (20l = Fig-10) (6.57)
R (W2(PY).€) = Wi, (0 (PE). (6.58)

Proof

Let us note that the above Lemma is simply a reformulation of the Remark 6.8.
The Remark 6.8 is a statement made for flows and the above Lemma is a mirror
statement for a time 27 Poincaré map. The intuition behind the proof is the
following. We will first apply the Remark 6.8 to the perturbed flow

¢ R* xR — R* x R, (6.59)

on the extended phase space (see equation (6.18) for the definition of ®¢). Since
on the additional time variable the flow &¢ is simply the movement in time (which
is independent from the choice of e), we will obtain our function R and it’s
properties by an intersection of the results obtained through the Remark 6.8 for
(6.59) with a Poincaré section Xy, = {(z,to)|z € R*}.

In the extended phase space we know that the set

A=DBc xR (6.60)

is normally hyperbolic for the flow @9 and that by Lemma 6.9, for small e > 0 it

perturbs to a set
Ae = {(Ape,t) |A,e = Bgy,t € R}, (6.61)

which is normally hyperbolic for the flow @§. Let us define a function F' : A x
[0,e(i)]— R* x R as
F((z,t0),e) = (Fy,(z,€),t0)- (6.62)

Since Fy,(z,e) = B¢, , the above defined F' has the following property
F(Ae) = A.. (6.63)

In a small neighborhood V' of A we can therefore apply the Remark 6.8 with the
above function F' to obtain a function

R:V xI—R'xR, (6.64)

for which
R (W3(®)).€) = WS, (PF) (6.65)
R°(-,e)|la=F(e) (6.66)

RS(W(Sx,tO)@?)a e) = wa((x,tg),e) (P7). (6.67)
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From the above function R* we will construct our map R .
Let X, = {(z,to)|z € R*} be the Poincaré section on the extended phase
space. The stable manifold Wi. (Pf) of the set Bg,, for the time 27 Poincaré
"0

map P is given by
Wie, (PL) x {to} = W, () N 5, (6.68)

and it’s foliation is
W (PS) x {to} = Wi, 1) (®F)  for all x € Be,, . (6.69)

On the t coordinate the flow @§ is simply a constant velocity movement in time
and is independent from e. This means that we have

Wi io) (1) C Xy, forall e > 0. (6.70)
From the definition of F' (6.62) and from (6.70) we have
Wi (o)) (@8) = Wike (2,0),10) (1) C Tty (6.71)

From (6.70) we know that any point (y,s) from W?

(e to)(@?) is in fact equal to
(y,t0). Therefore for any (y,to) in W&’to)(@t)) from (6.67) and (6.71) we have

R‘g((y,to),e) € Wg‘(( )(459 - 2750’

z,t0),e

which means that R® is constant on the time variable and is therefore of the form

RS((yvtO)ae) = (Rfo (y76)7t0)' (672)

The above Rj is our desired function. The set U on which Rj is defined is given
as U x {to} =V N X;,. We must now check that all the desired properties (6.56),
(6.57), (6.58) hold for our Rj . From the equations (6.69), (6.67) and (6.71), for
any x € Bo we have

(Rfo(Wf(Pt%),e),to) = RS((Wf(Pg)),to),e)
= R (W, 1) (PY), )
= We((w.t0).0) (1) (6.73)
- W(SFtO(x,e),to)(@f)
= (WE, (z.0)(F5,) o),

which means that we have shown (6.58). Summing up the above over all z € B¢
gives us (6.56). The equation (6.57) follows from (6.66) which for = € B¢ gives

(B, (z,e),t0) = B*((z,10), €) = F((x,0), ¢) = (Fy, (z, €), o). (6.74)
O

Remark 6.19

Let us finish this section by observing that an analogous result to the Lemma 6.18
holds also for the perturbed unstable manifold Wg (P2) of the Poincaré map Py.
We will use the notation Ry, for the mirror function of R . The proof of the result
is analogous to the one given for Lemma 6.18.
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The Melnikov method

In this Chapter we will apply the procedure sketched in Chapter 5. In the first
section of the chapter we will discuss how the intersections of the invariant mani-
folds to the Lapunov orbits behave under perturbation from the PRC3BP to the
PRE3BP. In the circular problem the stable and unstable manifolds of a given
Lapunov orbit intersect with one another. In the elliptic problem it will turn out
that these intersections do not automatically survive. This is because in the el-
liptic problem the solutions are not restricted to the invariant energy manifold
and therefore an additional degree of freedom appears with the perturbation. The
point of intersection of the PRC3BP will usually split into two points, one asso-
ciated with the stable and the other with the unstable manifold of the perturbed
Lapunov orbit.

In the second section we will discuss the distances between the perturbed orbits
starting from the above mentioned perturbed intersection points and the unper-
turbed homoclinic orbits of the PRC3BP. It will turn out that the unperturbed
homoclinic orbits provide a good approximation.

In the third section of the chapter we will apply the above mentioned approx-
imations to obtain a Melnikov type method to determine whether the stable and
the unstable manifolds of the perturbed Lapunov orbits in the PRE3BP intersect
transversally. The main idea of the method is that the crucial role in the transver-
sal intersections of the perturbed problem is played by the energy. If we can detect
transversal intersections in the energy level then the transversal intersections in
the full phase space will follow. This is because in the unperturbed PRC3BP the
stable and unstable manifolds of the Lapunov orbits intersect transversally when
restricted to the constant energy manifold. This constant energy manifold is of
one dimension lower than the dimension of the phase space. With the pertur-
bation another degree of freedom appears which is connected to the energy. If
thansversality in energy is detected then the rest is obtained from the one dimen-
sion lower transversality of the unperturbed problem. The Melnikov integral (from
the Theorem 7.9) will measure the leading term of the energy change at a potential
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intersection point and will be the indicator of a transversal intersection in energy.
If the integral will turn out to be zero then an intersection will occur. The above
is a very rough sketch of the idea which will be fully developed in the third section
of the chapter.

The main result of this chapter is the Theorem 7.9, which will provide a tool
for detecting transversal intersections of invariant manifolds of invariant tori which
arise from the perturbed Lapunov orbits. Such intersections will later lead directly
to the existence of Arnold diffusion as was discussed in Chapter 5, Section 5.3.

The derivation of our Melnikov type integral will be performed along the orbit
q° homoclinic to Ly in the PRC3BP. Let us note that to develop such a result we
must work under the assumption that such a homoclinic orbit exists. This happens
for the values uj given by the Theorem 2.1. Throughout this whole chapter we
will therefore assume that the following discussion is made for a mass p = pug.
What is more we must choose 1 = py to be sufficiently small (which is equivalent
to choosing a large k) in order to know that most of the Lapunov orbits around
Lo persist under perturbation from PRC3BP to the PRE3BP (see Theorem 6.16).

Before we start let us recall some of the notations. From Section 4.2 we know
that inside of the Rp(u,C) region but separated form the large mass 1 — u (see
Figure 2.1, Lemma 4.3 and Remark 4.5) the Hamiltonian of the PRE3BP takes
form

H*(q,t) = H(q) + eG(q,t) + O(e?), (7.1)

where ¢ = (z,y, pz, py) € RY, H is the Hamiltonian of the PRC3BP (2.1), G is 27
periodic over ¢ and is given by formula (4.50)

G=—L oy mt) + L Fa,y - 1,8), (7.2)
(r1) (r2)
where
=@ —n?+y?
ry=(x+1—p)+y° (7.3)
f(z,y,a,t) = —ya[3sint — sin® t] + zacos t + cos® t] — a? cos(t).

By Lemma 4.3 the Hamiltonian H¢ generates a differential equation

q = fq) +eg(q,t) + O(e?) (7.4)

where
f(q) = JVH(q) (7.5)
9(q,t) = JVG(q,1). (7.6)

Let us note that for e = 0 the equation (7.4) is the autonomous equation of the
PRC3BP i.e.

¢ = f(qg) = JVH(q). (7.7)
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Let X¢,—oy denote a three dimensional hyperspace in R4
Zry—oy = {(2,0,pz,py)|z,ps, py € R} C R™ (7.8)
Let Xy, = {(q,t)|t = to} C R* x R be the global Poincaré section and
D P 5 (7.9)

be the time 27 shift Poincaré map for the solution of (7.4).

In general we will stick to the following convention. If a notation for a function,
or a point, or a set, has a superscript e, then this will indicate that it is derived
from the equation (7.4), if it has a superscript 0 then it is derived from (7.7).

7.1 The intersections of invariant manifolds of the
perturbed Lapunov orbits with the section

{y =0}

From Chapter 2 we know that in the PRC3BP for any Lapunov orbit I(c) the
stable and unstable manifolds W*(I(c), PP ) and W#(l(c), P_) intersect on X,
at a point p¥ = (29,0,0,92). In this section we will show how these points of
intersection behave under the perturbation from the PRC3BP to the PRE3BP.
From Remark 2.6 we know that the intersection of W*(I(c), PP ) and W*(I(c), P?)

is not transversal, which means that we cannot simply obtain a transversal inter-
section of the perturbed manifolds from simple perturbation arguments. Since the
intersection for the unperturbed problem is not transversal it is possible that for
some to the manifolds W*(I§ (c), Pf)) and W*(If (c), P£) will not intersect close
to the point

pY = (22,0,0,59) € W*(l(c), P2) N W*(I(c), P)) N Ziy—o}-

On the other hand we can make use of the transversality for local projections
in the x,y,4 coordinates which we have from Remark 2.7. This will give us the
following lemma.

Lemma 7.1

For C < Cy sufficiently close to Cy and for any C' € (C,C,) there exists an
eo(C) > 0, such that for all e € [0,e0(C)] and all ¢ € €N [C,C] for which the
Lapunov orbit I(c) survives under perturbation, the intersection of the invariant
manifolds W*(If (c), Pf) and W*(I§ (c), Pf,) with the section X, _¢y is nonempty
and homeomorphic to a circle. What is more the local projections of the manifolds
onto the x,y, 4 coordinates near to the pint p?, intersect transversally at a point
(7§, 0, 0,25, ), i-e.

Iy 5 (W*(I5, (), Py)) th I g0 (W (15, (), Py)) (7.10)
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('ng o0 Q.Ufo ) € Iy (Ws(lteg (), Pteo)) NIy (W“(lfo (c), Pteo)) )
which means that in the four dimensional space we have two points

pfosc = (xfo ¢ Oa ifo I3 yteosc) ews (lteo (C), Pteo) N Z{y:O} (711)
pfouc = (l‘fo ¢ 0, jj?g o yteouc) € Wu(lfo (C)’ Pti)) N E{yzo}v (7'12)

for some gy °, and gi "..

Proof

This comes directly from the Remark 2.7. For ¢ < (5 sufficiently close to Cs
we have the transversality of the intersection for the unperturbed problem with
e = 0. Transversality is stable and therefore for a sufficiently small perturbation e
we obtain our claim. O

For a graphical representation of the above result we can look at Figures 5.7
and 5.8. Let us also note that a more rigorous proof of the above Lemma is going
to be given during the proof of Lemma 7.2.

In the following sections of the chapter we will show that under appropriate
¢, and pg,
out the argument we will need to define the points pf°. and p

circumstances the points p are equal to one another. In order to cary

€U
toc

ceen|C, C‘] for which the Lapunov orbits persist under perturbation, but for all
¢ € [C, C3]. The first step is to extend the definition for ¢ € [C, C]. This is possible
due to the following lemma.

not only for these

Lemma 7.2

es eu
to c andptgc

extended from the values ¢ for which the Lapunov orbits persist under perturbation
onto all ¢ € [C,C]. i.e. there exist a number eq(C) > 0 and two C* functions

The definition of the points p! (given in Lemma 7.1) can be C'* smoothly

P« [C, C] x [0,e0(C)] — R* (7.13)
py : [C, C] x [0,e0(C)] — R,
such that for all ¢ € €N [C, C] for which Lapunov orbits survive and e € [0, eo(C)]
we will have

S

i, (e, €) = D). (7.14)

Pio(¢5€) = Piye-

What is more the functions can be constructed so that for all ¢ € [C,C] and

e € [0,e0(C)] we have

P, (ce) = pl + O(e) (7.15)
pi (c,e) = P2 + Ofe)

and the bound O(e) is independent from ec.
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Proof

The below presented proof is both a construction of the functions p; (c,e) and
p;,(c,e), and also a more rigorous proof of the Lemma 7.1 at the same time.
Let V be a small neighborhood of the set {p? : ¢ € [C,C]}. Let B(0,1) C R?
be a disc of radius one. Let us define a local coordinate system on W*(I(c), P)
and W*(I(c), P)) around the point of intersection p? in V for ¢ € [C, C] by the
following maps

R* (7.16)

such that

7°((0,0
7 (B(0,1),¢) C W*(l(c), P2)NV (7.17)
m(B(0,1),¢) C W*((c), P2) NV,
Let us note that the functions 7° and 7% can be chosen to be smooth. This follows
from point three of Theorem 6.3 which gives us such smooth parameterizations in
a small neighborhood of the set B¢ of the Lapunov orbits. Such parameterizations
can be carried into the neighborhood V' of p? by an appropriate iteration of the
Poincaré map Py.

We can use a similar argument to the above to also extend the functions R},
and R{ (defined in Lemma 6.18 and Remark 6.19) from a small neighborhood U
of B¢ onto the neighborhood V' of the point pY. To do this we first find a point
inside of the domain U of Rj and a number n > 0 such that (P2)™(p?) = z, then
for any y from the neighborhood V of p2 we can define

R;, (y,e) = (P) ™" (B, ((PR)" (1), €)) -

A similar argument can be applied for to extend the domain of the function R}
onto the neighborhood V.
We are now ready to now define the following map

L:B(0,1) x B(0,1) x [C,C] x [0,e0(C)] — R* (7.18)
L(a,b,c,e) :=(R;(n%(a, c), e) — Ry(7"(b,c), ),
R;(7°(a,c),e) — RE(m“ (b, c),e), (7.19)
Ry (m%(a,c),e),
Ry (" (b, c), €)),

where a,b € B(0,1) and the R} = (R;, R;, R}, R;) and Ry = (R}, Ry, RY, R}).
Let us note that for all ¢y € [C, Cy]

L((0,0),(0,0),c0,0) = 0. (7.20)
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We will show that for any ¢ € [C, C2)
oL
d(a,b)
Since Rf0(~,()) = RZ}(~,O) =1d, at ((a1, az2), (b1,b2),co,e) = ((0,0),(0,0), co,0)) we

can compute

det( ((0,0), (0,0), co, 0)) # 0. (7.21)

ory, Omy  Omy  Omy
] ;] b ab
oL aﬁ% R
det ( ) = ‘9;':& 92 T Tk | (7.22)
Y Y
0(a,b) 5oL Par 80” 80“
ﬂ'y 7T,y
0 0 a6, bs

We know that both W*(I(co), PY) and W*(I(co ) 2 ) intersect the section X,
transversally at the point 7 5((0,0),¢co) = ((0, ) Therefore there exist i, k €
y

{1 2} such that 2 ((0 0) 0) # 0 and £((0, ) 0) # 0. Let us assume that

aa1 ((O 0),c0) #0 and 8b” ((0,0),¢9) # 0. We can find two real coefficients 3; and
B2 for which at ((0,0),cp) we will have

S a,/TS
y
=0 7.23
61 80,1 8@2 ( )
s omy 877”; 0
235, " Ty
Let us consider the determinant at ((0,0), co) of the following matrix
omy _ Om, oy
aaé 51 aaé +5 8a§ 8b]a 52 abh - Bb%
n Joas e B T
g é 0 1 8 2 81)1 861 8b2 (724)
oy 0 0 0
o oy
0 0 N 0

Since on the z, & plane W*(l(co)) and W*(I(co)) intersect transversally at 7°((0, 0),
= 71"((0,0), o) the determinant of the matrix

on? oy,

b gg; 3“% By f’bh * gga £0, (7.25)
5190y + By 52 60+ 30,

which together with (7.22) and (7.24) gives (7.21).
Since det(a(a 77((0,0),(0,0),¢0,0)) # 0, for every ¢o € [C,C3) we can apply
the implicit function theorem to obtain a function

(Gegybey) : [co — 6, co + 6] X [0, eqy] — R? (7.26)

such that
L(G‘CO (C7 6), bCo (Ca 6), c, 6) =0. (727)

Since the chosen interval [C, C] is compact we can find an eo(C') > 0 and glue the
above functions to obtain

(a,b) : [C,C] x [0,e0(C)] — R (7.28)

Co)
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We can now define our functions p7, (c,e) and p{ (c,e) as

P (€)== Ry (m°(ale,e), ¢), e) (7.29)
pi (c,e) == Ry (m"(b(c,e),¢),e).
Let us note that from our construction and from the properties (6.58) and (6.54)

of Rf and Fy,we know that for all c € €N|[C, O] for which Lapunov orbits survive
we have

pi,(c,e) € Ry (W*(i(c), Py, e) = W*(Fy, (I(c), e), Pry) = W*(If, (c), Py,)  (7.30)
piy(e.e) € Ry (W (U(c), Py ), e) = W (Fyy (I(c) €), P ) = WH(I5, (c), Py, )-

What is more both p; (c,e) and pi! (c, e) lie in X', _oy and are equal to one another
on the first three coordinates x,y, . This means that for such ¢ we have

P, (¢, €) = i (7.31)
Py (¢,€) = Dy

The fact that the functions pj and p{ are C' follows again from the implicit
function theorem and the fact that our function L is C! (for an appropriate version
of the implicit function theorem to our case see for example [28, Theorem 45 and
47)).

To prove the last statement of the Lemma, since pj (c,0) = p. (¢,0) = p2, we
can compute

|pf0(c, e) —pg‘ < esup{|Dpf0(c,e)‘ ic€] ,C~’],e S [O,eo(é’)]} (7.32)

[P, (c,e) = pe| < esup{| Dpj, (c,e)| : c €]

O

In the following discussion we will also need to define the functions p; (¢, e) and
pi (c,e) for the energies ¢ € [C, Cy]. We will therefore need to extend the above
constructed pj (c,e) and p (c,e) from the set [C, C] x [0, e0(C)] onto a larger set

[C, Ca] x [0, e0(C')]. Before we define our functions pj (c,e) and p} (c,e) let us first
make an important remark.

Remark 7.3

It would be impossible to construct our functions pj and pj. to be C ! on the entire
closed set [C’, Cs] x [0, eo(é)]. It is important that we must exclude the point Cs
from the C' on ¢ requirement. This is because from Theorem 3.2 we know that
close to the libration point Ly the distance between the manifolds W(I(c), P_)
and W'(I(Cy), PY) = W' (L, P) for i € {s,u}, is equal to r, where r = \/Cy — ¢
is the radius of the orbit I(c) in the £,n coordinates given by the Theorem 3.2.
This means that this distance is not differentiable in terms of ¢ at C5. Therefore
we can only require that the functions are differentiable in terms of r at Cs.
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Let us start with the definition of the functions p; (c,e) and p§ (c,e) with the

definition for ¢ = Cy and e € [0,e9(C)]. Since the stable and unstable manifolds
W#(La, Pt%) and W*(La, Ptoo) of Ly are one dimensional and intersect the section
x

y=0 transversally we can define

5, (Ca,e) = Ri (W*(La, PY)),e) N Xy (7.33)
pi (Caye) = R, (W*(La, P), ) N Xy,

(See Figure 7.1). Now let us define the functions for any (¢, e) € [C, C2] x [0, eo(C)].
For any ¢ € [C,C] for e < e, where e, is given by (7.26) we can define p;,(c,e)
and p¢ (c,e) in the same fashion as was done in the proof of Lemma 7.2, by the
formula (7.29)

p;, (c,e) = R*(m*(a(c,e),c), e) (7.34)
Piy(c,€) = R* (7" (b(c, €),¢), €).
For e, < e < ¢g(C) we can choose p;,(c,e) and pi (c,e) to be any points such that
(See Figure 7.1)
p; (c,e) € Ry (W*(l(c), P),e) N Xy (7.35)
Dty (c,e) € R;‘O(W“(l(c), Ptoo), e)N Xy—o

so long as the resulting function is smooth.

Remark 7.4

Let us note that for sufficiently small ¢ and e, < e sufficiently large the sets
R (W#(l(c), P),e)NZy—o and Ry (W (I(c), P ), e)NX,—o might become disjoint
(see Figure 7.1), which means that we have considerable freedom on how we choose
our functions. The functions are uniquely determined though for all (¢, €) such that

c € [C,Cs) and e < e, and for the points (Cz, e) with e € [0, eq(C)].

From the construction we can see that the above defined functions are C*
and have the following properties. First of all on the set [C, C] x [0, eo(C)] all the
properties listed in Lemma 7.2 still hold. From the definition, for ¢ € [C,Cs) and
for e = 0 we have

p;, (¢,0) = R*(7*(a(c,0),¢),0) = p? (7.36)
i (c,e) = R*(w*(b(c,0),¢),0) = py.

For ¢ = C5 and e = 0 we have the same result from the following equations

p; (C2,0) = Ry (W*(L2, P),0) N Zyeg = W¥(Lo, P2) N Zyeg = p&,  (7.37)
Pt (Ca,€) = Rt (W (Lo, PP),0) N Xyeg = W*(La, P) N Xy—o = pg, .

What is more our construction guarantees that for ¢ € {s,u}

pi, (e, e) € W'(lg, (o), Py,). (7.38)
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e 0 € €.
ple,e) , ) p(c,e)
VV‘s (Z(C), I?‘U ) {yv 0} WS (l:o (C)’P’;) w0
W'(l(@),E) o ‘e :
0 0 w (ltn (C)al?; ) {y 0}
PO p,f, (C2,0) p’u“ (Cz,o) P, (Cz ,e) p’; (Cpe)
e e,
P:) (SN w? (l: (C)’F;:) o
Wi, (o.F) v 0} P (Cye)

Figure 7.1 The choice of pj (c,e) and p} (c,e) for different e at X,_oy drawn
in the x,  coordinates.

Finally, for any (c,e) € [C, C2] x [0, eq(C)] we have

e € [0,e0(C))} (7.39)

_ d
) = ] < esupd 1 0

which means that
on (C, 6) = pg + 0(6), (740)

for i € {s,u}.

7.2 Distances between the homoclinic orbits and
their perturbations

In this section we will consider the orbits of the PRE3BP which start from the
points p; (c,e) and pg (c,e) which have been constructed in the previous section.
It will turn out that these solutions can be approximated by the homoclinic orbits
to the Lapunov orbit [(c) of the PRC3BP.

Let us start this section by discussing the distance between the points p® and
p? where

P’ =p;,(Ca,e = 0) = pi; (C2,0)

pe =p;,(c;e = 0) = pj(c,0).
This is given by the following lemma which discusses the distance between the
unperturbed orbits g.(t,to) and ¢°(t), where the orbits are homoclinic to I(c) and

Ly and pass through the points p? and p° respectively (see Definitions 2.4 and 2.5
for the definition of ¢°(¢) and ¢°(¢,t)).
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Lemma 7.5

For ¢ < Cy sufficiently close to Cy the trajectory ¢2(t, o) lies close to the trajectory
¢ ie.

|q0(t - tO) - qg(tv t0)| = O(AC), (741)
where Ac = +/Cy — c. In particular for ¢t = ¢ty we have

‘pg fp0| = O(Ac). (7.42)

Proof

For c close to C5 the large mass 1 — i is separated from the zero velocity curve by
an invariant torus [10],[21]. Any orbit outside of this torus and on the right hand
side of the Libration point Lo (for example the orbit ¢° or ¢°) is separated from
both of the two masses p and 1 — u. Looking at the equations of motion of the
PRC3BP (3.1) we can see that the vector field JVH is bounded outside of this
torus and on the right of Ly by some positive number L

|JVH| < L. (7.43)

Let us consider a box U around the Libration point Ls. Let the box in the
Lapunov coordinates &1, &2, 11,12, given by the Lapunov Theorem 3.2, be of the
form

U= {(51762777177]2)| |§1‘ ) ‘771| < M17 |§2‘ ) ‘7]2| < MQ}a (744)

where M; and Ms are small positive numbers. Let us recall that in these coordi-
nates the Lapunov orbits are given by (see (3.39))

1(e)(t) = 1, (t) = (0, re!a2(0ir)+id  jpe—taz(0.ir®)—idy (7.45)

where ¢ = h(r) (see Section 3.2 for more details and (3.111) for the definition of
h) and that by Lemma 3.16 we know that

dist(I(c), L2) = O(Ac). (7.46)
Let x¢ be the first intersection of q°(¢) with the boundary of U
2o € W¥(Lo) N AU, (7.47)
There exists a Ty < tg such that
zo = ¢ (Ty — to). (7.48)

Let . be the first intersection of ¢0(t, o), starting from the neighborhood of I(c)
with the boundary of U, and let T, < ty be the time of this intersection

z. = ¢ (T, to) € OU. (7.49)

In the &, 7n coordinates (£1,8&2,m1,72) the points zg and z. will be of the form
(see equation (3.38)) xg = (M;1,0,0,0)7, z. = (My,re'®,0,ire”®)T for some



7. The Melnikov method 91

U we (I(C),Bf) (v o)

D q (T, t,) @t
/] q

[(c)

qg(Tcato)

Figure 7.2 The picture of the layout of the orbits for the proof of Lemma 7.5.

¢ € R and r = h=!(c). The formulas for ¢°(Ty —to +t) and ¢°(T. +t,t) inside of
the set U will take form

M, 6ml(o)
0
0
0
M, etar (r?)
,],,etaz(irz)Jrid:
0

ire—tez (ir?)—i¢

¢ (To —to+1) = (7.50)

Q2T +t,to) = (7.51)

Inside of the set U the distance between ¢"(Ty — to +t) and ¢2(T. + t,to) on the
&5, m2 coordinates is equal to r which is equal to /C3 — ¢. On the & coordinates
inside U we have t < 0 and the distance can be estimated by

Myeta© — pMyeta )| < My sup {teml(p2)} |a1(0) — a1 (r?)]
p€e0,r]

< M; sup {teml(p2)} ‘al(O) — al(r2)|
p€E[0,R]

=0(r?) (7.52)
=O(|Cy —¢]).
This means that in the x,y, p,, py coordinates this distance is going to be

|°(Ty —to+t) — q2(T. + t,t0)| < LAc, for t <0, (7.53)

where L is the Lipschitz constant of the coordinate change from &, 110 Z,Y, Pz, Dy
in the box U and Ac is equal to /Cs — c.

Let us now define a function F' as
F:V x [to—To—d,to—To—F(ﬂ — R*

F(z,t) = ¢a2(x,1) (7.54)
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where V' C OU is a small neighborhood of the point xg, d is a small positive
number and ¢(x,t) = (P1, b2, 3, P4)(x,t) is the dynamical system generated by
the equation of the PRC3BP

¢ = JVH(q). (7.55)

From the choice of x¢ and Ty we know that
F(zo,to — Tp) = ¢2(wo, to — To) = ¢3(0) =0 (7.56)

where ¢) is the y coordinate of our homoclinic orbit ¢°. What is more, from the
fact that ¢°(t) intersects the section X'y,_qy transversally we know that

oF

5 (w0.to = To) = (3)' (0) #0, (7.57)

and therefore by the implicit function theorem there exists a smooth function

7: V>R (7.58)
such that
F(z,7(z)) =0
T(l‘o) = to — T(). (759)

Let us note that the fact that F(z,7(z)) = 0 is equivalent to

o(x,7(2)) € Xyy=0}, (7.60)
which in the case of z. means that
H(ze, () = ¢°(to, o) € Yiy=0}- (7.61)

Combining the above with the fact that z. = ¢2(T.,ty) we obtain
() = tg — Tp. (7.62)
From the fact that 7 is smooth we can see that for any x from V we will have
7(z) = 7(x0) + O(Jx — x0|). (7.63)
From (7.53) with t = 0 we know that
|20 — c| = 1¢°(To — to) — a2 (Te o)) (7.64)
= O(Ac),
and from (7.62) together with (7.63), (7.64) and (7.59) we can see that
T.=to—7(zc)
=to — 7(z0) + O(|z — @0) (7.65)
=To + O(Ac).
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We can now use (7.64) and (7.65) to obtain an estimate

1¢°(To — to) — q2(To, to)| < |q°(To — to) — q2(Te, to)| (7.66)
+ g (Te, to) — g2 (To, to)|
= O(Ac) + |q2(Ty + O(Ac), to) — q2 (To, to)|
< O(Ac) + L O(Ac)
= 0(Ao),

where L is the bound defined at the beginning of the proof. Using the above
estimate we obtain our claim for T <t < ¢ty by computing

ld°(t — to) — a2 (t,t0)| < [a°(To — to) — a2 (To, to)] -0 =T0) (7.67)
= O(Ac).
For t < T, we can use (7.53) and (7.65) to obtain
|67t —to) — g2 (t,t0)| < |q°(t — to) — ¢Z (T — To + . to))|
+1g2(T. = To +t,to) — g0 (. o))
= [¢°(To — to + (t — Tv)) — ¢ (T + (t = Tp) , o)
+1g2(t + O(Ac), to) — ql(t o)) (7.68)
< O(Ac) + L O(Ac)
= O(Ac).

We have therefore proved (7.41) for ¢t < tg. For ¢t > ¢y the proof is analogous. [

Let us now introduce notations for the solutions of the PRE3BP starting from
the points pj (c,e) and p; (c,e).

Definition 7.6

For ¢ € [C,Cs] and e € [0, e0(C)] let us define the functions ¢%,(¢,to) and ¢%,(t, to)
to be the solutions of (7.1) starting from the points pj (c,e) and p{ (c,e) at the

time %
qss('vto) R— R4
¢, (- to) : R — R* (7.69)
es(to, to) = pfo (c;e)
qgu(t()v to) = p;ﬁulo (C’ 6).

In the following lemma we will show that these solutions will be close to the
symmetrical homoclinic orbit ¢2(, o), starting from

P2 = p;, (c,0) = pi (c,0)

at g, of the Lapunov orbit I(c) for the unperturbed problem (see Definitions 2.4
and 2.5 for the definition of ¢2(t,t0)).
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Lemma 7.7

For ¢ € [C,C5] and e € [0,e0(C)] the solutions ¢, (t,to) and ¢&,(t,to) can be
expressed as

qc,(t,to) = ¢2(t,to) + O(e) for t € [tg, +00) (7.70)
qgu(ta tO) - q(c)(tv tO) + O(e) for t € (7007 tO}' (771)

What is more the bounds O(e) are uniform on the intervals [tg, +00) and (—oo, tg]
and independent from the choice of c.

Proof

Let us prove (7.71), the proof of (7.70) will be analogous. From (7.40) we know
that

py (c,e) = Y+ Ofe). (7.72)
The above means that we already have the result for ¢t = ¢,
g5 (to, to) — 42 (to, to)| = P}, (¢, €) — p2| (7.73)
= O(e).

Using the differential equation (7.4) for ¢ < to we have
46w (t: to) — a2 (t,to)| < g, (to, to) — ¢ (to, to)] (7.74)

+ /t 0 1£(a%(s,t0)) — F(¢5, (s, t0))ds

e [ ottt + 00 1)
< g5 (o, to) — q2(to, to)|

[ Habtont0) ~ et ot

+ (eM + O(e?))(tg — t)

where f and g are given by (7.5), (7.6), L is the bound for f defined at the
beginning of the proof of Lemma 7.5 and M is the bound for g outside of the
torus separating the larger mass 1 — p and on the right of the libration point Ls.
Applying the Gronwall Lemma 1.10 with

u(t) =L (7.75)
c(t) = (eM + O(e®))(to — 1),

we obtain an estimate

to
a0, 10) = 208, 10)| < g to,t0) — a(tosto)| [ Las (7.76)
t

to S
+/ (eM + O(e?)) exp/ Ldrds
t t

— O(e)L(to — 1) + % (exp L (to — 1) — 1) (eM + O(e?)) .
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From the above it is clear that if we fix a time T then for T < t < tg we will have
g6, (o) — g2 (t, to)| < Ofe). (7.77)

If we choose T sufficiently small then we will end up in a neighborhood of the
periodic orbit I(c) and the quasi periodic invariant torus If (c). From Theorem
6.16 we know that [(c) and If (c) are O(e) close. What is more both of them
belong to normally hyperbolic sets and therefore in a fixed neighborhood U’ the
movement along the orbits from their unstable manifolds is dominated by the
exponential terms and by the rotation. We can choose sufficiently small T so that
for t < T q°(t,to) is contained in this neighborhood. The same will be true for
g5, (t,to) for t < T and e sufficiently small. By the KAM Theorem 6.13 we know
that the rotation on If (c) is O(e) conjugate to the rotation on /(c) and therefore
for t < T we will have

g5, (t,t0) — g2 (t, to)| < Ofe). (7.78)

We have proved (7.71). The proof of (7.70) is analogous.

Let us note that in the above argument the main tool used was the normal
hyperbolicity of the set of Lapunov orbits, together with the KAM theorem and
Gronwall estimates. Through the course of the proof the choice of ¢ did not play
an important role and therefore the bound O(e) is uniform for all c. O

We will finish the section with yet another approximation of the orbits ¢<, (¢, to)
and ¢%,(¢, ). This approximation will play an important role in the proof of the
Melnikov method in the following section.

Lemma 7.8

For ¢ € [C,C,] and e € [0,e(C)] the solutions &, (t,to) and ¢&,(t,to) can be
expressed as

g5 (t,t0) = qe(t,t0) + eQi(t, to) +o(e) for t € [to,to + 27] (7.79)
Gen (B t0) = qe(t, to) +eQy (t,t0) + o(e) for t € [tg — 27, to], (7.80)
and
Qi(t,to) = Qs(t,to) + O(AC) for t € [to,to —+ 271'] (781)
Q?(t, to) = Qu(t, to) + O(AC) for t € [to — 2, to], (782)

where Ac = /C3 — ¢ and the bounds are independent from 3. What is more
Qs(t,t0) and Q. (¢, o) are bounded for ¢ € [tg, +00) and ¢t € (—o0, ty] respectively
and satisfy the following equations
Qs(t,to) = Df (q°(t — to)) Qs(t, to) + g(q°(t — to),t) for t € [to,00)  (7.83)
Qu(t,to) = Df (¢°(t o)) Qu(t,to) + g(¢°(t — to),t) for t € (—oo,to], (7.84)

where f and g come from (7.5) and (7.6).
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Proof

We will prove (7.79) and (7.83). In the case of (7.80) and (7.84) the proof will be
analogous. From the C! continuity of solutions with respect to initial conditions
(see for example [26, Theorem 12.1]), the fact that the initial conditions pj (c,e)
and p}. (c,e) are C* implies that ¢5,(t,t0) and ¢, (t, o) are also C* in terms of ¢
and e (and in terms of r = Ac = \/Cy — ¢ at Cy - see Remark 7.3). Let us define
the function Q%(t,t0) as

0
Q(t,t0) = 5-dca(t to)le=o- (7.85)

It is clear that if we fix a T' > 0 (in particular the following will be true for T' = 27)
then for ¢ € [to,to + T

0
Ges(tt0) = g5 (¢, t0) + e 55 (£, to)|e=o + o(e)
= q2(t, to) + eQ:(t, o) + ofe). (7.86)
We have therefore shown (7.79). In Lemma 7.7 where we have shown that

|5 (¢, to) — a2 (t, o) = O(e), (7.87)

where the bound O(e) is uniform on the interval [tg, 00). This together with (7.79)
gives us

eQ:(t, to) + o(e) = O(e). (7.88)
By dividing both sides by e we obtain
|Q&(t,t0) + ofe) fe] < M (7.89)

where o(e) is on the bounded interval [ty, T] and M is independent from T. Passing
with e to zero gives us a uniform bound on Qf (t,to) for all t € [tg, c0)

Qe (t,to)] < M. (7.90)

Let us now define Q(t,to) as

1o}
Qs(t,to) := %ngs(tatoﬂe:() = Q¢, (t, to). (7.91)
Clearly for t € [to, to + 2] we have
S a e
Q:(t,to) = 5-dcs(t,to)le=o (7.92)
0 a 0
= =-q0,s(t to)|e=0 + (Ac) 500y st to)|e=0 + 0(Ac)

Oe
= Qs(t,to) + O(Ac).

0(Ac) Oe

Let us note that by Remark 7.3 the fact that we are differentiating by Ac =
/Oy — ¢ at Cy does not produce an error since Ac is simply the radius r of the
Lapunov orbit I(c) where ¢ = h(r) (for the definition of h(r) please refer to (3.111)
), so differentiating by Ac is equivalent to differentiating by 7. Let us note that
we have already shown that for each ¢ the function Q%(¢,to) is uniformly bounded
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for ¢ € [to, 00), which means that in particular this also applies to our Qs(t,to) =
QSCQ (t7 tO) :

Let us show that the above defined Q;(t,to) satisfy (7.83). We can do this by
computing

o .
Qs(t, to) = %QCQS(@ to)]e=o

0

= 50 (F(a6,s(t 1)) + eg(ac,s(t: t0), 1)) le=o (7.93)

0
= Df(acys(t:t0)) 506, (¢ to) =0 + 9(acys(t:t0), 1)

= Df(q"(t — t0))Qs(t, to) + g(¢"(t — to). 1)

To finish off the argument let us show that the bounds can be chosen to be inde-
pendent from tg. From the fact that the PRE3BP is 2m periodic in time follows
the fact that the function ¢¢,(¢,to) is 27 periodic in ¢y. The above bounds have
been obtained for a given tq, but taking their maximum over ¢y € [0, 27] we obtain
bounds independent from tg. O

7.3 The Melnikov type method for finding the
intersections between stable and unstable
manifolds in the PRE3BP

In this section we will prove a theorem which will allow us to determine whether
the stable and unstable manifolds W*(I§ (c), Pf,) and W"(I (c), Pf,) intersect
transversally. The theorem is based on a Melnikov type approach which will allow
us to detect the values of ¢ty at which we will have the transversal intersection at
the point p§°. = pf" (where the points p¢°. and pf ",
7.1). The Melnikov function M (¢y), will be the leading term in the expansion over
e of the difference of the energies H(p§?°.) and H(pg".) of the two points pf?, and

€U
ptoC

are defined by the Lemma

H(pi’.) — H(pi).) = eM(to) + O(eAc) + o(e). (7.94)

Showing that the energies H (p§°.) and H(pf’.) are equal to one another at some
value ¢y will be the decisive factor for the existence of the transversal intersection
of the manifolds W*(I (c), Pg ) and W*"(I§ (c), P ). Let us observe that from the
fact that the points pf°. and pf ‘. are 27 periodic in to we can expect our function
to turn out to be 27 periodic. It will turn out that if the function M (¢y) will have
a simple zero at tg =T i.e.

M(T) =0 (7.95)
dM
dTO(T) # 0,

then the transversal intersection in energy and the transversal intersection of the
manifolds W*(I§ (c), Pg ) and W (I (c), Py,) will follow.
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The following theorem is the main result of this chapter and also one of the
key results for proving the existence of Arnold diffusion in the PRE3BP.

Theorem 7.9
If

+oo
Mito) = [ {H.GYa(t ). )i (7.96)

— 00

has simple zeros then for C' < Cy sufficiently close to Cy and any C e (C,Cy)
there exists an eg(C) such that for all e € [0, eo(C)] and all ¢ € €N[C, C] for which
I(c) survive under perturbation, the manifolds W* (I, (c), Py, ) and W*(I{ (c), Pf)

to
intersects transversally.

Proof

Let us first recall that from Lemma 7.1 we already know that the projection onto
the z,y, T coordinates gives a transversal intersection

e (W2(I5 (), P)) Iy e (WH(I5, (c), PY,)) (7.97)
and that
(xgo C7O’j"§0 C) € HfE’y)dj (Ws(lfg (C)7Pt€;))) 171}7 (Wu(l;)( )’Pte;))) .
We also know that

pfo c (xto cr 0 zto cr yto c) ews (lfo (C)a Pteo) N E{yZO} (7'98)

pfo c (xto c) 0 xto c) yto C) € Wu(lteo (C)7 Pteo) N E{y:O} (799)

We will try to find our intersection at a point (zf, 0, j:foc,yfo ). This means

that in order to prove that W*(i§ (c), Pf) and W"(I¢ (c), Pf) intersect in the full
four-dimensional space we shall have to show that for some tg

(:C;) C,O,i‘fo c’yfosc) (I’tg ch ‘Tto c?yto c) (7'100)

From the equations (2.1) and (2.5) we know that y can be computed from the
formula

§=+202(z,y) — i% — 2H. (7.101)
We know that for e = 0 we have
Uige = Yipe fore=20 (7.102)
and therefore for sufficiently small e from the fact that
H(xf,0,0,2%, 0, U°c) = H (g, 0, 0,25, ¢ i)
by using (7.101) we can conclude that yf°. = y¢ .. Since

(xfo ¢ 0 j}fo ¢ yfgi) = pfosc = qzs (th tO) (7103)
("I;t[) c’o ‘rt(] c’yto c) pifouc = QSu(tO7t0)7
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from the above argument we can see that in order to check whether

(:L.tg C’O xt() C’yt(] C) (xto C70 xto C’yto C) (7‘104)

we can compute
d(to) = H(qz,(to, to)) — H(ggs(to, to)) (7.105)
and find a ty such that
d(to) = 0. (7.106)

Let - denote the scalar product and let Ay and A,, denote the following func-
tions

Ayt to) == VH(q"(t — to)) - Qs(t, to) (7.107)
Ayt o) := VH(¢"(t — to)) - Qu(t, to).

We can use Lemmas 7.8 and 7.5, and the fact that H = H,. is constant along the
solution ¢Y to compute

H (qg,(to, to)) = H(ge(to, t0)) + eVH (qe(to, t0)) - Q2(to, to) + o(e)
= H. +eVH(q"(0) + O(Ac)) - (Qs(to, to) + O(Ac)) + o(e)
= H.+eVH(¢°(0)) - Qs(to, to) + O(eAc) + o(e)
= H,.+ eA(tg, to) + O(eAc) + o(e), (7.108)
and similarly
H(qc, (o, t0)) = H(gc(to, o)) + eVH(ge(to, o)) - Q2 (to, to) + ofe)
= H.+eVH(¢"(0) + O(Ac)) - (Qu(to, to) + O(Ac)) + o(e)
= H.+eVH(q°(0)) - Qu(to, to) + O(eAc) + o(e)
= H. + eAy(to, to) + O(eAc) + o(e). (7.109)

In order to compute d(tp) we will investigate the evolution of A(t,to) and A, (¢, to)
in time, and later compute

d(to) = e[Ay(to, to) — As(to, to)] + O(eAc) + o(e). (7.110)
Let us first concentrate on the term Ag(t,to). We know that
f=JVH (7.111)
and therefore we can rewrite our term as
At to) = VH(¢(t — to)) - Qs(t, to) (7.112)
= —Jf(a"(t = t0)) - Qs(t, to).

Using the equation (7.83) from Lemma 7.8, we can compute

jt (As(t o)) = IDf(°(t — 10))d°(t — to) - Qs(t,to) + T f(d°(t — to)) - Qs(t, to)
= JDf(q°(t —t0)) f(¢°(t — to)) - Qs(t, to)
+ Jf(@°(t = t0)) - Df (¢°(t — to)) Qs(t, to)
+ Jf(q°(t — t0)) - 9(q°(t — t0), 1)
= Jf (g (t —t0)) - 9(¢"(t —to), 1) (7.113)
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The last equality comes from the fact that for any p,q € R*

JDf(q°(t—to))p-q+Jp-Df (¢°(t —t0)) ¢ =0 (7.114)

with p = f(q°(t — to)) and ¢ = Qs (¢, t9). The equation (7.114) follows from the

Lemma 7.10

Let 2’ = f(x), x € R®*" be a Hamiltonian ODE and ¢(¢, z) the induced flow. Let w
be a standard symplectic form (w(p, ¢) = (Jp|q) = (Jp)-q). Then for any z € R*",
and p, ¢ € R*" holds

w(Df(x)p,q) +w(p, Df(x))g) =0 (7.115)

We will prove the Lemma 7.10 after completing this proof.
So far we have shown that for t > tg

d
(At t0) = TFE( ~ ) 9(a(t ), ). (7.116)
We can now rewrite the above in terms of the functions H and G.

LAt 1)) = TFE — t0) - 9(a(t — to).t)

dt
= —VH(q"(t — t0)) - JVG(¢°(t — to), )
= —{H.G}q"(t — t0). 1). (7.117)
In a similar fashion to the above computations for ¢ < t; we can compute
4
dt
We will now compute Ag(to,t0) and A, (to, o). From (7.117) we know that

(Au(t,to)) = {H,GY"(t — to),1). (7.118)

As(—FOO,tQ) - As(to,to) = /+OO{H, G}(qo(t — to), t)dt. (7119)

to

Since lim; . 1o ¢°(t—t9) = Lo and f(Lz) = 0 and the fact that Q(¢,ty) is bounded
Aq(400,tg) = Jim JF(°(t —t0)) - Qs(t,t0) = 0 (7.120)

and therefore oo
—As(to,to):/ {H,GY(q"(t — to),t)dt. (7.121)

to

Analogous computations give

to
Auttorto) = [ {H.GYa(t ~ to) ). (7.122)
Clearly

d(to) = e[Au(to, to) — As(to, to)] + O(eAc) + ofe)
= eM(to) + O(eAc) + o(e). (7.123)
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Similar computations lead to the fact that also

-d(ts) = ep-1Aultos to) = Ayt to)] + O(eAc) + o(e) (7.124)
= eaitoM(to) + O(eAc) + o(e).

Since the proof of (7.124) is a bit cumbersome in notation we will show (7.124)
at the very end of the proof, after presenting the discussion which leads to the
transversal intersections.

Let us now discuss that the fact that M (¢y) has simple zeros implies transversal
intersections. For C' sufficiently close to C; for all ¢ € [C, C2] the term Ac is going
to be small. If we choose eo(C) sufficiently small (in particular, it will have to be
small enough to satisfy the requirements of Lemma 7.2) then for all ¢ € [C, Cs] and
e € [0,e0(0)] from the fact that M (ty) has simple zeros we will know that there
exists a 7o for which d(t) is a simple zero. This by (7.101) implies that g% — "
also has a simple zero. This means that for ¢ € €N [C, C] for which I(c) survives
the perturbation and all e € [0, e(C)] the invariant manifolds We(is, (), Pr)) and
W (lg, (c), Ps,) have a nonempty intersection at the point pr, := p$’. = p§.. We

would like to show that this intersection is transversal i.e.
span (T, WL, (), P5,), Tp WH(IS (0), PS)) = RY.  (7.125)

From our construction (Lemma 7.1 in particular) we know that the local projec-
tion onto the x,y,& coordinates of W"(Ig (c), Py, ) and W*(I5, (c), Ps,) intersect
transversally, which means that

{5 = 0} C span(Tp, W (IS, (c), PL,), Tp, WU(IS, (c), P5,), (7.126)

where {¢ = 0} is a short hand notation for the vector space {(x,y,4,9)|y =0} C
R%. To prove transversality it is therefore sufficient to show that we do not have

span (T, W*(I5, (€), P5,), T, W™ (1%, (¢). P,)) C {3 = 0}. (7.127)

Let us suppose that the above is the case. Let us define a small interval I =
(10 — 6,70 + 0) around 7, for some small § > 0. If (7.127) was the case, then this
would imply that in the extended phase space, which includes the time variable
tog, we would have (see Figure 7.3)

Tprg{(Ws(lteo(c)7Pti)7t0) |t0 € I} C span ({y = 0} X {7—0}7 (JVHe(pToﬂTO)7 1))
Tprg{(Wu(lfo(c)7Pti)7t0) |t0 € I} C span ({y = 0} X {7—0}7 (JVHC(pToﬂTO)> 1))7

(7.128)
which in particular would mean that
d (95, d (95,
—0= = ——0%(79). 12
2 (m) = =5 () (7129)

€S u

This cannot be so because we know that y; % —y; “. has a simple zero at 79. Hence

the intersection of the manifolds at p,, must be transversal.



102 Arnold diffusion in the planar restricted elliptic three body problem

(VH(p > 0):D) yl‘“ )}[“
0¢ 0c

g . . 0

ooy ‘

_ r,
X, X,y X, X,y

v 0

Figure 7.3 The picture of W* and W*" in the extended phase space if we assume
that T, W*, T, W* C {y = 0} (A.), in contrast with the simple zero of g~ — ;.
(B.), and the situation which we have when W* and W™ intersect transversally

(C.).

Now let us finish the proof by showings (7.124). The method is analogous to
the one used earlier on in the equations (7.108) and (7.109) for the derivation of
M (to). We know that

d(to) = H (g5, (to, t0)) — H(gss(to, to))- (7.130)

Let us compute %H(qﬁs (to,t0)). We know that the point p; (c,0) is the point of
intersection of W*(I(c), PP ) with W*(l(c), P)) and that it is independent from
the choice of tg. This means that

a%pfo (¢,0) =0 forall c € [C,Cy]. (7.131)
0

Using (7.131) and the fact that the function p; (¢, e) is smooth with respect to c, e
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and tp we can compute

iH(pf{J (c,e)) (7.132)

0
7H(qzs(t0a tO)) = 3150

dtg
S 8 S
= VH(p;fo (C7 e)) : 8t0 Pi, (C’ e)
: o . 00
= VH 6 (b e0) + e b e 0)ema + ole) )

= VHO, (00)+ 0) - (51 30 e )ema + o(0))

= VHGE, (00) - (51 v (@ ellna ) 4 0f0)

— CVHO, (C2.0) + 0(40) - (51 311, (€. 0leca + 0(40))
+ o(e)

= eVH(p;,(C2,0)) - (a(zo %pfo(c% e)|e—0) + o(e) + O(eAc)

— eVH((0)) (ftogeqas(mo>|e_o) T o(€) + O(eAc)

aiQs(to, to) + o(e) + O(eAc)
to

s(to,to) + o(e) + O(eAc).

= eVH(q"(0)) -

0
C%A

Analogous computations to the above give us

0 0
— H(q5,(to, o)) = e=—A4(to, to) + o(e) + O(eAc),
Oto Oto
which gives (7.124). O

Now to finish off the proof we are left with proving Lemma 7.10.

Proof (proof of Lemma 7.10)

We know that w is an invariant for ¢(¢, ). This means that for any ¢ holds
w 9 (t,x) 9 (t,x)q ) =w(p,q) (7.133)
6x807pa8x807 q | =wpq) .
After we differentiate both sides with respect to ¢ and set ¢ = 0 we obtain
0 0 7] 0 0 0
o (g1 goett o goolton) + (et 5 5 o(t.a)a) =0
7] 0 7] 0
o (e fettan. golta)) + o (et 3 Aot ) =0

w (aif(x)p, q> +w (p, aaxf(fv)q) 0.
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Let us finish the chapter by noting that the Theorem 7.9 automatically gives
us the intersections of invariant manifolds of neighboring Lapunov orbits.

Remark 7.11

If the Melnikov integral has a simple zero then there exists a x > 0 such that
for two energies ¢; and ¢y from [C, C] for which the Lapunov orbits persist under
perturbation and such that

lc1 — 2] < ke (7.134)
the manifolds W*(If (c;), Pf,) and W*(I¢ (c;), Pf,) intersect transversally for i, j €

{1,2}.

Proof

The proof of this fact is identical to the proof of the above Theorem. The argument
for the transversal intersections of projections is the same. Using an identical
argument to the derivation of (7.123) we obtain the distance between the manifolds
being equal to

d(to) = He, — He, + eM(to) + O(eAC) + o(e) (7.135)
= %(cj —¢;)+eM(ty) + O(eAC) + o(e).

For |¢; — ca| = ke and & sufficiently small we will have the transversal intersection.

O
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Computation of the Melnikov function.

From Theorem 7.9 of the previous chapter we know that the transversality of the
intersection of the invariant manifolds W* (I (c), Pf,) and W*(I§ (c), Pf,) can be

determined by computing the Melnikov integral (7.96)

+o00
Mto) = / (H.GY@(t). t + to)dt. (8.1)
— 0o
If the integral has simple zeros then the manifolds intersect transversally for suf-
ficiently small e. This chapter is devoted to showing that M has a simple zero for
to = 0.

In the first Section of the chapter we will discuss a number of properties of the
Melnikov integral which can be deduced from simple symmetry arguments. The
Melnikov integral is computed along the homoclinic orbit ¢". From the fact that
q° is symmetric we will deduce that the function M (tg) is equal to zero for to = 0.

To check that this zero is a simple zero we will have to check that %(0) # 0.
For this we will have to compute an appropriate integral along the homoclinic orbit
q°. Tt will turn out that for sufficiently small p the part of ¢° which is far from
the libration point L5 has negligible influence on the integral. This will mean that
in order to compute %(0) we can focus on the neighborhood of Ly. The above
can be intuitively explained as follows. The Melnikov function M (to) describes the
change of the values of the Hamiltonian H, which is equivalent to the change of
the energy level. For e = 0 this fluctuation does not exist because all solutions
have constant energy. This changes when e # 0 because the Hamiltonian for the
elliptic problem is no longer autonomous. For e # 0 the small mass p is no longer
fixed in the point (1 — 1,0) but oscillates around it. This forced oscillation has an
impact on the behavior of the third, massless body and is the cause for the change
of its energy level. If the mass u is small, then it makes sense that the impact on
the massless particle is significant only in the vicinity of the small mass p. The
above argument will be derived rigorously in Section 8.2 of the chapter.

105
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8.1 Symmetry properties of the Melinikov
function.

In this section we will apply simple arguments based on the symmetry properties
to show that the Melnikov integral M (¢o) (8.1) is equal to zero for ¢y = 0. In order
to compute the integral (8.1) we will first derive the Poisson bracket {H,G}. Let
us recall that the Hamiltonian H of the PRC3BP is given by the formula (2.1)

(pe +y)* + (py —x)*

where
2 +y° 1—p 0
Qz,y) = + + . 8.3
) 2 Ve—m?2+y?  V+1-p)?+y? (5

The function G from the Hamiltonian (4.1) of the PRE3BP H® = H +eG + O(e?)
is given by the formula (4.50)

Glery) = 5 f g t) + L (g 10) (54)
r1) (r2)
where
f(z,y,a,t) = —ya[3sint — sin® t] + zafcost + cos® t] — a? cos(t), (8.5)
and
1= (z—p)?+y? (8.6)

T§=($+1—u)2+y2,

Let us note that G is independent from the variables p, and p,, so the formula for
the Poisson bracket {H, G} simplifies and takes form

_8H6G OH 0G OH 0G OH 0G
~ 9z Op,  Op, 0z | Oy Op,  Opy Oy
_ 0HOG 0H 0G
= T@p, 0z dp, Oy

oG oG

{H,G}(z,y, Pz, py)

=—(ps + y)% —(py — ) ay (8.7)
Let us also note that since
&=p,+y (8.8)
Y=DpPy —
we can also rewrite (8.7) as
oG oG
[H,G) = —o" — o= (8.9)
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Let us compute

% = M cost + cos> t —3w x t 8.10
o o7 [cost + ] e f(z,y,p1,t) (8.10)
= 73’u) [cost + cos® t] 737(:leL ! 75'u)'uf($ay7/l* 1,7)
(r2) (r2)
and
%: pl= M) 3sint — sin®¢ M T t 8.11
3y o [ |- e fla g, p,t) (8.11)
/i(i_),“) [SSiIIt—SiHSt] — iy/; (z,y,p— 1,¢).
Lemma 8.1

The Poisson bracket {H, G} is R-antisymmetric i.e.

{H7 G}(R(xv Y, Pz, Py t)) = _{Ha G}(:L', Y, Pz, Py, t), (8~12)
where R is the symmetry of the PRC3BP defined in Section 2.2

R(l’7 %P:mpya t) = (I’, -Y, _p:r7py7 _t) (813)

Proof

Let us first observe that from the definition of f, 1 and ry it is clear that

f( —Y,Q, 7t) f( 7y7at)
ri(z, —y) = ri(z,y) (8.14)
ro(z, —y) = ro(z, y).

y) =
From this fact and from the equations (8.10) and (8.11) we can see that

0G oG
a.. x5 7t = a5 y Yy Py ) 1
5 L&Y, Do, Py, ) = 5 (2, Y, Py Py, ) (8.15)
and
oG oG
From the above and from (8.7) we have
{Ha G}(R(l’, Y, Pz, Dy, t)) = *{Ha G}(Ia Y, Pz, Py, t)' (8'17)
O
Lemma 8.2
The Melnikov integral is equal to zero for tg =0
+o0
M(0) = / (H,GY"(8), 8)dt = 0. (8.18)
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Proof

The proof will be based on the previous Lemma and the fact that the homoclinic
orbit ¢° is symmetric see Theorem 2.1, i.e.

R(q°(t),t) = (¢"(=t), —t) . (8.19)

We can split the Melnikov integral into two parts
0 +oo
MO = [ (EOHLW 0 [ {H GO 0d (520
—0o0 0
Using the symmetry of ¢° and Lemma 8.1 we can compute
0 +o0o
| G a0 = [ {H.GYHa 0, s
o 0
+o00
- [ womreo.on s
0
+oo
—— [ .
0
and therefore M (0) = 0. O
The above result is a big step in proving Theorem 1.1. We now know that for

to = 0 the Melnikov integral M () is equal to zero and in order to prove the
Theorem all we have to do now is to check that this zero is a simple zero.

Lemma 8.3

The Melnikov function M(#¢) has a simple zero at to = 0 if

M(0) £0 (8.22)
where
+oo
M) = [ {HGH P00 (8.23)
Gt(xay) = 1_72&]015(3773/’:LL7t)—i_L?,]ct(w7:(/7,LL_:I~ut) (824)
1) (r2)
and
fi(z,y, o, t) = —ya [3cos® t] + za[—4sint + 3sin® ] + o sin(?). (8.25)
Proof

The orbit ¢° is the homoclinic orbit to the Libration point Lo. Let us note that the
velocity 4 and 9 of q°(t) exponentially tends to zero as ¢ tends to plus infinity and
minus infinity. What is more the partial derivatives of G on ¢°(¢) are uniformly
bounded. This means that the integral over

Foo o 9G oG
/ {H, G ((t).t + to)dt = / 650 + g (a0t + to)dt

oo o Oz
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is convergent. Since the function G; is independent from p, and p, we can compute
{H,G:} as

_ 8Gt aGf
{H,Gt}——(px+y)g—(py—x)a—y. (8.26)
_ e e
ox 4 y

the same can be said about the integral of [{ H, G;}| along ¢°. This means that the
above M;(0) can be obtained by direct computation of ﬁ]\/l(to)hozo. O

Let us now compute the components of the Poisson bracket {H,G;} from the
formula (8.26)

% = ,u((l)u)[_4 sint + 3sin®¢] — SWft($7y,M,t) (8.27)
- L_gu)[—élsint + 3sin® t] — SMJQ(% Yo —1,%)
(r2) (r2)
and
%C;t = WB cos? t] — Wft(m, Y, 11, 1) (8.28)
1—- 3
+ W[g cos® t] — (::55 fe(x,y, mw—1,¢).

Using these formulas we shall prove the following Lemma

Lemma 8.4

The Poisson bracket {H, G} is R-symmetric i.e.

{H> Gt}(R(xvyapmpwt)) = {H7 Gt}(l’»%anpyat)v (829)

where
R((Z?, yapzapya t) = (’JJ, -Y, *prapy, 7t)' (830)

Proof

The proof is analogous to the proof of Lemma 8.1. The function f; is antisymmetric

ft(x’ Y q, _t) = _ft(xay7 Oé,t).

From this fact and from the equations (8.27) and (8.28) we can see that

oG, e

E(R($7y7pm7pyat)) - E<x7y7pz7py7t) (831)
and

oG _ G,

aiy(R(xa?ﬁpa:?p?ﬁt)) - ay (xay>pw7pyat) (832)



110 Arnold diffusion in the planar restricted elliptic three body problem

Using the above and (8.26) we can see that
{Hv Gt}(R(l', yapz7py7 t)) = {H7 Gt}(‘r7 y7p:v7pya t) (833)
O

The fact that the function {H,G;} is symmetric will allow us to rewrite the
the formula for M;(0) using the following

Lemma 8.5

The Melnikov integral M;(0) is equal to

M, (0) = 2 / U .G (). by, (8.34)

Proof
For the proof we will use the fact that ¢° is symmetric and Lemma 8.4. We can
compute

+oo

“+oo
/ (H, G} (¢ (), )t = / (H, G (R(¢(t), 1))dt
0 0
+oo
:/ (H, G (" (1), —)dt (8.35)
0

- / (H, G (¢ (8), 1)t

— 00

which gives us

0 “+o0
M, (0) :/ {H, Gt}(qo(t),t)dtJr/O {H,G}(¢°(t), t)dt. (8.36)

2/0 {H,G}(¢"(t),t)dt.

8.2 Computation of the Melnikov integral M;(0)
for small u.

In this section we will compute the integral M;(0) along ¢°(¢) and show that for
the PRE3BP with a sufficiently small mass pj the integral is not equal to zero.
The idea behind the computation is the following. We will divide the integral into
two parts. The first will be the part which is connected with the fragment of ¢°(t)
which is in a small neighborhood of L,. The second part of the integral will be
connected with the fragment of ¢°(¢) which lies far from L. We will use the results
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outlined in Section 2.4 (Remark 2.9 in particular) and approximate the first part
of the integral with an integral over an appropriate orbit of the Hill’s problem. We
will show that the second part of the integral for sufficiently small uy is negligible.

Let ¢, denote the time at which the solution ¢"(¢) disembarks from the section
y = —pt/* (see Figure 8.1). We divide the Melnikov integral M;(0) into two parts

0
M (0) :2/ {H,G}(q°(t), t)dt

o 0
) / (H.G.} (¢°(t). 1) dt + 2 / (H.G (). 0)dt.  (3.37)

Let us first measure the scale of the first part. We will start with a Remark
concerning the bounds on the values of ¢°(t) for t € (—o0,t,] which will be useful
in our future estimations.

Remark 8.6

By the definition of the time ¢, at t =, the y value of ¢°(¢) is y = —p'/%. When
computed in the Hill’s coordinates (2.27)

g =p V31— p)

yu = p~ 3y (8.38)

we have

Yg = —u71/3H1/4 = —‘u71/12. (839)

This means that for the time interval (—oo, ¢,,] the value of yg of ¢°(t) is contained
in the interval [—u~!/12,0]. By Remark 2.9, for the time interval (—oo,t,] the
homoclinic orbit ¢°(¢) lies close to the invariant manifold W (L4). This means
that the xy coordinate of ¢°(t) oscillates close to the zero velocity curve of the
Hill’s problem zy = 3'/6, and is therefore bounded (see Figure 2.5). Again by
Remark 2.9 we also know that the velocity & and g of ¢°(t) is O(u'/?) on the time
interval (—oo, 0].

What is more from Remark 2.9 we know that the orbit ¢°(¢) from Ly down to
the section y = —u'/* can be approximated by the orbit ¢ (t) on the unstable
manifold W (L) (See Remark 2.9 for the definition of ¢ (¢) ).

In order to perform our estimations let us write out the Poisson bracket { H, G}
in full form and assign a number to each term. This will help us in the future, since
some of the terms are more important than others and numbering them will help
us in pointing them out. From the equations (8.26) (8.27) and (8.28) we can write
out
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q°(0)

Figure 8.1 The orbit ¢°(t) and it’s intersections with the sections {y = —u/3k},

{y = —p!/*}, and {y = —x}.

{Hv Gt} =

Remark 8.7

0G| 0G,
it _yTy
V)
(r)°
W‘ft(l‘,y,u,ﬂ
M(l — /1') [_
(r2)°
+3fot(xay7ﬂ ]"t)
(11
3y (1 —p)
Ty
(I —p)
/ (r2)®

ft(ﬂfvydi - Lt)

[—4sint + 3sin®¢]
+ 3
+ 4sint + 3sin® ¢]
3 cos® 1]

ft(xvyvua t)

[3 cos® ]

. 3yp
+y 5
(r2)

(8.40)
(8.41)
(8.42)
(8.43)
(8.44)
(8.45)
(8.46)

(8.47)

Let us note that the integral of each of the terms (8.40),...,(8.47) along ¢°(¢) on the
time interval (—oo,¢,] is finite. This comes from the fact that each of the terms is
multiplied by i or § which for ¢°(¢) exponentially tend to zero as t tends to minus

infinity.

Lemma 8.8

From L, down to the section {y =

—u'/*} the Poisson bracket {H,G;} on ¢°(t)
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takes form

Yy + THT : .
{H,G:} =9 (W) (sin®t —sint) + O(u/*) (8.48)
ot Yu

where xy and yg are the Hill’s coordinates

Proof

In order to estimate the integral close to the libration point Lo we will switch to
the Hill’s coordinates (8.38) (see also Section 2.4). In these coordinates we can
write

ro = \/(x+1—p)2+y2 (8.49)
= ulmm,
and
ro=(x - p)?2+y2 (8.50)

— \/(,Ul/ng _ 1)2 + (Ml/syH)Q.

As p decreases, the distance from the large mass r; tends to one. This means
that since by Remark 8.6 the z,y, 4,9 coordinates of ¢°(t) are bounded and since
fe(x,y, u, t) = O(p), for the terms (8.40), (8.41), (8.44) and (8.45) in {H,G:},
which contain rq, we have

iW{éLsint + 3sin®t] = O(p)
3¢Wﬁ<x,y,u7t> — o) (8.51)

QWB cos? 1] = O()

yWﬁ(w?y,mt) — O().

This implies that these terms are negligible for small u. Let us note that from Re-
mark 2.9 points 2 and 3 we know that x 7, &5 are bounded and that \/x%, + y%, >
371/3/2. For the terms (8.42) and (8.43) from {H, G}, which contain ry and %,
we therefore have the following estimates

p(1 — p)

(e +uy)
= O(u'?), (8.52)

)

(ra)? [~4sint + 3sin®¢]
2

[—4sint + 3sin®¢] = (M1/3¢H>
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(11— . w3
z3#ﬁ(%y,u* L,t) = (ul/SxH> 3 d( ) Sl y =1t
(r2) w3 (%4 +v%)
3xgT
= ﬁft(x Yo p— 1) (8.53)
ah + v
O i
= % (Sil’ls t— Sint) + O(M1/4)
(=} +vir)

The last equality in (8.53) comes from the fact that that for t € (—o0,,] on ¢°(t)

we have |p'/3y| = |y| < p/* which gives

fe(zy,p—1,8) = = Byg(pn—1) [3cos® t]
(e =14 1) (5= 1)[4sint + 3sin* 1
+ (p—1)?sin(t) (8.54)
=3 (sin®t —sint) + O(u''%).

Similarly, for the terms (8.46) and (8.47) from {H,G;}, which contain ry and ¢,
we have

yu(l;&:os t] ( /3y )MBCOS?’t]

(r2)® :cH+yH)3/2
= O(u''?), (8.55)
. Byp ey 3t Bymp
—1,t 1,
iy =120 = (%) ey e TR
3
= (:f{yH)mft(ﬂU Yo —1,2) (8.56)
vh + v
= (29yI_Iy2[—I)5/2 (Sin3 t— Sin t) + O(ﬂ1/4)
Ty +Yu
Putting the estimations (8.51), (8.53) and (8.56) together we obtain our formula
(8.48). O

Now we will show that the second part of the integral (8.37) is small for suffi-
ciently small p.

Lemma 8.9

The integral of the Poisson bracket {H, G} along the orbit ¢°(¢) on the interval
[t,.,0] is O(u'/?) ie.

/O{H, Gi} (¢°(t),t) dt < O(u*). (8.57)

n
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Proof

First of all let us choose a small number x > 0 which is independent from p and
such that u'/* < k. Let t, denote the time in which ¢°(t) reaches the section
{y = —k} (See Figure 8.1). We will first estimate the integral

/ UH.Gu ((0).1) di. (8.58)

For the time interval [t,,t.], the largest value of {H,G;} is associated with the
terms (8.42), (8.46), (8.43) and (8.47). This is because for large negative times
t, the key role is played by the fact that 7o is small (the bounds on the other
integrals coming directly from the fact that @,5 = O(u'/?), fi(z,y, u,t) = O(p)
and [t, — t.| < |Tk| = O(u='/3) ). We will therefore show that these terms are
small.

Let us start with the terms (8.42), (8.46) which are the simpler in obtaining
our bounds. For ¢ € [t,,t.] we have (see Figure 8.1)

2] > [y| = u'/*. (8.59)

From Remark 8.6 we know that for ¢ € [t,,, ]
i =0(u/?) (8.60)

§=0(u'?).

Combining (8.59) and (8.60) gives us the following bound for the term (8.42)

tr _ _
/ j:'u(ligu)[félsint + 3sind t]dt| < |t, — tﬁ\()(ﬂl/?*)“(li’? = O(uM4).
b (r2) (u1/)

(8.61)
The bound on (8.46) is identical.
Let us now obtain our bounds for the term (8.43). First let us recall the formulas
(2.15) and (2.16) for ¢%(¢) given by Theorem 2.1, which we can rewrite in our case
as

d(t) = pFEN (o) — 3% + M(0o) cos ¢+ T4) + B ), (5.62)
a(t) = —m + p/3(N(00) (t + Ti) + 2M (c0) sin (t + Ty) + Ra(t, i1)). (8.63)

where d(t) is the distance from the zero velocity curve, «(t) is the angle coordinate,
the functions R; have the property that

max |R;(t,p)| "5 0 for i € {1,2}, (8.64)

te(t,,0]
and —T}, is the time at which the orbit ¢°(¢) intersects the section {y = —u!/3k}
(See Remark 2.9 and Figure 8.1). From Remark 8.6 we know that for ¢ = ¢,
the y coordinate of qo(t)js equal to —u'/4. From Section 2.4 we know that from
the section {y = —u'/3k} downwards the formulas (8.62), (8.63) start to take
effect. This means that we can apply them to obtain our orbit from the section
{y = —p*/*} down to {y = x}. Since the distance of the orbit ¢°(t) is close to the
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zero velocity curve and the distance of the zero velocity curve from the origin is

close to one
" (1)] ~ 1, (8.65)

(See Figure 8.1). What is more we know that
y(ty) = —p'/*. (8.66)
Both a(t,) and a(t) for t € [t,,t.] are very close to —m, which means that we have
|sin oe(t) — sin ()| > % la(t) — afty)]. (8.67)
Combining (8.65), (8.66) and (8.67) gives us an estimate

ly@®) = ly(t.) + (y(t) — y(tw) |
= —p*+ (|¢°(t)|sina(t) — |¢°(t,)|sina(t,)) | (8.68)

> =4 2 (alt) = alt) ]

Since for t € [t,, t.] we have a(t) — a(t,) < 0 (see Figure 8.1 and formula (8.63))
this means that

1
ra= (o +1—p? +y2 > [yl > p!" + Slat) — alty)]. (8.69)
We also know that since T}, is O(u~1/3) we have
It = tul < ltu] < |Tel < cp™/2, (8.70)

where ¢ > 0 is a constant independent from p. Finally we always know that

ro= V(@ +1—p)2+ 9% > [z +1—yf (8.71)
o= (x+1—pw)2+y2 >y

Using the fact that fi(x(t),y(¢),x — 1,t) is bounded together with the equations
(8.60) and (8.71) we have the following estimate for the integral over (8.43)

el (@) +1 - e
/ 3$(t)Mft(x(t),y(t),ﬂ—17t) dtSM/ /3 u4 dt
tu (’I“g) ty (7"2)
(8.72)
for some M > 0 independent from p. We can now use (8.69) to obtain
ty M4/3 tr /,L4/3
M e ; 7| dt (8.73)
b |(r2) b | (11 3la(t) = ()
t 4/3
=M / 8 | dt
tu | (Y44 Lpl/3(N(00) (t —t,,) — 4M ()
e N4/3
=M / 5|t (8.74)
b (B S N (00) (1~ 1,)
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We can now use (8.70) to obtain

te
")
tu

The estimation of the integral of (8.47) over the time interval [t,,t,] is analogous.
We have shown that

4/3 4/3

1
(/1 + /3N (o0) (¢~ 1,))"

i
(Y4 + /3N (o0)t)”
(8.75)

dt

eu~ /3
ﬁgM/
0
=0

th
1.6 (@ 0).0) at = Ot (5.76)
t/»"
Now all we have to do is to estimate
0
[ .60 (0.0 ar (8.77)
th

This is the easiest part. For all times ¢ > ¢, since y(t) < —x, we know that (See
Figure 8.1)

ri(t) = [y(y)| > &, (8.78)
Tg(t) > 5,

which means that all the terms (8.40),...,(8.47) in {H, G;} are O(u). We also know
that |t.| < |Tk| = O(u~'/?) which means that we can estimate the integral by

/ O{H, Gy} ((t),t) dt < O(u*'?). (8.79)
O

From Lemmas 8.8 and 8.9 and Remark 8.7, when computing the integral M;(0)

we have
M;(0) =2 " {H,G}(¢°(t), t)dt
=9 " {H,Gy} (¢°(t),t) dt + 2/0{H, Gy} (4°(t), t) dt (8.80)

oo

i / <yH(t)yH(t>+zH<t>aeH<t)> (s — sint) dt + O

(% (t) + y% ()

We would like to estimate the above integral over a homoclinic orbit ¢"(t) = qgk (t)
for small values of . Let us first introduce some notations and a lemma
_ YyHYm tTHIH

Iy, yu,iu,9n) == =75 (8.81)
(a3 +y3)™

t#
My, =18 / I(q, (1)) (sin®t — sint) dt.

— 00



118 Arnold diffusion in the planar restricted elliptic three body problem

Lemma 8.10
The integral Mj, tends to
klggo Mo, = My (8.82)
klglgo Moy 1 = —Mpy,
where
My =18 / h (g™ (t)) (sin®t — sint) dt, (8.83)

and ¢’ (t) is the orbit lying on the unstable manifold W*(Li) to the libration
point L of the Hill’s problem (See (2.40) for the definition of ¢ (t) ).

Proof

The homoclinic orbit ¢°(¢) is dependent on the choice of uy. In our previous dis-
cussion we have omitted the subscript pj in order to simplify notations, but for
the purpose of this proof it is important that we distinguish between different ho-
moclinic orbits for different p, therefore we will use the notation g, (t). We can
compute

Ly
M, =18 / I(q), (1)) (sin®t — sint) dt (8.84)

— 00

t,+km
= 18/_ F(qgk (t — km)) (sin®(t — kmr) — sin(t — km)) dt

tu+km
= (71)k18/ I(q), (t — km)) (sin® t — sint) dt

— 00

From Remarks 2.2 and 2.9 we know that
klirn |Ty, —km| =0 (8.85)

g™ (t) — ¢O, (t — Ti) = O/ "),

for all t € (—o0,t,, + T}] where T}, is the time it takes the homoclinic orbit to Lo

to reach {y = 0} from the initial condition yg = —% (See Figure 8.1). From (8.85)
we have i

qgk (t — km) "=° g7 (t). (8.86)
Let us note that if we choose some T > 0 then the above convergence on the interval
t € (=00, T] follows from the fact that for small ¢ the function I'(q), (t — k)) is

dominated by the exponential convergence to zero and the fact that on (—oo, T
the functions qgk (t — kn) converge uniformly to ¢ (¢). This means that

T T

/ F(qgk (t — kr)) (sin®¢ — sint) dt — / (¢ (1)) (sin®t — sint) dt F2e0 .
- - (8.87)
In order to show the convergence (8.82) all we need to show is that the functions
I'(¢), (t— km)) are uniformly bounded on the interval [T',+00) by some integrable
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function ¢(t), which will allow us to apply the Lebesgue limit theorem. This can
be accomplished using a similar argument to the one used in the proof of Lemma
8.9 for obtaining a bound on (8.43) (compare with the derivation of (8.75)). We
can start with

P8, (¢ — k)| = KW) (k)

lyal|lyu| + |lzul |2al\ , -
< (M) e (8:58)

Uu|+ Ty
< <| |y ||4 |>(t—k7r).
H

These estimations come from the fact that |ra| > |yg| > |zg|. From the fact that
yp(t) = ,u_l/?’y(t) = \qgk ()] sin a(t), (8.89)

we can follow with the estimates using the bound |gp,, (¢ — k)| > 1/2, the formula
(8.63) for «, and the fact that N(oo) — 2M (c0) > 0 [21], which gives

bl +lonl) (o M
( lyul! > (= km) < (n=1731¢0, (t — km)|sina(t — km))*
M
= (n=13% [a(t — km) + 7])* (8.90)
< M
S (u_1/3%M1/3 [(N(oo) — 2M (00)) (t + T — lm)])4
M
<|—-
S|

for some large M € R. This means that we can choose our g(t) as M /t* and
the convergence (8.82) is now the consequence of the Lebesgue Theorem (see for
example [28, Theorem 38]). O

Using the above Lemma and (8.80), for y = p, we have
k—oo
M, (0)] = [ My + O/ )] *=5 M. (8.91)

If we can show that My is nonzero then for sufficiently small u; we will have
M;(0) # 0. The numerical computation of (8.83) using Maple give an approximate
solution

My = 2.06, (8.92)

which by (8.91) means that for sufficiently small pj, we will have
|M(0)] ~ 2.06. (8.93)

We therefore know that for sufficiently small py the integral M;(0) cannot be
equal to zero, which means that M (ty) has a simple zero at ¢ty = 0, which in turn
by Theorem 7.9 proves the transversal intersection of the perturbed stable and
unstable manifolds of the Lapunov orbits which survive under perturbation.
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Proof of the main Theorem.

Let us reformulate our main Theorem 1.1 into a rigorous form.

Theorem 9.1

For sufficiently small p € {11,152, there exists an interval of energies [C, C] close
to the energy of the libration point Ly and a subset € of [C, C'] with complement
measure of order e!/2, such that for any ¢1, ¢y € € the Lapunov orbits I(e1) and
I(cq) associated which the energies ¢; and cg survive under a small perturbation
e > 0. This means that they are perturbed into one dimensional invariant tori
le(c1) and lo(c2) of the time 27 shift along a trajectory map Py,

Pt(i) : Et(} - Eto+27‘rv (91)

of the elliptic problem (4.1), where Xy = {(z,y, s, py,t) € R? x R? x Rt = s}.
What is more there exists an interval I in [C, C] of a measure of order e'/2, such
that for any c1, ca € €N 1 there exists a transition chain between l.(c1) and l.(c2).
By a transition chain we mean that there exists a number N > 0 and energies
1 =C1 < Cy < ... < Cny = cg, such that the Lapunov orbits [(C;) survive under

perturbation e > 0 and are perturbed into invariant tori [.(C;) fori =1,...,N.In
addition to this the stable manifold W*(l.(C;), Pf) intersects with the unstable

manifold W*(l.(Ciys), Pf) foralli=1,..., N and § € {-1,0,1}.

Proof

From the previous Chapter we know that for ¢y equal to zero the Melnikov integral
M (tp) has a simple zero. There we have also shown that for sufficiently small py,
the derivative of M (ty) at zero will be close to

0

oy, M(O)] = 2.06. (9.2)

121



122 Arnold diffusion in the planar restricted elliptic three body problem

Having fixed a small p; we can therefore find an interval [C,C] so that we have
both the results of the KAM Theorem 6.16, which ensures the survival of the
perturbed Lapunov orbits [(c) for ¢ from the Cantor set €, and of the Theorem
7.9 and the Remark 7.11, which ensures the transversal intersections of stable and
unstable manifolds of neighboring tori.

What is left to show is that for any e > 0 there exists an interval I C [C, C] of
the measure of order e'/2, for which the set of energies € N1 for which Lapunov or-
bits persist under perturbation has gaps smaller than xe, where & is the parameter
from Remark 7.11. This and the Remark 7.11 will allow us to construct transition
chains between any two energies from €N [I.

The fact that such an interval exists will follow from the result of Poschel [27],
who has proved that the complement of the Cantor set € C [C, C] is of the measure
O(e!/?). We wish to show that in [C,C] there exists an interval I of a measure
of order e'/2, such that ¢ NI does not contain gaps greater than re. To see this
let us divide the the interval [C,C] into n equal parts. If on every interval the
set € contains gaps larger than ke, then from the fact that the measure of the
complement of € is O(e/?) (let us say that this O(e'/?) is equal to Me'/? for
some M > 0) the number of such intervals n must satisfy

nke < Mel'/?, (9.3)

?Af[m. If we divide the interval [C,C] into a slightly larger

number 72 of equal intervals then at least one of them (this will be our interval I)
cannot contain a gap larger than xe. The size of such an interval is equal to

which means that n <

¢ —C] ~ |C’—C| 261/2|é_0|’f
n n M

(9.4)

which is clearly a measure of the order e!/2. This concludes our proof. O
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