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Introduction

Let us consider a scalar ordinary differential equation (ODE to abbreviate)

Cfiyx) = flz,y(x)]. (0.0.1)

A large amount of mathematical textbooks starts from the setting under what condition the Cauchy
problem

dy(z)
dzx

has a solution, and when does such solution is unique.

The main goal of these lectures is different. We rather assume from the very beginning that the
function f(x, y) is continuous or even more regular, such that solution does exist. Of interest is
thus not the existence of solutions but rather the ways of obtaining them.

Let us accept the following definition.

= flz,y@)],  y(@o) =vo

Definition 0.0.1. We say that Eq. (0.0.1) is integrable if we are able to deliver a procedure enabling
to get the general solution in explicit or implicit form.

Example 0.0.1. It is evident that implicit solution to the equation

dy(z) _ P(x)
el (0.0.2)

where P(x), Q(y) are continuous functions, is given by the expression

/Q(y)dy—/P(w)dw=C-

Remark 0.0.1. Equation (0.0.2) is called a separable differential equation

From the standard course of ODEs you should know that there is a number of equations which
can be made separable by the changes of variables. Let us give examples of such equations.

1. A homogeneous equation
dy y>
— = Z . 0.0.3

Using the change of variables z = ¥ and treating z as a new dependent variables, we get the
following separable equation:

dz  f(z)—2
dr x
2. Equation
dy _ k1 (y)
—= = = . .0.4
F A (0.0.4)

is reduced to the separable differential equation by the ansatz z = ya~*. Inserting it to

the source eugation we get, after the differentiation and some algeabraic manipulation the
following equation:

xj—; = f(z) — k=



3. Equation

W — flax+p) (0.0.5)

is reduced to the separable equation by means of the ansatz z(z) = ax + fy(x). Indeed,
differentiating the function z and using the source equation we get:

dz

P F(z)=a+ f(z).

A natural question arises: do these examples have some features distinguishing them from a
generic case? The answer is positive, but to describe the features in question we should introduce
an extra definition.

Let us consider a one-parameter family of diffeomorphisms:

x = @(l', Y; CL), g :¢($7 Y (1), ($7 y) e U € RQ, a € (—5, 5). (006)

Definition 0.0.2. We say that the equation (0.0.1) admits the transformations (0.0.6) if it main-
tains its form in new variables, in other words, if relations

dy dy .. _

take place (we also say in this case that (0.0.1) has the symmetry or is invariant w.r.t the trans-
formations (0.0.6) ).

Lemma 0.0.1. 1. Eq. (0.0.3) admits the change of variables

z

Il
a

x, y=-e"y, a € R

2. Eq. (0.0.4) admits the change of variables

by, a € RL

r=ce"x, Y
3. Eq. (0.0.5) admits the change of variables

_ _ «Q 1

rT=x+a, y:y—ag, a € R, B#0.
Now let us consider the second-order equation

y' = F(z, y,9). (0.0.7)

The usual way of integrating this equation is to reduce it to the first order ODE, using some change
of variables. Below we deliver a couple of examples illustrating when it is possible.

1. Equation
d? Y
] =f (x, y’) ) (0.0.8)
is reduced to the first-order ODE
d

by means of the substitution ' = w.



2. Equation

y' =F(y,v) (0.0.9)

is reduced to the first order ODE
wd ~ Py, w)
)
by means of the substitution vy’ = w [y(z)] .

In all the second order ODEs, for which the lowering of the order is possible, we notice the
existence of some transformations retaining the form of these equations. Below we repeat almost
word for word the definition of symmetry formulated for the first order ODE:

Definition 0.0.3. We say that Eq. (0.0.7) admits the transformations (0.0.6) if, being written in
the new variables, it maintain its form, in other words, if the following relation of equivalence takes
place:

2

y'=F(z,y,y) ©and ' =F(@,9,7)
Now it is easy to show that the following statement holds true.

Lemma 0.0.2. 1. Eq. (0.0.8) admits the change of variables

Tr=x, y=1y-+a.

2. Eq. (0.0.9) admits the change of variables

T =x+a, Yy =1.

In order to be completely integrable, the equation of the form (0.0.8) should possess an extra
symmetry, which imposes restrictions on the function F(z, y'). For example, if F(z, v') = f(y//z),
i.e. the equation takes the form

d2 y y/
Z 7 — Z 0.0.10
d x? / ( T ) ’ ( )
then the following statement holds
Lemma. Eq. (0.0.10) admits an extra transformation
2a

y=e%y, T =e"x. (0.0.11)

We can integrate Eq. (0.0.10) using the following procedure. First we employ the ansatz
z = w/x, and this enables to obtain the separable equation

dz  f(2) —z

da x

Integrating this equation we can get the following result:

x = C1¢(z),



where

- ]

Inverting the above formula, we obtain:
w L[z
z2=—= —.
T ¢ {CJ
Returning to the initial variables, we obtain the separable equation

dy_ L[z
@_‘Mb [CJ‘

So the general solution to the equation (0.0.10) can be expressed in the form of quadrature

Yy = /xqb_l {vaj dz + Cs.
The connections of the integrability (and the possibility of lowering order of higher-order ODE
) with invariant transformation properties of ODEs to be invariant under some transformations
were noticed for the first time by the outstanding Norwegian mathematician Sophus Lie at the
end of XIX-th sentury. He was familiar with the Galois’ theory giving the answer to the milestone
problem on when it is possible to express the roots of the n — th order algebraic equation

Mt ap1 2"+ 4 ag =0,

in terms of its coeflicients. Basing on the group of permutaions, Galois explained why it is possible
to express the roots in therms of the polynomial equations of the order 2, 3 an 4 and is impossible
for the polynomial of the higher order. S.Lie wanted to make a classification of all integrable ODEs,
and for this purpose he put forward a concept of continuous groups, called afterward the Lie groups.
To these special groups an application of calculus is possible, which gives a very powerful tools for
investigations of the integrability of ODEs. Maybe the most brilliant idea of S. Lie is a treatment
of ODEs as some "surfaces" in the extended space or sa called jet spaces. As an example consider
the space (z, y, ¥') € R3. In this space the differential equation

P+ + [y =0 peER

can be treated as a sphere. Standing on this position, S. Lie observed that there is a chances
to integrate and ODE if the "surface" defined by this equation (or system of equations) possesses
sufficiently large symmetry, i.e. admits a family of diffeomorphisms of the form (0.0.6), mapping
this surface into itself.

Examples of the surfaces possessing the symmetry.

1. The spherical surface can be rotated with respect to any axis going through its center

2. The infinite cylindrical surface can be rotated with respect to the axis of symmetry and shift
along this axis

3. The infinite conical surface admits the rotations with respect to to the axis of symmetry.

Sophus Lie not only revealed connections between the methods of solving DE (ones known at
that time) and symmetry properties of the DE, but proposed an algorithmic method of solving
them, basing on the above concept of symmetry.

The plan of the course is following;:



a)

b)

We discuss the concept of the continuous (Lie) group of transformations acting on Euclidean
space R™.

We introduce the notion of the Lie group of transformations and the concept of symmetry of
some geometric and analytical objects ( functions and surfaces).

Following Lie’s main idea, we apply all the concepts from the previous items to ODEs, pro-
longing the group action defined on the set of dependent and independent variables (x, y)
onto the set of finite order derivatives y/,v”,...y™. After that we are able to define the
symmetry of ODEs in a very natural way, treating them as surfaces defined on the jet space

(m, v, v, ....y(”)).

Next come the applications. Symmetry of ODEs enable us to obtain the particular solutions to
nonlinear ODEs, to disseminate already known solutions, to distinguish, e.g., all completely
integrable equations of the second order (a lot of another applications are known but we
hardly have time to stop on them).

Exercises.

Ezercise 0.0.1. Show that Eq.

d?u

dul?
ude—)\ {} =0

dzx

admits the transformation

T =e"x, w=¢e"u, a,beR.
Solution.
@_debudi_ padu
dz  dz di dz’
du_dx d , ,du_ p,d'u
dz?2  dz dz dz daz?’
Hence
d?a dul? d?u dul?
T W _ 2(b—a) _)\|::| =0.
Y {d:il ¢ Y dz

Ezercise 0.0.2. Show that Eq.

d?u du
2
w2 G —u) =0

admits the transformation

= Az, u=u+Azx, AeR
Solution.

du d (du dx 1 [du
dx_dx<d:c+)\>dx_)\ (m“)’
d*u d . _; [(du dx o, d?u
B (B B



Ezercise 0.0.3. Show that Eq.

dy_
dx  x(y+logx)

admits transformations

x=xe"Y, y=1y.
Solution.
m d
dy _ _dy _ dy _ o _
dz  d(ze®) ewdr+tazerydy eay(1+a$%)
y
z (y+log(z)) _ Yy
ay .
e®y {1 +azx m} eV [x(y + log(r)) + ay]

On the other hand,
] Yy Yy

[y +log(z)]  wer¥[y+ay+log(a)]  e¥[z(y +log(x)) +ay]’

which proves the statement.



Chapter 1

Lie groups and Lie Algebras

1.1 A concept of a group
Definition 1.1.1. A group is a set G, together with a group operation o, such that:
a)
Va,be G aobe G (1.1.1)

b) (associativity)

Va,b,ce G (aob)oc=uao(boc) (1.1.2)

c) There is a distinguished element e € G, called the unit element, which has the property that:

VaeG aoe=eoa=a (1.1.3)

d) (inverse element)

Yac G 3Ja~'e€ G, such that aoa'=aloa=e (1.1.4)

Example 1.1.1. The following structures are groups:
1. G = R\{0}, o is multiplication

2. GL(n,R), a set of invertible n x n matrices with Gj; € R together with the matrice’s multi-
plication o

3. O(n,R) = {X € GL(n,R) : XT o X = I}, a subset of orthogonal matrices
FEzercise 1.1.1. Show that O(n,R) is closed with respect to o.

Proof.

(XoV) I (XoY)=YToXToXoY =YTo(XToX)oY =YToloY=YToY =1



1.2 A concept of a local one-parameter group of transformations

Let U C R™ be an open set and {T,},cacr! be a one-parameter family of transformations 7, :
U — R", given by the formula

(Tox)' = fi(z1, .y znsa), == (x1,..,2,), i=1,...,n,

such that f? is three times differentiable w.r.t z;, variables and f € C* w.r.t. the parameter a.
We assume in addition that {75} is locally closed in the following sense:

e There exists an open, non-empty set A’ C A, such that Vo € U,Va,b € A’, there exists a
number ¢ € A, such that

Ty o Tu(z) = Ty(Ta(z)) = To(x) (1.2.1)

e and there exists a function ¢ : A’ x A’ — A, such that ¢(a,b) = c or

Ty(Ta(x)) = Ty(a, b)(x). (1.2.2)

Definition 1.2.1. {T,}.ca is called a local 1-parameter group of transformations if

1. there exists a unit element e € A', such that T, is an identity transformation (Vx € U T(x) =
x), that is

Vae A" ¢a,e) = dle,a) =a (1.2.3)
or, equivalently,
Too Te(x) =Te o Ty(z) = To(x). (1.2.4)
2. ¢(-,+) € C3(A x A)
3. Ya € A’ the equation ¢(a,b) = e has the unique solution b € A’ and so is for ¢(b,a) =e

Remark 1.2.1. If ¢(a,b) = ¢(b,a) we say that {T,}.ca is commutative (or Abelian) local group
of transformations. For some reasons (which will be explained later on) one can assume in this
case, that ¢(a,b) = a + b and e = 0. We say then, that a is a canonical parameter.

Theorem 1.2.1. There always exists a change of variable a = f(a), such that a is a canonical
parameter

Proof. Let the superposition T, = T}, o Ty, be defined by the function ¢ = ¢(a,b).
If we take the second argument with the increment Ab, such that |Ab] < 1, then on virtue of
smoothness of ¢, the parameter ¢ will increase by a small increment Ac.

c+ Ac = ¢(a,b+ Ab) (1.2.5)
In terms of transformations we’ll have what follows:

Terne = Torap o Ta. (1.2.6)
Multiplying by T, ! o lel =T ! = T, from the right, we get:

Toinpo (Too T, o Tyt =Tynpo Ty b =ToincoTpr.

10



In terms of function ¢ we’ll have what follows:

(¢t e+ Ac) = ¢(b™1, b+ Ab) (1.2.7)
Let us introduce a function

v =200 (1.28)
From the Taylor’s series decomposition, we have:

G(b~ " b+ Ab) = p(b",b) + %g;)’ ) lazp-1 Ab+ O(AD?) (1.2.9)
Smoothness of ¢ implies that |Ac| and |Ab| are of the same order. Hence:

dlc e+ Ac)=o(c L) + &15((;;0) laoeem1 Ac+ O(AC?) (1.2.10)
From (1.2.7),(1.2.9) and (1.2.10) we have:

V(c)Ac =V (b)Ab+ O(|Ab?)

Dividing this expression by Ab and taking the limit Ab — 0, we obtain:

VOR=vE)  e=oab) 6D =a (1.2.11)
Now we introduce a function:

i— /aV(s)ds (1.2.12)
Integrating (1.2.11) within the interval (e, b) we get for the Lh.s.:

/e bV(gb(a,s))WdSZ / " Vé(a,5))dé(a, 5) = / “V(o)do

while for the r.h.s we have the integral | eb V(s)ds. Equating these integrals and taking into account

the identity . . .
Jo=[0+][0

¢ = /:V(s)ds = /ea V(s)ds + /ac V(s)ds = /ea V(s)ds + /: V(s)ds = a+b.

we get:

Example 1.2.1. Scaling group

T=ax =Tyx =7 =Ty(T,x) = bT = baz, ¢(a,b) = ab and e = 1.
A passage to canonical parameter:

0 0 1
V(b) = % (a, b)|a:b—1:% = %ab\a:% = g
a _
a= @:lna—lnlzlna = ag=¢e€"
1 S
Tz =Tyx = ez a:::Tga_::eaJrl_’:Tgx = ¢é=a+b

11



Ezercise 1.2.1. Rotation group

T\ [ mcosa—ysina
y | \ wxsina+ycosa

Find out ¢ = ¢(a,b) and show that these transformations form a group.

Ezample 1.2.2. The group {T,}: (0,p) x Rt — R2, p > 0, is given by the formula

Ta(fE,y) = (i)g) = (mv 1— ax

Correspondingly, the composition Ty o Ty, acts as follows:

:% = x = l_ax = x
1-bz 1-b%- 1—(a+b)x

:lj: g _ 17ya:(3 _ Yy
1-bz 1-bZ- 1—(a+0b)z’

Note that a natural set for the parameters’ values is A = (—o0, 1/p) and, of course, a, b > 0 should
be taken from such set A’ C A that a + b does not exceed 1/p. So this local group cannot be
extended to a global one.

1.3 Infinitesimal generator of a local Lie group. The first funda-
mental Lie’s theorem

Let
* = fF(x;a) (1.3.1)
be a local Lie group and let a be the canonical parameter.

Definition 1.3.1. A. The function:

of" (s a)
k )
= "= k=1,.. 1.3.2
(@) = F2 0 0y " (1:3:2)
is called the k-th coordinate of the infinitesimal generator (the IFG to abbreviate) of the group
(1.3.1).
B. The first order operator
X = igk(x)i (1.3.3)
= Ok

is called the Lie group infinitesimal generator (IFG ).

We postpone with the explanation on why the operator X is called so. Yet the notion "infinitesimal”
will be explained at once. In fact, for |a] << 1 the equation (1.3.1) can be written down in the

following form:
=2 + F(2)a 4+ O(d?).

So the vector &(z) = (€1(x), ..., £"(x)) does generate infinitesimal ( very small) Lie group transfor-
mations.
Examples of the IFG.

12



Example 1.3.1. A. If x = x + a, y = —L then, using the definition, we easily get

x+a’

B. For the rotation group
T =cosaxr —sinay, Yy =sinax+cosay we get

. 0
K=yl ta
yax oy
C. For the projective group = = —o—, y = 1%~ we obtain
N 0 0
X=a22 fya
T Ep + yx 9

Theorem 1.3.1. (the first fundamental Lie’s theorem)
The functions {f'(x;a)}, satisfy the initial value problem

0f(x;a)

P E(f(x;a)) fix;0) =2a', i=1,..n. (1.3.4)

Conversely, for any smooth vector field {&'(x)}?_, the initial value problem (1.3.4) defines a local
one-parameter group for which {€'(x)}"_,} is a set of coordinates of infinitesimal generator.

Proof. (=)
Using the fact, that T, aq = T, 0 Ta, We have:

Fi(wia+ Aa) = F(f(z;0); Aa) (1.3.5)
Now for a small Aa we have two Taylor decompositions:

Of'(x;a)

2
o Aa+ O(Ad) (1.3.6)

fi(zsa+ Aa) = fi(z;a) +

Pz ) Aa) = £(f(a);0) + TIEDR - na s o(aa) =

= f1(f(z;0)) + € (f(z;0)) Aa+ O(Ad?). (1.3.7)

We equalize (1.3.6) and (1.3.7), divide both sides of the equation obtained this way by Aa and
then take the limit directing A toward zero. Finally, we get:

LRULS D)
with the additional condition f*(z;a)|q=0 = 2 O
Proof. (<)
We know!, that for any set of smooth functions £¥(x) the system
dz* . —k k
T =&"(x) z°0)=2" k=1,..n (1.3.8)

!see, e.g., Ph. Hartman, Ordinary Differential Equations, Ch. II, John Wiley and Sons, New York, 1964

13



has a local solution which can be designated as z(a) = f(z;a) = Tgx. So the statement will be
proved if we show that Ty(T,z) = T, 1pz. Let us introduce the following functions:

y'(0) = f'(f(z;a);b),  2'(b) = fi(z;a+b)
Differentiating these functions and using the initial conditions we will have:

a@i _Wi‘;?:;b)_fi(y) y'(0) = f'(£;0) = f'(x;0a)

and
0zt Ofi(x;a+b)  Ofi(x i i i
azb = ! ($8Z+ ) = féf’ 7-)|T:a—i-b = (f (fL‘;T))|7—:a+b =< (Z)

2(0) = f{(f;a+0) = fi(w;a)
So, up to the notation, both of the functions satisfy the same initial value problem and, therefore,

on virtue of the uniqueness of the solution to the i.v.p., T, o T, = Ty4p. The statement about the
coordinates of the IFG appears from the fact that the functions f*(z; a) satisfy (1.3.8). O

Ezample 1.3.2. (reconstructing the transformations Z,y from the coordinates of infinitesimal gen-
erator)

Let the coordinates of the IFG for the family of transformations 7}, : R? — R? are as follows:
g=1 ¢=-2.
x

Then solving the equation
dz

— =1 z(0) =
1 z(0) ==
we obtain that x = C + a with C = x. so that £ =  + a. Next we solve the equation
dy Yy y _
da x r+a 9(0) =y

Separating variables, next integrating and taking into account the initial conditions, we finally get

Xy
r+a’
In order to show that this is a group, we consider the superposition of transformations:

T=r+b=xz+ (a+b)=z+ ¢(a,b)

Ty (x+a)xg$/a — zy
z+b = z+at+b T z+oé(ab)”
Ezercise 1.3.1. Find the one-parameter groups of transformations and canonical coordinates cor-

responding to the IFG

N 0 0
X =z— —
1 $8x+y8y’
N 0
Xo=0x— —y—

14



1.4 Canonical coordinates
Suppose that a one parameter group T,
= fF(x;a) = (Thx)*

with IFG

X = Z ¢'(a) ozt

acts on R™. Let us consider a one-to-one and continuously differentiable change of coordinates
(diffeomorphism) F': R" — R™:

y(@) = (y' (@), ... y" (2)) = F(2)

A . (1.4.1)
y'(z)=F'(z,..,2") i=1,...,n

First of all, let us note, that T, defines in the coordinates (y'(x), ...,"(x)) a one-parameter set of
transformations

g =0 (y;a) = F'(f(z50)) = F(f(F~(y); 0)) (1.4.2)

Let us show, that (1.4.2) defines a Lie group. Acting on z € R" by two consecutive transformations
belonging to this family, we have:

gl = @' (5;0) = F'[f(z;b)] = F'[f(z; b+ a)] =
= F'[f(F~'(y); b+ a)] = ®'[y; a + b].

Since (1.4.2) is a local Lie group, then it has an infinitesimal generator, which by definition is as
follows:

iy 0
U(y)—%\azo—%f?( z;a))|a=0 = Z

OF O f*(x )’
“0fF  da a=0 =

) (1.4.3)
=3 5%:)2; = XF'(z) = XF'(F~(y))

The above formula is very important, since it tells us how the coordinates of the IFG trans-
form under the nonsingular change of variables. One of the effective technical tools purposed
at solving ODEs admitting a Lie group is based on the search of so called canonical coordinates, in
which the IFG coordinates are as simple as possible.

Definition 1.4.1. A change of coordinates (1.4.1) defines a set of canonical variables for the one-
parameter Lie group {T,} (with the generator X =3 1_; fk(x)%) if in terms of such coordinates
the group acts as follows:

-n n (1.4.4)
Yy =y +a

Remark 1.4.1. If (y!,...,4™) are canonical, then n’(y) = d%.

15



Ezample 1.4.1. Let us consider the scaling group

T = ez, To = 2% 19
with the generator
- 0 0
X=x;—+2x9 —.
! 63:1 2 69:2

To obtain the canonical coordinates, we should solve the system
X y1 =0, e Y2 = 1.
The characteristic form, of the first equation is as follows:

day _dxz _dy

T _2:E2 0

Solving this system we conclude that y; = ¢(23/22). Solving then the characteristic system

dzi _da _ dy:

T 2x9 1

corresponding to the second equation, we get y2 = logz1 + ¥(2?/x2). Thus, the simplest form of
transformation we need is as follows:

y1 = x1/z2, y2 = log 1.
To malie sure that we really obtained the canonical coordinates, it is sufficient to express the
operatot X in new variables. Let us do this. Thus, we have:
8:8y18+8y28:2x18+ii_
dxy  Ox10y1 0x10ya  x2 Oy1 x10y2

0 oy1 0 Oyo 0 xi 0

dxy  Oaa Oy * dxgdys a0y

From this we obtain:
. 211 0 1 0 ] 2\ 0 0
X=z + — t2r |~ | 57— =575
"oy 0y m 0w ? 23) 0y Oy

Ezercise 1.4.1. Consider the following groups of transformations:

a

1. x1 =e%xq, To =€ *xo,
2. x1=x1 +a, To9 = €% x9,
3.r=z1+a,  Tp=H2,
4. jl = l—xalxl’ jQ = l—m;zl'

e Find the IFG in each case.
e Find the canonical coordinates.

Ezercise 1.4.2. Consider the rotation group
T1 =T cosa — X2 Sina, To = x1 sina + xo cosa.

Show that the change of coordinates

)
r=\/22 + 22 f = arctan —
1 25 o

defines a set of canonical variables.

16



1.5 Invariants of the Lie group

1.5.1 Invariant functions
Suppose that {7}, }|.ca is a Lie group acting on R™.
Definition 1.5.1. A function F, mapping R™ into R is called an invariant function for {T,} if
FT,x]=F[z] Yae A VzeR"
Remark 1.5.1. In what follows, we use the notation:
ToFx] := Fz] = F[T,x].
Theorem 1.5.1. A smooth function F : R" — R is an invariant function for T, if and only if
XF[z]=0 VzeR" (1.5.1)

where X = fk’(m)% is the IFG of the group Ty,.

Proof. (=)
Since T, F' = F, then F[T,z]| does not depend on a. Thus, we have:
0 0 OF Of; N
2T Fl2]|aco = — F[f (x: SZlum0 = XFla] =
2 FuFloco = 2 Flf(a:a)] = Z 3, ke = XF] =0
(<)

Assume that X F [x] = 0. This is true for any point € R"™, in particular this is true for z = f(x;a)

that:
. i OF o' 0
0= Xz Zf 83;1 Zaxz da F[ ]

But this mean that F'[z] does not depend on a, so in particular:

Flz] = F[f(z;0)] = F[f(2;0)] = Flz]
O

Ezample 1.5.1. Let us find out the function F'[x,y|, which is invariant w.r.t. the rotation group 7:

T =zxcosa—ysina Yy =xsina + ycosa
We know that X = —ya% + a:a% Applying the criterium (1.5.1), we have:
—yby +xF, =0

or in the form of the equivalent characteristic system:
dr dy _dF
—yv € v O
Solving the first two equations, we get the invariant z? + y* = Q and hence F = ¢ (22 + y?).

Remark 1.5.2. Note, that any function o(z, y) = Q, such that X (z,y) = 0 is called the invariant
of the Lie group T, characterized by the IFG X. So any smooth function F(p), where p = /22 + y?2
is the distance from the origin, is invariant with respect to the rotation group.

17



Example 1.5.2. Let’s consider T, : R3 — R3:

T=er g=ely zZ=e %.

The IFG of this group is as follows:

. 0 0 0

The above remark tells us that a function F(x,y,z) is an invariant of the group T, if F can be
presented as a smooth function of the independent invariants of the operator (1.5.2). We can find
out the independent invariants of X by solving the characteristic system:

dr _dy _ d
Sy

It has two independent invariants:

1?91:%
x
2= 0y =y2?

So any function invariant w.r.t. (1.5.2) possesses the representation F'(xz,y, 2) = ®(%, yz2)

Remark 1.5.3. The set of the functions{€;, s} form a complete set of invariants of (1.5.2) in an

open set U C R3 if
(1, Q9)

o(z,y, z)
Let’s calculate the Jacobi matrix for our case:

J _ 8(91792) _ _%Lg LQ 0
d(z,y,z) 0 2 2yz

ank lu = 2 = const.

The rank of J is 2 in R3\{0,0,0}.
Exercise 1.5.1. For the IFG

N 0 0 y? 0
X =2 S AT
v 8w+$y8y (4 +2> “9z

find the set of independent first integrals (invariants). Show the general outlook of a function
admitting Xy4.

1.5.2 Invariance of an algebraic manifold
Definition 1.5.2. We say, that a set
M={zeR"W'(x)=0 v=1,..,s<n} (1.5.3)
is a reqular surface (or an algebraic manifold), if:
(a) Y¥ are smooth functions

(b) rank %M/f = s = const
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Definition 1.5.3. A regular surface (algebraic manifold) M, is an invariant surface for a one-
parameter Lie group of transformations z° = f*(x;a), a € A C R if:

Vae A Ve M f(z;a) e M

Lemma 1.5.1. There erists a non-singular change of variables (diffeomorphism) y* = ¢*(z), such
that in new variables the algebraic manifold M is defined by the system of equations:

M|y = {(yla -~ayn)|yl =Y2=...=Ys= 0} (1.5.4)

Proof. (by construction)

1 s
Since mnk%\ M = 8, then it is possible to choose a sequence of indices 1 < j; < jo < ... <

Js < n and the corresponding set of variables (xj,, z;,,...xj, ), such that the vectors:

ot oy
8$j1 8xj5
: yeney :
oY oY
Oz, 0x g

are linearly independent on M.

Let us perform the following change of variables:

I I I / _ I
T) =T, Ty = Tjyeery Tg = Tjyy Lgy1 = Thyyoeny Ty = Tk

n—s’
where 1 <k <k <...<ky_s < nand (zg,, Tk, ....Tk,_.) is a set of variables complimentary for

{z;,}5_1, e aset (z1,...,z0)\ (), ..., ), ).

Now let us introduce the change of variables:
= (2], ey T T g5 ey X)) = Yz, .y )

Ys = V5 (2, 2l g, 1)) = % (@, )
Ysgr =Ty, 1<r<n—s

In new variables M = {y e R* | y; =...=ys=0}.

Let us show that the map x — 2’ — y is a diffeomorphism. It is evident that

Y1, ----yn) — det (Y1, ---Yn) - det a(xh, ....x))
/

A(x1,...wp) oz}, ...ah) (1, .mp)

But det % is the determinant of the matrix of permutation

. 1, 2, ..., s s+1, ..., n
j17 jQ? M js? kl? c kn_s ’
which is equivalent to either +1 ora —1. Concerning the Jacobi matrix of the map =z’ — vy, we

. 8(y17 "‘7y'rl) _
have: det (M v =
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oL ol | oyt oyt
oz’ oz | Oz, oxl,
a{ﬁs agﬁs s s

. ory " Ox 6x’5+1 ox!,

—det =0 1 0 0o ||M=
0 0 0 1 0
0 0 0 0 1

(Y, ..., %)
= det [ 0 O
‘ ( o, al) ) M7

Theorem 1.5.2. An algebraic manifold M, defined by (1.5.3), is invariant w.r.t. {T,},cn with
IFG X = £i%, if and only if

X' \y=0 v=1,..,s (1.5.5)
Proof. (=)
IfVae A ¢"[T,z] =0, then
0 o¥ 0z; oY” 5
= — v T(l a=0 = _ .0 — 7‘7 a=0 — = —GC1 == X v .
0 6a¢ [ J}” 0 (9Zj |z7f(w,0)7a: a‘ 0 6.%']' gj(m) ¢ |M

(<)
On virtue of the lemma 1.5.1, we can assume that M is given by the set of equations

If X = fk’(x)a%k, then the equality 0 = )A(z/)”|xu:o,u:1,,,,,s, takes the form:

L oxr? .
Z{J(I') o ’M - 5] (x)djV‘M = gy(oa e 0>x8+17 ’$n) =0. (156>
j=1 ™

S

Now let us consider the Lie’s equations:

G =@ 1) (0)=0 v=1..s
(1.5.7)
8%5% =&l Lz BTH0) =28t p=1,..,n—s
The first s equations satisfy zero initial conditions and, besides,
€ |am0 = €7(0, 0, ..., z°, .2™) =0, v=1,..s. (1.5.8)

It is shown in any standard course of lectures on ordinary differential equations 2. that the solution
to the initial value problem (1.5.7) can be obtained as a limit 27(a) = limy_,o 27, , (a), where

w11 (a) —$6+/()a€j (zp(r)) d7,  a)=77(0) = a’.

2see e. g. K. Maurin, Analysis, Vol. 1, Ch. IX, Reidel, Boston 1976 (translation from Polish).
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For j =1,...s we have on virtue of (1.5.8):

w{(a)=w6+/ éj(xo)drz/ £9(0,0...,0, z°*1, 2™ dT = 0;
0 0 N——

7}(a) —370+/ & (z1) dr—/ 5100 L0, 23t 2y dT = 0;

. . a .
2l (a) = ol + / ¢ (rpr) dr= [ €(0,0.,0, 257, 2l )dr = 0.

Therefore the solutions of the first s equations will nullify:
/= f"(z,a) =0, Ve e M, Vae€ A, vell,..s|,
which means that z = (0, 0, ...,0, 2571, ...2") € M. O

The geometric interpretation of the invariance of the function F(z1,...,x,) and the surface
F(z1,...,2,) =0:

Let us consider the level surfaces F (xl, wtn) =C, C € (a,b), corresponding to the function
F(.) invariant w.r.t. T, with X = fj The invariance condition

XF = 53 aF =0

means that the vector field {¢!(z), ...,£"(z)} is perpendicular to the gradient gr_ddF , which means,
that it is tangent to any level surface.

In the case of the algebralc manifold defined by the equation F(z1,...,2,) = 0, the condition
XF |F=o0 = 0 means that 5 is tangent to the only level surface F' = 0.

Ezample 1.5.3. We know that any smooth function F(y/z2 + 42) is invariant under X; = —ya% +

0
M : 2?4 y? =1is invariant w.r.t. X; and, more generally, w.r.t:

A 0 0
Xoo = —y%—kxf <\/x2+y2> oy

where f is any smooth function such that f(1)=

1.6 Exponential Map

Formal definition of the operator-valued function e'*, where X = Y20, &*(x )BT is an IFG of a
one-parameter Lie group {7} acting in R™ is as follows:

Definition 1.6.1. By e*X we mean the operator-valued function R™ — R™
exp[a X]z = £(z; a) = {f*(z; a) }izy
Vr € R", VacA.

Properties of eaX

A

1. explaX] exp[bX]x = exp[(a + b) X]]z = exp [b X] exp [a X] z.
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A

Proof. exp[a X] o exp [bX] T = exp(aX)f(

8

:b) = f(f(w;b);a) =

— flaa+b) = exp(a+b)X]z = F(f(:a);b) = exp [bX] o exp [aX]a. 0
2. exp [0 X]z = z (evident).
3. L(explaX]a) = X [exp(aX)z].
Proof.
%(exp la X] 2)k = Cif; — k() = gﬂ(:z)% # = X [oxp (a X) 2]
for k= 1,2, ..n. 0

4. exp (—aX)z = (expaX) 'z.

Proof.
6_0’X |:6_&Xx:| = e—aka (.’L’, CL) — fk (f(-T, CL), *CL) — fk (SU,CL . Cl) _ J,‘k,
X X o 61—1
So e7%X 0 ¢%* = I and hence e~*¥ = [eaX} . O

Definition 1.6.2. (formal definition) An operator-valued function exp aX is the only solution

of the equation

diax:f(-x, z(0) =1,

where x = exp aX is an element of a Banach space of linear operators L(R™,R™) which can be
formally defined as:

no
A . a® o4
expa X = nh_)rglo (,;1 EX ) (1.6.1)

where Xkz = X’;—I(X'x)

Example.
¢ _ O
X =55

"% x =z +a,
where 0, = %

FExercise 1.6.1. Calculate

expla X] ( . ) ,

where X = xzé% + yQ%.
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Ezxercise 1.6.2. Calculate

embm<§>,

v .20 0
where X ==z 9z T TYgy-

Let’s consider the operator

0

_ i
X (]Zl A”x) 5 (1.6.2)

acting on R", where A = (A; ;) is a matrix with constant coefficients.

Statement 1.6.1. The following formula holds true:
exp (aX) r ="z,
where
a2
et :I+aA+§A2+....

Proof.
j oxk
T 9

N . . k
X2k = Ay 2" Opm Ay 2 = Apna” Ay jh, = A Apna”™ = (A%2)"

XaF=A = Ajjal 6F = Aol = [Aa)*, k=1,2,.m

Further, we use the method of induction. Assuming that X" 2% = (A”a:)k fork=1,2, .., n,let us
calculate the action of X711 :

A k . L
[X7+12]" = 4090 (A7), 2 = Ayjad 6] (A7), =

- Wl = i) = 1712

Hence

exp (aX) zF = (I—i—aA—FC;AQ—i-....) a:r: {e“Ax}k.

Ezxample 1.6.1. Let us calculate

X[ T
T2

where

. 0 0
X =—19— .
x28$1 +$16$2

The operator X can be written down in the form (1.6.2) with

A:<‘1)—01>.
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It is easy to get convinced that
AL = (—1)"4, AP = (-1)"I.

Hence

(0 -1 na 4 1 0 [ cosa —sina
“\1 o JM¢ 01 )7\ sina cosa '

So we have reconstructed the action of the rotation group in R2.

Ezercise 1.6.3. Calculate the one-parameter Lie group generated by the operator

0

X = Aljﬂfjﬁ,

i7j:1727 A12:A21:15 AZZ:O

1.7 Lie algebra of the infinitesimal generators

Suppose that some object (a function or an algebraic manifold) is invariant w.r.t. more than one
Lie group. Then we have two or more IFGs:

(%1, X4}

each corresponding to a local group T%, i = 1, ..., k. A superposition of the one-parameter transfor-
mations Tg, o ...Tj, is a Lie group called the multi-parameter Lie group of transformations.
The set {X Lo X k} occurs to be closed w.r.t. some algebraic operation called the Lie bracket (or
commutator).

Let
~ n o)
k
X = kZ::lf (x)ﬁ
and
¥ =3 )2
= 0 xk

be two different generators of one-parameter Lie groups {7, },ea’, {1} }renr, acting on R™.

Definition 1.7.1. The commutator (or the Lie bracket) of X and Y is the operator [X, Y} acting
on any smooth function f:R"™ — R as follows:

(X V)f(@) =X [V f(@)] -V [£f(@)].

Lemma 1.7.1. The commutator {X, f/} is the first-order differential operator defined by the fol-
lowing formula:

(X, Y] = [X(0) —Y(€)]5 (1.7.1)

J=1
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Proof

XP(1)] = Y S oL =
=1 j=1
i 0@ OF i 82 f

VXN =D 8 ;=

=1 7j=1 x

n ) n o 5 P o n o n ) ) 82
RN 122

Substracting the left and right sides of the second equation from the first one, making the replace-
ment of the summation indices and taking into account the equality of the mixed derivatives, we
obtain as a result that

X V] = [X() - Y(€j>]67j-

Defined above operation has the following properties, mostly arising directly from the definition.
1. Skew symmetry:

X, V] = —[7, £,
2. Bilinearity:

(01 X1 + o Xo, V] = oy [X1, V] + aa [Xo, V.

3. Jacobi identity:

A A A

(Z,1X, Y]]+ [X,[Y, 2] +[V,[Z, X]]=0.

If the set of linearly independent first-order IFGs R = {X 1, Xo, ....Xm,} is closed with respect to
the operation [-,-], i.e. for each pair X;, X; the following decomposition holds

AAn
XXZ

for some numbers {cfj }i j k=1,...n, then the set N is called an n-dimensional Lie algebra with the

basis (or basic elements) N, Whlle the constants c¥ ; are called the structure constants.

Ezercise 1.7.1. Show that the following properties of the structure constants are true:

oy =~k (1.7.2)
& =0. (1.7.3)
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The following statement holds true:

Theorem 1.7.1. Let the operators X and Y be the generators of one-parameter groups admitted
by the algebraic manifold M (or function f : R™ +— R). Then the first order operator [X, Y] is the
generator of a one-parameter group admitted by this manifold (or function).

Proof Without the loss of generality, we perform the proof assuming that X , Y are symmetry
generators for manifold. We define a one parameter family of transformations mapping M into
itself by means of the formula

U(z; a) = eVaX vay o—vax ef‘/&?[x]. (1.7.4)
We are going to show that for small a this transformation can be presented in the form
U(z; a)® = 2% + an®(@) + 0(ja*?), k=1,..n,

where the vector field {n®(x)}7_; is tangent to the manifold M. Basing on the first fundamental
Lie theorem, we can, thus, conclude that the operator

" 0
k
> 0t (x) 5
= oxF

is the generator of a one-parameter Lie group admitted by M.
We get the operator > ;_; n* (ac)% by decomposing the operators appearing in the right-hand

side of (1.7.4) in the Taylor series and grouping relevant terms:

(e\/aX eVaY e=vaX —va¥ [z] =

= [(1+vaX+4%%) (14 vay +492)] - [(1-vaX +4X2) (1- Va¥ + §9?)| [a]

= (14 vaX +4X24 aV +a XV + 5724 0(|a]*/?))

(1-vaX +4X2 - Va¥ +aX ¥ + 572+ 0(a]*?)) [a] =
1+a(X+Y)+ 4 (X2+2XY +7?
1—a(X+V)+¢ 2]+ 0 (la*’?) =
1-a(X+7) (X47)+a(X2+2XV +72)] [2]+ 0 (ja/?) =
1—a(X24 V24 XV 4V X) +a (X242XY +72)| 2]+ 0 (|a*?) =
{14a (XY =V X)} 2]+ 0 (jaP2) =z +an(@) + O (ja*?).

/N

Tangency of the vector field {n¥(z)}?_, appear from the fact that the r.h.s of the formula (1.7.4)
defines the superposition of transformations mapping the manifold M into itself.

1.8 Examples of Lie algebras
It is convenient to present a finite-dimensional Lie algebra {XJ}n in the form of commutator

7j=1
table, whose (i, j)—th entry expresses the comutator [X;, Xj].

Remark 1.8.1. It is evident that the commutator table is skew-symmetric, since [XZ, X]] =
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Example 1.8.1. For the set of operators {Xj}j?zl

X1 = —y0, + $8y’
X2 = 6:1:7
X3 = 0,

the commutator table is as follows:

[ [X] X [X]
X, —Xs3 | X,
Xy 0

Ezxample 1.8.2. For the set of operators {Xj};%:1

Xl = _yam + xa@p
X2 = 8:137

X3 = 63/7

X4 = x&,; + yay

the commutator table is as follows:

BN PSRN

X —X3 | Xo 0
X5 0 | Xo
X3 X3
Xy

Ezxample 1.8.3. For the set of operators {Xj}?zl

Xl = a:l:a
X2 = x@x,
X3 = 3}2 8r

the commutator table is as follows:

L X [X%] X5
X1 X1 | 2X9
X, X;
X3

Ezxample 1.8.4. Let us verify if the following set of operators

Xl = xaﬁa
X2 = y8$7
X3 = 0y,

is closed w.r.t. the Lie brackets and fill in this set if necessary. The commutators are as follows:

1.

[Xl, XZ] = [l' 8337 ya’t] = *y(a;t x)ax = —-X>
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(X1, X3] = [20,, 0] =0,

(X2, Xs] = [y O, 0,) = (0 y)0s = ~0y := —Xu.

So in order that the above set be closed, it should contain an extra operator X4 = 0,. The set of
operators X1, ...X4 proves to be closed as it is is shown below:

[Xla X4] = [.I a:ra 6:):] = _(ax x)am = _X4>
[X27X4] = [ya.'ba 81] = 07
(X3, X4] = [0y, 0] = 0.

The commutator table for the operators Xy, ...X4 is the following:

N[ % %] 5

X1 — X5 0 —Xy
X5 —X4 0
X3 0
Xy

Ezercise 1.8.1. Make the commutator table for the following set of operators:

X3 :1'28@’3 _1'383027
X9 = 230, — 21 O,
X3 =T 8552 —1'2(9351.

Ezercise 1.8.2. [(a.)] Verify if the following operators

X1 :xay+yama
X2 = —y@x—i-a:(“)y

form a closed set with respect to the Lie bracket.
[(b.)] If the answer to [(a)] is negative, supplement the set X3, X5 with the missing operator(s)
and make the commutator table for the whole set of operators.
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Chapter 2

Groups admitted by the differential
equations

2.1 Introductory remarks

We’ll discuss here definition of symmetry which is applied to both PDEs and ODEs, because the
the formalism is identical in both of these cases (yet the applications are essentially different).

Let the group G, acts on the space (z!, 22, ...2"; u',..u™) € R"™™ where z' are independent
variable, while u® are functions of 2°. The group G, action is defined as follows:

* = Mz, a) = 28 + a ¥z, u) + 0(d?), k=1,...n, (2.1.1)

u® = g%(z, u; a) = u® + an®(x, u) + O(a?®), a=1,..m, (2.1.2)

where f*, g% are three times differentiable with respect to z and u and analytic functions with
respect to the group parameter a € A C R',

@, u) = (9/%/0a) oo, n°(x,u) = (99" /9 a) .

Remark 2.1.1. Note that temporarily we do not distinguish between the independent and depen-
dent variables, which enter the formulae (2.1.1), (2.1.2) on an equal footing.

Let us consider the manifold M defined in the extended space (the space of jets of r—th order)
(z,; u,0u,0%u,..0" u)
by the system of equations
R (z, u, Qu,...0"u) =0, oc=1,2,..s, (2.1.3)

where 0% u denotes the set of all k-th order partial derivatives of the functions u® (we identify du
with @' u in this context).

Definition 2.1.1. We say that a one-parameter group {Ga},cn , defined on the set of dependent
and independent variables by means of formulae (2.1.1)—(2.1.2), is admitted by (2.1.3) if it maps
each solution of (2.1.3) into some other solution of this system.

Let us try to understand what the definition 2.1.1 does mean. We can identify any given solution
u = @(z) with its graph

Iy ={(z, ¢(x)), ze€ Qe R"},
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Figure 2.1: Action of the operator T}, on the graph I',

where R™ D () is an open set contained in the natural domain of the function ¢. Acting with
T, € Gy, we get the graph

Ta o ]‘—‘50 = ('f7 ,[L) = I:f(.fL', u; a’)?.g(x? U; a)]|(-1’7u:90(33))€1—‘(p °

Remark 2.1.2. Since T = Id, then T, oIy, is also the graph of a function at least for sufficiently
small a.

Attempting to understand the above definition, let us address the example formulated as the
following statement:

Statement 2.1.1. Transformation

( ) _ < T C?SG —u sina > (214)
T sma u cosa

maps the solutions of the equation

28I

Ugy = 0. (2.1.5)
into itself.
Proof The general solution to the equation (2.1.5) takes the form
u(x) = Az + B,

where A, B are the arbitrary constants. From the geometric viewpoint invariance means that the
rotation group maps the graph (z, Ax + B) into some other graph of this sort:

(v, Az + B) — (z, Az + B).

Let us show this analytically.
Applying the rotation group (2.1.4) to the pair (z,u) € R?, where u(x) = ¢(z) = Az + B, we
get:

(z,u) =(rcosa— (Az+ B)sina, zsina+ (Azx+ B) cos a)

Using the equality = x cos a — (Ax + B) sin a we can express the old variable in terms of the new
one:
T+ Bsina

cosa— Asina’
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c B
u=@(T) = T b d (sin a + A cos a) + B cos a,
cosa—Asina

or

sin a + A cos a sin a + A cos a

o(x) =17

—i—B(sina —i—cosa)-Ai‘—i—B.

cos a— Asin a cos a — A sin a

So the transformed function is linear in new variables and hence satisfies the equation

uzz = 0.

Another definition of the invariance of DE is following. Let’s have the transformation group
(2.1.1), (2.1.2). We show in the following section that this transformation group defines automati-
cally the corresponding transformations

o"u®

P
Ty ...0Ty

Lz, u, 0u,..0"u;a), 1<ri+..+r <, (2.1.6)

yeeT

rr > 0, which, together with (2.1.1), (2.1.2) form the r — th extension GSLT) of the Lie group G,
acting on the space of jets of » — th order.

Definition 2.1.2. We say that the set of transformations G,(f) is admitted by the system

R?(z, u,...0"u) =0, o=1,..s. (2.1.7)
if for sufficiently small a (2.1.7) implies

R°(z, u,...0"u) =0, o=1,..s.
Statement 2.1.2. The Galilei group

T=a+2at, T=t d=e @ Tly (2.1.8)
1s admitted by the transport equation

Ut = Ugg- (2.1.9)

Remark 2.1.3. The symbol u, here and henceforth stands for the partial derivative w.r.t. the
corresponding variable

Proof Assume that the function u = ¢(t, x) satisfies (2.1.9). Let us express @ in new variables.
From (2.1.8) we can express the old independent variables by the new ones as follows:

r=17—2at, t=t.
Thus, we have
= e @200t yF 7 947).

Calculating the corresponding partial derivatives, we get

ou - A -
ﬁ :efa(foat)*aQt{GQSD_i_gpl _2a¢2},
ou = 27
%:e a(z—2at)—a t{—agp—i—gog},
0%u 9 27T
oz~ ° ale=2a)=0t {_q (py — ap) + 22 — apa} =

= €_a(5_2aa_a2£{¢22 —2ap2+ a2<P} ;
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where
©1 = 872190(2'17 22)|z1:f, zo=%—2at> ¥2 = a—ZQ(p(Zl, 2:2)‘21:{7 ro—F—2ab

82
Y22 = @90(217 22)’21:1?, z2o=T—2at"
2

So

ou &*u _ e—a(i—2af)—a2f{

9 2 _
= omE = a‘p+p1—2apr —pr2+2ap2—a 90)}_

— T— 77 2t
— e a(T—2at)—a t{<,01 —(,022}|21:{7 ro=i—2at

_ e—a(a’c—2at_)—a25{gpt — ppat =0.

2.2 Theory of prolongations

Let us remind that S.Lie proposed to consider DEs as manifolds in a jet space. But the local Lie
group acts on the n + m— dimensional space (z1, ...7,; ul..u™) € R"™™ consisting of dependent
and independent variables. However, if a local 1-parameter Lie group is defined by the formulae

o = e uia) =2 +af(@u) + .., k=1,2,..n, (2.2.1)
u® = g%z, u; a) =u +an(z,u)+ ..., a=12...m (2.2.2)
then the equations (2.2.1)—(2.2.2) induce the transformations of the partial derivatives:
ou® ou®
% =07 (z, u, Qusa) = ﬁ +aly(z, u, du) + ..., (2.2.3)
O*u” 9 O*u” 9
S Ok j(z, u, Ou, 07 u;a) = EPCr P +ap(z, u, Ou,0%u) + ... (2.2.4)

Definition 2.2.1. The operator

n m
N 0 0 0
X = Fx, u)=—r: *(x, u Yz, u,du, .0y
;5(, Vg T L@ wgat > G wou, s
= a=1 <<y
L ) ) . . ; . olJ .
J = J2, dn)s 1 < o < gy [ =g14 o+ gn s u§ = mua is called the r—th
prolongation of the generator
N "k 0 Ui 0
— (e
X =Yg Y g
= a=1
We are interested on how it is possible to find out ¢} ;, . The answer to this question gives
the statement formulated below.
Theorem 2.2.1. The following formula takes place
k
C]inl,...ir = D; Ciof,‘..ir - U%,il,...iTDjf ) (2.2.5)
where
0 0 0 0
D;=— +uf us, v Fu;
I DI +u; O uc + uj4, aulql Tt UG auZaHQZk +

32



Proof. Let’s begin with (7'

87106_ 9 a o 2\ 9 a a dx™ 2
W—w[“ +an (:c,u)]—i—O(a)—aW[u +an (%U)]ﬁ*‘o(a )-

In order to calculate %J;, we take advantage of the identity

r— T —x,

giving rise to the equation

oxzmoxr" .,

ox" Oxs 57

and the formula for the infinitesimal inverse transformation

™ = 3" — a&™(z, u) + O(a?).

But
oz" o 0 [$r+a§r(x u)]+0(a2)—6’"+aD gr(x u)+0(a2)
dxs Ozt ’ - * 7 7
while
al'm_ a -m m/—= — 2 _sm _ m({= - 2
5o = 5o [ —ag" (@ W]+ 0(a®) = 07" — a Dy £7(3, @) + O(a?).

We claim that the last formula up to O(a?) is equivalent to

0" —aDyr &M (x, u).

Indeed, multiplying %””;: by gi: and summing up over r, we get:
ox™ 0z" m " . . .
5o a5 = 07— aDar €7(z, w)] - (6] + a Dy € (2, w)] + O(a) =
= 05"+ 0(a?),

which proves our statement. Hence

ou® 0

5o = g [0+ an® (@, w)] [ — a Do €z, w)] + O(a?) =
_ u
 Oak

and the formulae of the first prolongation of IGF hold true.
Now we use the induction. Assume that (2.2.5) holds for all partial derivatives of the order
p > 2. Then we have the following chain of equalities

) oPu® 9 { oPu®
0 0z 9.0z  0x) [Ox,0x%..0xw

+a[Dyn® — ul D €™ + O(a?)

+ c} L O(?) =

a 8pu04 « 8xk 9
B 8$k |:8$7‘1 axh_”axip + a€i17i2,...ip:| % + O(CL ) =
8p+1ua . )
B l(‘)xk, g, dan. Dz | a D Cgaim--ip] [53' —aDg; & (z, u)] +0(a®) =
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oP iy

- 8$j, 850,-1 81‘1281&”
oPtiye

T 9ai at Oa. D'

Hence

a _ e e ¢k
Cj,il,iz,...ip = Dj <i177l27...ip Uk iy, . D;&".

—uf iy, .0, D €] + 0(a?) =

7:27--'@'71,

+a [Dj CiOL

+ a(s’ + O(d?).

Js i1, i27"'i1)

Ezercise 2.2.1. Show that the equation
du . < du )3 0
—_— u —_— =
8:U1 81‘2 ’

u = u(z1, x2), admits the operators

_ o) el
Xl—U%—ngUlaxl,

— 1 0
XQ_\/ﬂau’

X3 =311 7821 —+ X9 %

2.3 Criterium of invariance. Splitting of defining equations
Let

F°(z, u,0u, ...0"u) =0, oc=1,2, ..s. (2.3.1)
be a system of PDEs (or ODEs), such that:

o (Ft, F?, .. .F?)
0(z, u, du,...0" u)

rank

= § = const,
Fo=0

TF = Rz, u; ) = 2% + a &z, u)+ 0(a?), k=1,..n,
u® = g%(z, u; a) = u® + an®(x, u) + O(a?), a=1,...m,

. " u® _ 2 _
aflTlgfn’“n - u7o"(1...rn + acgl...rn =+ O(a )7 r= fl + ...+ T'n,

be r times prolonged 1-parameter group with the following IFG:

. 0 N ) o 0
X =¢¥(a, U)W‘i‘n (, U)w‘FZ > CJ%
7

a 1<]J|<r

where J = (j1,...,Jn), |J| =71+ --Jn-

Definition 2.3.1. We say, that 2.3.1 admits this group if
X F| po_p.

According to the theorem, which gives us criterium of invariance of manifold, this condition is
necessary and sufficient.
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Example 2.3.1. Find out symmetry of the following equation:
uy + uuy = 0, (2.3.2)
where u = u(xy, x2), up = du/dz*, k=1,2.

a) We are looking for the IFG generator

5 0
X = él(xla x2, u)i +§2($1, x2, U)

i_i_ ( )g
0x1 0z T 22, g

The first prolongation of the generator is as follows:

R . B} d
XM =X+ -— —
+G B + (2 Dy’

where

G=m+nuu —u (€1I+511Lu1) — ug (5%7%3”1),
G2 =m2 + Ny u2 — uy (f%"‘f}ﬂ@) — U2 ({%—i—ﬁﬁm)

b) Applying the criterium of invariance, we obtain:

xW {Ul—l-uu%} = (1 +nus+3Guus=mn +nuu —u (5114‘5111”1) — us (f%‘ngUl) +nul +

+3uu; [772 + Ny u2 — Uy (5% +511LU2) — ug (53 +& UZ)} :

c) Changing u; with —uu3, we project the above expression on the manifold M : {u; = —uuj},

after which the expression can be equated to zero:

m = wudn, +uud (& - Guad) —uz (6 —uud &) +nud+
+3uu3 [772 + 1y ug + u U ({% + & ug) — U (53 + ¢2 ug)} . (2.3.3)

Now, let us note that Eq. (2.3.3) contains the terms ué‘, while the unknown functions &1, &, 1
depend only on the variables x1, z2, u. So the equation (2.3.3) can be treated as the polynimial
in the variable us. But, like any other polynomial equation, (2.3.3) is equal to zero, if all the
coefficients of different powers of us are zero. Equating the coefficients of the corresponding powers

u’zf, k=0,1,...6 we get the following system of linear PDEs:

ub

—u?€l 4+ 3u(ugl) =0 (2.3.4)
ul

3u(uéy) =0 (2.3.5)
Uy

u€? + 3u(—£2) =0 (2.3.6)
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ug

—uny +u€l +n+3u(n, — &) =0 (2.3.7)
u3

3u(n2) =0 (2.3.8)
ud

2 =0 (2.3.9)
uj

m=20 (2.3.10)

Thus we’ve performed the procedure of splitting of the defining equation which, as a role, leads to
the overdetermined system of PDEs. Now, employing all of the above equation but (2.3.7), we
easily conclude that

& ="E8(z1), & =~E&(@2), n=n(u).
Inserting this into the equation (2.3.7) we obtain:
n(w) + 2uij(u) = 3ug?(ws) — ug (x1)
This implies:

M =C] = 352($2) - 5.1(551)

U
Solving the homogenous equation
dij(u)du 1
i(u)  2u

we obtain that 7(u) = C//u. Then inserting the ansatz n = C(u)/y/u in accordance with the
method of variation of constance into the inhomogeneous equation

n(u) + 2ui(u)

-

we obtain the following solution:

Gy 1
n= \/—% +3C1u (2.3.11)

Sepatating variables in the equation Cy = 3{2(x2) -yl (1), we get:
Cy + €1(x1) = 3€2(z2) = 3C5
Equating the second term to the third one we obtain, after one integration:
& (x2) = Cy + Cas. (2.3.12)
Equating the first term to the third one, and integrating w.r.t x1, we get:
e (z1) = (3C3 — Cy)z1 + Cs. (2.3.13)

Using the independence of the constants, and putting in (2.3.11)—(2.3.13) each time only one of
them not equal to zero, we obtain the coordinates of five IFG admitted by (2.3.2). This way we
get the following independent generators:
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[ )
b
s
I
<
Flo
|
w
8
5
o
5

Vu ou’
° Xg = 3%1% + :Cgaim,
o« Xz 2,
® X5 = %
Remark 2.3.1. The operators X1, ...., X5 form a closed Lie algebra with the following commutator
table:
LIl X (X X | X
X4 —3X5/2 1 0 0 0
X5 0 0 0
X3 —X4 | —3X5
Xy 0
X5
Ezercise 2.3.1. 1. Show that the operators Xy = 6%01, X5 = (%2 are non-prolongable in the
sense that )A(lil) = )A(,?) =..= X',gs) =.= Xk, k=4,5.

2. Find the first prolongation of the operators Xl, ...X5 and show that Eq. (2.3.2) admits the
corresponding transformation groups in the sense of definition 2.3.1.

Ezxample 2.3.2. Let us find the symmetry of the second order ODE
Ugy = U, (2.3.14)

where u = u(z), x € R. We are looking for the IFG generator

N 0 0

X = — —.
5(5517 U)al' + 77(1"> U) ou

Since (2.3.14) is the second-order ODE, we should make the second prolongation of the generator

X, which is as follows:

where

Co = Ne + Nu Uz — Uz (o + Eu Uz)

The defining equation is then as follows:

Cax — 2un|(2.3.14) =
= Nz + Naw Uz + u? Ny + Uy (nxu + Nuu uac) -
—u? (é.x + gu ux) — Uy [gacz + Epully + u2£u + Uy (fzu + uu ux)] —u? (5:1: + gu ux) —2un=20.

The above equation contains the terms uﬁ, k=0, 1, 2, 3 while the unknown functions £, n depend

only on the variables x, u. So, in order to satisfy the equation, we should equalize to zero the
coefficients of the powers of u,. as a result of applying the ”splitting” procedure, we get the
following system of defining equations:
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Uy,

—&uu =0, (2.3.15)
ug .

Nuw — 28w =0, (2.3.16)
ul :

2 Ny — [ﬁm + 3 u? fu} =0, (2.3.17)
ug :

Moo + U2 Ny — 2u” & — 2un = 0. (2.3.18)

Solving equation (2.3.15), we get
£ = A(z) + uB(z).

Inserting £ into the equation (2.3.16) and then integrating twice, we get
n=u’B(x) +uf(z) + g(x).

Inserting expression for 7 and £ into (2.3.17) we obtain the equation polynomial in u:
2{2uB+f} =3u*B+ A+ub.

Equating to zero the coefficients of the different powers of v and solving differential equations
appeared this way, we conclude that B = 0, while f = A/2 + Cy, Thus, we obtain the formulae

¢ = A(z), n—u[C’l—i—;A} + g(x).

Inserting them into (2.3.18), we obtain the second order polynomial in u variable. Equating to zero
the coefficients of different powers of u and solving the system obtained this way, we finally get the
following expression for the IFG coordinates:

(=Cy—2Cia,n=32Ciu. (2.3.19)

The independent generators corresponding to this solution are as follows:

Since the operator X5 is non-prolongable, it is evident that the equation (2.3.14) which is indepen-
dent on x admits this generator. Now let us show that X is admitted by (2.3.14) as well. Acting

on this equation with two times prolonged operator X £2)7 we get:

(A5 + 3uyl + 20 — 2 2} (e —12) |23.10) =
4 (uge — u?) |(2.3.12) = 0.
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Chapter 3

Applications to Ordinary Differential
Equations

3.1 Symmetries and integrability of the first order ODEs

As it was mentioned in the introduction, ordinary differential equations and the problem of their
integrability in quadratures served as a source of inspirations for the creator of the Lie groups
theory. The use of the theory of the Lie groups of transformations in the case of ordinary differential
equations is the most fruitful. For example, existence of a one-parameter symmetry group admitted
by the n —th order scalar ODEs implies the possibility of lowering the order of the equation by one.
If the scalar equation of the n-th order admits an n-parameter symmetry group, then under certain
algebraic conditions posed on the generators of that group, this equation is completely integrable
in quadratures.

3.1.1 Application of the Lie groups in integrating scalar first-order ODEs

We begin the discussion on the relation between the symmetry and integrability, starting with the
scalar first order ODEs. The algorithm of finding the generators of one-parameter groups admitted
by the scalar first-order ODE does not differ from the general situation. Yet the family scalar first-
order equations is atypical, since the use of the standard Lie algorithm described in the previous
section is not effective in this case.

Let us demonstrate this. We’ll consider the general first-order ODE in the form

uy — F(z, u) =0. (3.1.1)

The symmetry group’s generator will be sought in the following form:

N 0
X = — .
o, )y + o, @)
Extending it one time, we obtain the operator

0

U A
Ug

Co = N + Uy (77u - fx) - (uw>2 Eu-

Acting then with this operator on the equation (3.1.1) and using the criterium of invariance, we
get:

xM [uz — F(, u)] ’(3.1.1) =Nz + Uz [Ny — §x — Euta] —EFe —n Fy |(3.1.1) =

=1z + F(2, u) [y — & — & F] = EFy —n Fyy = 0. (3.1.2)
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We see that the above equation does not include the powers of derivative u,, since they have been
removed during the procedure of projecting onto the manifold (3.1.1). So we face the situation when
the integration of the "unsplitted” defining equation (3.1.2) is not easier than solving the source
equation (3.1.1) Therefore, in the case of first order ODEs the Lie theory is used in somewhat
reversing order, namely, starting from the knowledge of symmetry rather than of its search.

Putting aside the question of finding symmetry, let’s concentrate on how can we use a known
symmetry group for the purpose of obtaining solution. Two methods of integrating scalar first-order
ODEs using symmetries are most often used.

The first method. Straightening the vector field. If the map (z,u) — (¢, s) is a diffeo-
morphism, then the operator X = ¢(z, u)% + n(z, u)% in new variables will have the form

. s 0 s, 0
X|(t75) = X[t]m +X[S}%.

Straightening of the vector field consists in posing the conditions
X[t] =0, Xls]=1. (3.1.3)

If these conditions are fulfilled, then X ‘(t, ) = %. Since the translation operator is non-prolongable,
this means that a passage to new variables leads to the equation whose r.h.s is independent of s:

% = F(t). (3.1.4)
Indeed, if the general scalar first-order ODE

st — F(t,s)=0
admits X = % = XM then

Os{st — F(t, s)} = —Fs(t, s) =0

hence F' = F(t).
The general solution to the equation (3.1.4) is obtained by one integration:

sz/F(t)dt+C.

Ezxample 3.1.1. Equation of the form

du U
ST (2
dx (a:)
admits the scaling group z = e*z, u = e®*u with the IFG
N 0
X=x— —.
Tox + You

Solving the equation (3.1.3) we get:
t=—, s =logz.
x

Under such a change of variables the equation transforms into

ds 1

At F(t)—t
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Integrating this equation, we obtain the solution in the form of quadrature

dt
—C+ [
S=CT P =4
Let us assume that F[z] = z 4+ 22. Then the solution can be expressed explicitely as
1
s=C——
t

In the initial variables it takes the form

LS (3.1.5)

C—logzx’
Method of integrating factor. The equation (3.1.1) can be presented (in many ways) in the
form of total differential equation

P(z,u)dx + Q(xz, u)du=0 (3.1.6)
(called also the Pfaffian form) so that F(z, y) = —P/Q. The equation is called ezact if

oP 0Q

or _oe 3.1.7

ou Oz ( )
Fulfillment of this condition in some simply connected domain € implies that the equation (3.1.6)
is a differential of some function R(z, y). In this case the solution can be obtained in implicit form
R(z, y) = C by solving the equation

OR OR

_— = P - = .

dx ’ du @
or taking of the both sides of the equation (3.1.6) the line integral which is independent of the path
of integration.

If (3.1.6) is not exact, we can try to find out an integrating factor u(x, u) such that when

multiplied by u the equation becomes exact.

Theorem 3.1.1. Suppose that the equation

du Pz, u)
dz " QG w)

=0 (3.1.8)

admits a one-parameter symmetry group with IFG X = fa% + 77(%. Then the function

1
S EP+Q

is an integrating factor for the (equivalent) Pfaffian form (3.1.6).

I

The proof of the theorem is left to the reader as an exercise. Hint: Apply the criterium of
invariance to the equation (3.1.8) and then compare equation obtained to the equality

7u [e7val ~ax [P nal
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Ezample 3.1.2. The equation
- ()
dx x x

from the previous example can be presented in equivalent Pfaffian form
u(z +u)dr —z*du = 0.

In accordance with the theorem 3.1.1, the function

- 1 B 1
TP+nQ  au?

is the integrating factor. Therefore the equation

I

T+ U x

dx—ﬁdu:()

[u(w—i—u)d:p — xzdu] =

x u? Tu

is the total differential equation and therefore the line integral of the 1.h.s does not depend on
the path of integration. We shall reconstruct the function R(z, u) by integration the Lh.s along
the segment connecting the point (1, 1) with (x, 1) and next along the segment connecting the
point (x, 1) with the point (z, y). Thus, we obtain:

R(:E,u):/ il ds—/ %dT:§+logx:C.
1 s 1T u

The result obtained coincides with the previous one (cf. with the formula (3.1.5)).

3.1.2 Inverse problem of the group analysis applied to scalar first order differ-
ential equations

In view of the fact that determining symmetry of a scalar first order ODE, generally speaking, is
impossible, we turn around the problem and ask the complementary question: What is the most
general type of scalar first order ODE which admits a given group as a group of symmetry?

Let us remind that a general scalar first order ODE admits a symmetry group G, if and only if
this equation treated as an expression defining the algebraic manifold in the jet space (z, u,u,) €
R3, is invariant under the first prolongation G((zl) of this group. We reformulate the definition of
invariance into more appropriate terms

Definition 3.1.1. Let ©'(2), ¢*(x), ..., " (x) be a smooth functions defined on a manifold M.
Then

(a) o'(x), Y*(x), ..., o (x) are called functionally dependent if for eqach x € M there is a
neighborhood U of x and a smooth real-valued function F(z1, zo, ..., 2z,) not identically zero

on an open subset of RF such that F (cpl(ac), ©? (), ,gok(x)> =0 forallz € U.

(b) o' (), p?(x), ..., " (x) are called functionally independent if they are not functionally de-
pendent.

Example 3.1.3. ol(z, y) = 2 and oz, y) = 22152 are functionally dependent on {(z, y) € R? |20}
since

x
xQxny - 1_:&;)2 = <z>
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Let us remind, that an algebraic manifold defined by the equation F(z) = 0, where F'(z) is the
function acting from R™ to R is invariant under the action of a one-parameter group G, with IFG
X = & Oy if and only if XF () |[F=o = 0. Before turning to the application of inverse problem of
the group analysis to the scalar first-order ODEs, we need to formulate some facts concerning the
invariants of differential operators.

Definition 3.1.2. An arbitrary first integral p(x) = ¢ of the system

dry  dze dz,
G(z)  &x) 7 &lx) dt, (3.1.9)

associated with the differential operator X = Y7 | & () %, is called the invariant (or character-

istics) of the operator X.
Lemma 3.1.1. If ¢(z) = ¢ is an invariant of X, then X o(z) = 0.
Proof Differentiating the expression ¢(z) = ¢ and taking advantage of (3.1.9), we obtain:

_ 0% g = 99 ar % _
—axidxz—a—xifzdt—Xgo(x)dt—O.

do(x)

But this is possible if and only if X ¢(z) = 0.

Theorem 3.1.2. (/6/, Ch. 5). Suppose that ©'(x) = c1, p'(z) = c1,..., " Hx) = 1 s
the (complete) set of independent invariants of the operator X. Then the general solution of the
equation

A & 0
X z(z) = ;Eza—%z(x) =0

takes the form z = ® (o (z), *(x), ..., " 1(z)), where ® is an arbitrary smooth function.

Corollary 3.1.1. Suppose that the functions ¢!(z, u, u;), ©*(x, u, u;) are two independent solu-
tions of the equation

%
0uy

. 0 0
1) — g¥ gy
X @(‘T’ U, ux) f(l‘, u)al’ +7](LE, u)au + Cl(xv u, uz)

=0,

where X (1) is the first prolongation of the generator X = &(z, u) a%—i—n(x, u) (% of the one-parameter
group of transformations G, acting on R2. Then any scalar first order ODE

Az, u, uy) =0
admits G, if and only if there is an equivalent equation
A(p', ¢*) =0
including only the independent invariants of the operator X,

Example 3.1.4. Let us find the general form of the scalar first order ODE admitting G, with the
following IFG:

N 0 u 0
X=—+——: 1.1
8fn+x6u (3.1.10)
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The first prolongation of the operator X takes the form

X(l):X-{-xur_u 0

2 Ouy
Thus, in order to obtain the general outlook of equation admitting X, we should solve the system

dj du dug

1 % IU;Q—U
Equating the first term to the second one, and solving the corresponding equation, we obtain the
first (zero-order) invariant ¢1 = u/z. Equating the first term to the third term, using the zero-order

invariant, and then solving the corresponding equation, we obtain the second independent invariant

These invariants cannot be functionally depepndend since only one of them depends on u,. So the
general scalar first order ODE admitting the operator (3.1.10) can be expressed in the form

Uy = v +x® (u) .
x x
Example 3.1.5. Let us find the general form of the scalar first order ODE admitting G, with the

following IFG:

5 0
X =u— (3.1.11)

The first prolongation of the operator X, takes the form

In order to obtain the general outlook of equation admitting X {1), we should solve the system

da
u 0 —u?

diu duy

Equating the first term to the second term, and solving the corresponding equation, we obtain the
first (zero-order) invariant ¢ = u. Equating the first term to the third term, using the zero-order
invariant, and then solving the corresponding equation, we obtain the second independent invariant

T 1

P2 =— = —"
U Uy

The general scalar first order ODE admitting the operator (3.1.11) can be presented in the form
B U

o+ ®(u)’

Ezercise 3.1.1. Find the general scalar first order ODE admitting G, with the following IFG:

Uy

(a) X:xQQ—i—xyé%;

xT
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3.2 Higher-order ODEs: lowering order using symmetry
Let us consider the scalar n — th order ODE
F (:c U, Ug, oo u(")) —0. (3.2.1)

The basic observation concerning Eq. (3.2.1) is following: If we know a one-parameter Lie group
admitted by (3.2.1), then we can reduce the order by one. It can be done, e.g., by straightening
vector field defined by the symmetry group generator

N 0 0

This can be accomplished by passing to such variables (¢, w) in which the operator takes on the
form

N 0
X|[t,w] = 8711)

The change of variables needed can be gained by solving the system

A A

X(t) =0, X(w)=1.

After finding new variables, we express through them the old variables z, u(z), v/ (z), .... ul™ (z) .
As a result, we obtain the ODE of the same order. We assume that it can be represented in the
form of solvable with respect to higher derivative:

d"w dw d 1w

But in new variables X = % and, like any other operator with constant coefficients, it is non-

prolongable, i.e. X™M = X for all n. Using the main criterium of invariance we get:

oG

X (n) {w(n) -G (t7 w, %’, %)% l(3.22) =
} \(3.2.2) = —gw = 0

— 90 | _ dw  d"lw
= 3 {w G(t, W, Gy et

Hence G does not depend on w and, making change of variables z = w’, we obtain the equation of
order n — 1:

Atz dz A2z
— =G (t,z—, ..—— ] .
dtn—l < » 2 ? dt”_2>

Ezercise 3.2.1. Consider equation
Ugz + P(x) Uz + q(x)u(z) = 0. (3.2.3)
As a linear homogeneous equation, (3.2.3) admits the scaling group
a

=, u=-e U

(show this). Pass to the corrdinates (¢, w) in which the generator of the scaling group takes the form
X |(t,w) = 0 /0w and show then that the equation can be reduced by further change of dependent
variable z = w; to the Riccati-type first order ODE.
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Another way of employing symmetry in case of higher-order ODE is to take advantage of the
differential invariants.
Suppose we have a one-parameter group G,

= f(v,u;a), u=g(z, u;a)
with the IFG
X =¢= u)i—l— (z u)i
T W ey T Wy
Definition 3.2.1. n — th order invariant of G, is any smooth function ®(x, u, v, ....,u(”)) such
that
XMWe =0,

where X s the n — th prolongation of the generator X.
Theorem 3.2.1. (/2/,Ch.2). Ift = f(x, v/, ..u™), w = g(z, o, ..u™) are n — th order indepen-

dent invariants of Gq, then
dw _Dyw
dt Dyt

(3.2.4)

18 an tnvariant of n + 1 — th order.

Remark 3.2.1. If t = f(x, u), w = g(z, u, u') are independent zero-order and first-order invari-
ants, correspondingly, then

dw  Dyw

dt Dyt

is the second-order (independent) invariant,

d
d?w _ D, 77
dt? D,t

is the third-order (independent) invariant, etc. Each subsequent invariant is independent, because
it contains the derivative higher than any previous invariant.

Now we formulate the assertion which is essential in employing the method of differential invari-
ants for lowering order of ODE.

Statement 3.2.1. If G, is a one-parameter group of transformations, then any n—th order scalar
ODE having G, as a symmetry group is equivalent to a (n — 1) — th order equation

~ dw d"tw
A —_— . —
(t’ Y dt”—1>

(1)

involving the invariants t(x, u), w(x, u, u’) of the first prolongation Gg’ and their derivatives of
the order not higher than n — 1.

Ezxample 3.2.1. Let us consider equation
2% Uy + o (ug)? — wu, = 0. (3.2.5)
Let us verify if the equation (3.2.5) admits the scaling transformations

T =e%x, = u.
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Inserting these transformations into the equation (3.2.5) written in new variables, we get:

luy + 2% (ux)2 — 2% 0, = 0.

The above equation will be equivalent to the initial one if b = a, so (3.2.5) admits the scaling group
with the generator

0 0
X=x— —.
oy o ou
Now we are going to lowering order of Eq. (3.2.5) using the method of differential invariants. It

is easily see, that X1 = X. Indeed, XM = X + ¢, % but
(o = Dy(u) —ugp Dy(x) = 0.

So in order to obtain two independent first order invariants, it is necessary to solve the characteristic
System

da
r u 07

dfu dug

having the independent invariants ¢ = u/x, w = wu,. On virtue of the theorem 3.2.1 and the
following remark, expression

dw Dyw 22 Ugy

dt D,t xu;—u

defines the independent second-order invariant of the symmetry group. Expressing u,, from the
above forula, we obtain:

wotdw
x dt’

Ugy =

Now we return to the equation (3.2.5) and try to express it in new variables. Thus, we have:

0= 22Uy + 7 (uz)? —wu, =222 %—mez

=z {x%(w—t)%’—i—wQ—tw} :ic(w—t) [%’4—11}].

—xtw=

Assuming that x # 0 we get the equation expressed in terms of invariants of the scaling group
operator:

dw
g = 0.
(w—1) [ 77 + w]
This equation has two families of solutions: [(a)] the singular solution w = ¢ and [(b)] the solution
w = C} e~ *. Returning to the initial variables, we obtain in the case [(a)] the solution u = k z.

In the case [(b)] we are to solve the equation

u
T

uy, =Cre” )

which, when the standard substitution z = u/x is used, turns into the separable equation
r—=C1e "% — 2z,
dx !

which has the implicit solution

d
log:n-i—C'z: 016_75—2’ z =

IS
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Ezample 3.2.2. Let us consider the equation
w4 — v 0
. .

We are going to show that this equation admits the operator X = xaiu, lower its order using the
method of differential invariants, and find its general solution.

Solving the equation

od 090
XV = g —— =0,
du Ou
we can find out two independent first-order invariants
, U
t=ux, U —— =w.
x

Using the theorem 3.2.1 and the remark 3.2.1, we calculate the second-order invariant

and get the separate variables equation

dw 1
— -—+1 =0.
dt+<t+ )w

Integrating we obtain

Cq
= — €
x

w .

Passing to the initial variables we obtain the first-order linear ODE

1 Cr _
W——u=-—e",
x x

which is solved by means of the method of variation of constant:

dzx

U:CQ.’I,"i‘Cll'/?e_x. (3.2.6)

Ezercise 3.2.2. Show that Eq.
Upe = ( — u) (ug)?
e admits GG, generated by X = a% + a%;

e lower the order of this equation using the method of differential invariants.

Ezercise 3.2.3. Show that Eq.

um—u—xzzo

2]

e admits G, with the generator X = e* 57

e lower its order by passing to the coordinates (¢, s) in which the symmetry generator takes
the form X|; s = % and solve the equation.
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3.3 Integrating the second order scalar ODEs

3.3.1 One instructive example

Naive assumption: if one symmetry is needed to reduce a second-order ODE to the first-order ODE,
then any second-order ODE possessing two symmetries is completely integrable. But the point is
that we don’t know if the reduced equation maintains the other symmetry operator as the local Lie
group generator! To confirm our doubts or get rid of them, let us consider the equation (cf. with
Example 3.2.2 ):

Uge + Ug — — = 0. (3.3.1)
X

Lemma 3.3.1. The equation (3.3.1) admits
(a) one-parameter Lie group
r=x, u=u+ax

with the generator

. 0
X =z — 3.2

(b) one-parameter Lie group

Tr=uwx, u=cu

with the generator

A 9
Xo = 1 — .3.
2= (3.3.3)

We leave the proof of this lemma to the reader as an exercise.

Te first way of reduction: we use the symmetry operator (3.3.2) and construct with its help
the change of variables

U
t=ux, W= —
T

straightening the vector field. Indeed,

(oA 0 0

X, lt,w = Xl[t]a +X1[w]% = 5w

Let us calculate u,, u;, in terms of ¢, w and the derivatives of w:
Uy = %xw:w+x‘i—’fg—; = w + twy;
d dt
Ugpy = %(w + twt) dr — 2'lUt + T wy.

Thus, we have:

u
O:um+ux—;:2wt—|—twtt+:w+twt—w:twtt+(2+t)wt.
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Making the substitution z = w;, we obtain the separable equation which after the integration gives
another separable equation

dw e !

z2=—=01 —.
at g2

Performing the second integration, we finally obtain the general solution in the form of quadrature:

ot
After the passage to the initial variables, we obtain the solution (cf. with (3.2.6) ):

—X

u:02x+01x/€2 dx.
T

Now let us calculate Xg in new variables:

. 0 A 0 5 (U
Xo=u—=Xo(x) — + Xo | —

2 ou 2(®) ot 2 (x)

So the second symmetry generator will survive as a Lie group generator after the change of variables
and we can use it to completely integrate the problem (yet it was not necessary in this particular

case).

0 0

ow " ow

Te second way of reduction: Let us take the operator Xy =u % and use the method of
differential invariants. For this purpose we consider the characteristic equation

de _du _ du,

0 U Uy

corresponding to the first prolongation of the operator X

5 5 0
XM = X5 +u :
2 2 T 8ux
Equating the firs two terms, we obtain the invariant ¢ = z. Equation the second term to third
term, we obtain the first order differential invariant w = wu/u. As the third independent invariant

we use the derivative
dw Dyw  Ulgs —u?
KL LS CL b (3.3.4)
dt Dt U

Now let us return to the equation (3.3.1). Dividing it by u, we obtain:

Upr  Ugp 1 dw 1
U Uz dt ( ) t
which is not separable equation. The question is: can we use the operator X in order to solve the
above equation? The passage (z, u) — (t = z, w = u,/z), leading to invariant variables involves
the derivative u,, so we should prolong X; one time to be able to calculate it in new variables:

0 0 0

o) _ % _ _ .Y
X7 =X1+ [Dy(x) uxDz(O)]aux :Eau—l—auw.

Thus,

xM

_( i—l— 9 )[]8+< i+ 0 >[“x]a_l(1_t )i
hw = xf)u Ouy x@t mau Ouy r] dw u waw'



Inverting the formula w = 0 logu/0x, and taking into account that ¢ = x, we can express the
above operator in the form

Xfl)\t,w = C’e*fw(t)dt(l —tw) wa

This operator does not have the form of the local Lie group generator! So not only the number
of symmetry generators admitted is important. In addition, one should pay attention to
the structure of the Lie algebra used.

3.3.2 Remarks concerning Lie algebras

Definition 3.3.1. Let AG, be n—dimensional Lie algebra, and let N be a linear subspace of AG,,.

[(a) | N is called a subalgebra if
X, Y] e NVX,Y € N.

[(b) | N is called an ideal if
(X, Y] e N
forany X € N andVY € AG,.
if N is an idela then the equivalence relation can be introduced in AG,,, namely X is in relation
with Y if X —Y € N. The set of all operators equivalent to a given operator X is called the coset
represented by X. Every element of this coset has the form Y = X + Z, where Z € N.

The coset forms a Lie algebra called the quotient algebra of AG,, with respect to the ideal N.
The quotient algebra is denoted by AG,,/N.

Theorem 3.3.1. Suppose that a m — th-order equation
Az, u, o, ..., u™) =0 (3.3.5)

admits the algebra AG,, of the symmetry generators and N C AG, (with dim(N) < dim(AG,))
is an ideal. If we reduce the order of (3.53.5) using the infinitesimal symmetry generator belonging
to N, then the lower-order ODE obtained this way admits the quotient-algebra AG, /N, and the
further symmetry reduction is possible

3.3.3 Classification of the second order scalar ODEs admitting two-dimensional
Lie algebra

Any second-order ODE admitting a pair X;, X5 of symmetry groups’ generators occurs to be
completely integrable. To begin with, let us formulate the following statement:

Statement 3.3.1. Suppose we have two-dimensional Lie algebra AGo with the generators X1, Xo.
Then it is possible, using the linear transformation

X; = an X1 + agp Xo,
Xo = a1 X1 + aa Xo,

to choose the basis in such a way that one of the following commutation relations holds: either
[X1, X2] = 0, (3.3.6)

or

(X1, Xo] = X1. (3.3.7)
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Proof If the two dimension algebra is commutative, then (3.3.6) takes place regardless of a
choice of the basic elements. So only non-commutative case is nontrivial. Let us assume that

(X1, Xo] = a1 X1 + a Xo.

and a1 # 0 (if @; = 0, then s # 0, and our assumption will be fulfilled after renaming the
operators X; — X2 X9 — Xj and constants a; — awg, ag — «1). Under such a supposition, we
introduce the new basis as follows:

X = a1 X1 + az Xo,

Xo =L X,.

(63]

Calculating the commutator, we get:

(X1, Xo] = [oq X1 + ag Xo, Q%Xz] = a1 X; +ayXo = X.

Thus, any two-dimensional Lie algebra AG4 is either commutative or contains the one-dimensional

ideal. In view of this remark, it becomes clear why in the example from the section 3.3.1 the re-

duction ends with success when we first use the operator X7 = x 5% rather than Xy = u %.

Indeed,
(X1, Xo] = X3
and therefore it is the operator X; that forms the ideal in the algebra span{X;, Xs.}

Another essential characteristic of AGs, along with the commutation relations, is the pseu-
doscalar product.

Definition 3.3.2. For the generators
X1 =62 +mE,

Xo=62 +mi

the pseudoscalar product is the map given by the following formula:

X1V Xy =8m—&§&m =det El’ n ] : (3.3.8)
2, 12

Lemma 3.3.2. Consider a non-degenerate change of variables
t =t(z, u), w=w(z, u). (3.3.9)

1. The pseudoscalar product (3.3.8) transforms under the change of variables (3.3.9) as follows:

a(t, w)

Xl \ X2 ’(t,w) = 8(1' U)

X1V Xy ’(:p,u);

2. the commutation relations remain the same.
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Proof Let us begin with the proof of the first statement: Suppose that

5 0 0
Xy = &p(m, U)% + ne(x, u)%, k=1, 2,

so that X7 V Xo|z o = &1 (x, w) n2(x, u) —&a(x, u)ni(x, u) (we denote it for brevity as & 2 — & m ).
In accordance with (1.4.3), the same operators in the new coordinates can be written as follows:
0 0 >0 _ 0

at—i—Xk[ ] =

Xt u) = Xelt] 50 K5y

So in new coordinates
X1V Xo|(tw) = 172 — &2 = X [t] Xo[w] — Xa[t] Xq[w] =

(51 Ltm 3u> (f?%-kma%)—(&%-knz%) (E1%+m%’) =
=& (%%’j—gfﬁw)%-&m (3—%—”—%%%

+616 (FL9% — 9100 Ly (GLG0 — SL0u) =

t a(t,
= (Gm—&m) 560 = aen X1V Xe e,
Now let us address the second statement. We give the proof for more general situation when we
have a set of operators

acting in n-dimensional space and forming the Lie algebra with the commutation relations

[(Xp, Xo] = CL X, (3.3.10)

From the definition of the Lie bracket, we can write down the LHS of the formula (3.3.10) in explicit
form as follows:

X, Xl = 3 {3 ] = X [6i]} 55

=1

Now suppose that y = F(z) is a diffeomorphic function mapping an open set U C R"™ into R",
and we wish to calculate the commutation relations in new coordinates. We again take advantage
of (1.4.3) and obtain:

S X (€] — Xom (6]} 3% 55 = Xk Xinl | =

oy’ 9 i1 _9
= Y01 Xag=1 Chn & 537 5y = L=t 2ot Cln X W] 55 = 2021 G X )
There remains to check if Xy, |y X, [y — X \y Xk ]y coincides with the already obtained formula for
[Xk, Xm]ly. Thus we have:

_ i 0y’ oy? 9 _
Xk‘me|y— kaziaT/jémamTW_

— ¢ y’ 0 _gr ) Oy 81/”5 9 9yP] o _
— Sk |9zt \9yiSm 8$T Ozt Smoyi dx” | dyP

_ i 3 er) OyP r _0%yP r 0yl 9y 8 1 8 _
=& {(311 gm) o’ +&m dzidx" +&n Ozt da” dyi | dyP

B ry\ OyP 9% yP oy’ dyP 8 ol
= (Xk &) D" ayp +5k Em [axiaxr + o da” 9yl | DyP"
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In a completely analogous way we obtain the formula for the inverse sequence of the operators:

0y 0
dx" dyP

0% yP oyl OyP 0 0
ridxm  Oxt dxm Oyl | yP

Xm ‘ka |y = (Xm 52) + é:n 52 9

Subtracting the second equality from the first one, changing the summation indices in the second
and third terms and taking into account the equality of the mixed derivatives, we obtain

P
r

o)
Xiely X ly = X ly X ly = [(Xi &) — (X )] ag % = [Xk, Xon] ly-

Ezercise 3.3.1. Consider the operators

0 0 0
X1 =+ Xo=a2' — + 22 —.
YT 02l 2 ool T 52
e Calculate the commutator of these operators and make sure that they form a Lie algebra.
e Write down the operators in the coordinates z! = (m1)3, 22 = 2! 22 and calculate their

commutator in new representation.
e Compare the results obtained and verify the second statement of the lemma 3.3.2.

In order to perform classification, we need and extra statements. Let us return to the change of
basic elements. Suppose that we’ve made a change of basis

X{ = X1 JrOtQ)(Q7

X5 = p1 X1 + B2 Xa.
Lemma 3.3.3. In ordr that X{, X} be linearly independent, it is necessary and sufficient that

A= 1 52 — Q9 ,81 75 0. (3311)

The proof is based on the general statements of the linear algebra.

Lemma 3.3.4. The following formulae take place
(X!, X} = A[X1, Xol. (3.3.12)

Proof The proof is left it to the reader as an easy homework exercise

Corollary 3.3.1. The relations X; V Xo = 0 (X1 V X2 # 0) remain the same both under the
change of the basic elements and the invertible change of variables (x, u) = (¢, w).

Following statement summarizes the above results:

Theorem 3.3.2. Any two-dimensional Lie algebra AGy acting on R? can be reduced by choosing
appropriate basis X1, Xo to one of the four distinct types:

1.

[X1, XQ] =0, X1V Xo #£ 0 (3.3.14)
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[Xl, XQ] =0, X1V Xo =0; (3315)
3.

[Xl, XQ] = X, X1V Xy =0 (3316)
4.

[Xl, XQ] = X, X1V Xo #0. (3317)

The structure relations (1)-(4) are invariant under the change of variables (3.3.9).

The above theorem serves as the basis for classifying all two-dimensional Lie algebras, as is
summarized below:

Theorem 3.3.3. (canonical representations of the Lie algebras AGs)

1. If [ X1, Xo] =0 and X1 V Xo # 0 then there exists a change of variables (z, u) — (t,w) such

that
0 d
X1=7—, Xo=_—. 3.3.18
1 ow’ 2 ot ( )
2. If [ X1, X3] =0 and X1 V Xo = 0 then there exists a change of variables (z, u) — (t,w) such
that
0 0
Xi=—, Xo=t—. 3.1
YT ow’ 2 dw (3:3.19)
3. If [ X1, Xo] = Xy and X1 V X9 = 0 then there exists a change of variables (x, u) — (t,w)
such that
3} 3}
Xi=—, Xo=w_—. 3.3.20
T ow’ 2= Y9 ( )
4. If [X1, Xo] = X1 and X1 V Xo # 0 then there exists a change of variables (z, u) — (¢, w)
such that
0 0 0
Xi=—, Xo=t— —_—. 3.21
! s’ 2=t ot " 9w (3:3.21)
Proof

We begin the classification with the two-dimensional commutative algebras. Making the change
of variables (z, u) — (7, s), straightening X;, we get the representation

0

0 0
= - X pry —_— —_
55’ 9 =a(T,s) + b(T, w)

X .
! ow or

Using the commutative relation [X1, X2] = 0, we conclude that as = b5 = 0, in other words,
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Next we perform the change of variables w = s+ h(7), t = t(7) which leads to the representation

Xo |y = a(7) g% + b(7) [ () s +H(7) &] = [a(r) + b(r) B (7)] 5% + b(r) ¥(7) &;.

If b(7) = 0, then putting ¢t = a, we obtain the operators

0 0
X1 =— Xo=1t—. 3.3.22
1 aﬂ}) 2 O w ( )
If, in turn, b # 0, then we put ' = 1/b, b’ = —a/b and obtain the representation
0 0
X1 =— Xo=—. 3.3.23
1 aﬂ}) 2 ot ( )
Now let us address the non-commutative case [X7, Xo] = X;. We again use the change of
coordinates (z, u) — (7, s) "straightening" the operator X, such that
0

0 0
(r,s) = a(T, 5) s +b(T, s) I

Xl =55 X

From the commutating relations we have:

0 0 0

X1, Xo] a887'+588 ds
Hence, a = a(7), while b = s+ (7). First we consider the case X; V X9 = —a = 0. Let us make the
change of coordinates t = 7, w = b = s+ (7). In new coordinates the generators are expressed as

follows:

Jg. .0 0 0 0
= w]—

= 5:905: 7 5550 T aw
Xo=[s+BMEHEL + s+ B8N L =w,

so our goal is achieved and the result is true for any function 5(7), which it is convenient to set
equal to zero.

Let us consider now the case X7 V Xo = —a # 0. We are going to find the change of variables
t = t(7), w = w(r, s) such that the generators take the form (3.3.21). Calculating the first generator
in new variables we have:

X1

X1 = %[w(r, s)]a% = a%.

From this we conclude that w = s 4 (7). Calculating the second generator and equating it to the
RHS of Eq. (3.3.21), we obtain:

Xo = [a(7) g + (s + BN)) I F7 + +a(m) g + (5 + B(1) g5l[s + (7))o =ty + wahy =
= t(r)g; + [s+ ()l
Equating the coefficients of 0/0t we get the equation
at(r) =t(r),

having the solution

t=0C4 eXp{/aC(l:')}'
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Equating the coefficients of 9/0w we obtain the equation

ay —v=-5,

In accordance with the method of variation of constant, we are looking first for the solution of the
associated homogeneous equation

ay =5 =0,
which is satisfied by the function
ar_
~fy = (el al),

Now looking for the solution to the inhomogeneous equation in the form

dr

v =C(r)el =,

we obtain the following equation for C(7):

C'(t) = —553 e o

This equation has the solution
dr
C(r) =Cy— / plr) e Ja@ dr,
a(r)
so finally we obtain:

= {1 5} 02 1 {3 o (- 85} ]

Thus,

t:Clexp{f%}, Cy # 0,

w=step{f i} (O {eH ew (-1 i) ) a7]

and with this substitution we achieve our goal.
Now we are ready to classify all the second-order ODEs admitting the two-dimensional Lie
algebras.

Theorem 3.3.4. The following statements hold true:

1. The most general scalar second-order ODE admitting the Lie algebra X; = %, Xy = %
has the form

2. The most general scalar second-order ODE admitting the Lie algebra X1 = %, Xo=t5,,
has the form
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3. The most general scalar second-order ODE admitting the Lie algebra X, = %, Xo=w 8611;’
has the form
w” =w' L(t). (3.3.26)

4. The most general scalar second-order ODE admitting the Lie algebra X1 = %, Xo=t2 +
w %, has the form
H /
o Hw)

=— (3.3.27)

Proof We begin our proof by remarking that a general second-order equation that is solvable
with respect to the second derivative can be written in the form

w’ — F (t, w, w') = 0.

Since in all of the cases the second-order ODE is assumed to admits the non-prolongable operator
X1 = 0/0w, then the following equation holds:

0

ow

From this we conclude that the most general second-order ODE admitting X; = 9/0w takes the
form

[w" — F (t, w, w")] = =F, (t, w, w') = 0.

w” — F (t, w') = 0. (3.3.28)

In the first case the second-order ODE admits in addition a non-prolongable operator Xo = %,
hence

Ol = P (1, 0)] = —F (1, w/) =0

So the most general equation admitting both the operator 0w and dt¢ has the form (3.3.24).
In the second case the equation admits in addition the operator Xo =t % Acting with two
times prolonged operator on the equation, we have:
2,0
ow 0 Wt
So the most general equation admitting both the operator 0 w and ¢ 9w has the form (3.3.25).

In the third case the equation admits in addition the operator Xo = w %. Acting with two
times prolonged operator on the equation, we have:

}[MUJWuMﬂ_—Ew@wQ_&

0 0 0 ) ,
— —F(t =F —w Fy, =0.
[w(‘)w +wt8wt +wttawtt} [w (t, w')] |(3.3.28) Wi Ly,
Solving the rightmost equation, we obtain that F' = w;L(t) and the most general equation admitting
both of the operators has the form (3.3.26).

In the last case the equation admits in addition the operator Xo = ¢ % +w %. Acting with two
)

times prolonged operator X§2 on the equation, we have:

{t 0 4 0 0
— tw— —w

at ' dw  dwy
Solving the rightmost equation, we obtain that F' = %H (w') and the most general equation admit-
ting both of the operators has the form (3.3.27).

Remark 3.3.1. In all the cases enumerated in the above theorem there exist strategies enabling
to find the general solutions to corresponding equations in the form of quadratures (see e.g. [4]).

:| [’U),/ — F (t, w’)} ’(3.3.28) = —F — tFt = 0

o8
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